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PREFACE - 

This volume expands upon a summary of Thlor<e de Z'action euclidienne /v_ 
(Theory of Euclidian Action) which M, Appell  wanted t o  inc lude  i n  the  second 
e d i t i o n  of h i s  Trait4 de mecanique r a t i o n n e l k  (Treatise of- Rational MeChaniC8). 
It is  a copy of an appendix t o  t h e  French e d i t i o n  of- the Trai t& de physique 
(Treatise of Physics) of M. Chwolson, which-explains certain e d f t o r i a l  r e f ine -  
ments and c e r t a i n  re ferences  which w e  s h a l l  make t o  an  ear l ier  work on t h e  dy- 
namics of po in t s  and material bodies.  This was a l s o  added t o  t h e  work of t h e  
Russian s c i e n t i s t s .  
c e r t a i n  e r r a r s  i n  our text. 

We 'have taken advantage of t h i s  new p r i n t i n g  by co r rec t ing  

We are not  p re sen t ly  i n t e r e s t e d  i n  der iv ing  a l l  t h e  consequences of t h e  
genera l  r e s u l t s  which w e  have obtained;  w e  would p r imar i ly  l i k e  t o  f i n d  and 
c l a r i f y  the  c l a s s i c a l  l a w s .  
Eucl idian ac t ion  b e  more complete, w e  had t o  e s t a b l i s h  t h e  form which t h e  equa- 
t i o n s  of deformable bodies  assume f o r  each p a r t  of our  d iscuss ion ,  when we con- 
s i d e r  only infinitesimaZZy close s ta t e s .  
t h i s  po in t  i n  s u f f i c i e n t  d e t a i l  i n  t h e  Premier rngmbire sur l a  Thdorie de Z't2ks- 
tici-td (First MgmoiYd on the  Theory of EZast ic i ty l  which h e  wrote  i n  1896 (Anna28 
of the FacuZty of Sciences of  Toulouse, VoZ. XI. We s h a l l  a l s o  assume t h a t  t h e  
important lessons  of M. G .  Darbow regarding t h e  General Theory of Surfaces are 
completely fami l ia r - to  the reader .  

I n  order  t h a t  t h i s  type  of proof f o r  t h e  theory of - 

However, w e  have a l ready  discussed 

Our inves t iga t ions  would n o t  be f u l l y  v a l i d  un le s s  w e  could i l l u s t r a t e  the 
manner in which t h e  same methods may b e  appl ied  t o  t h e  t h e o r i e s  of h e a t  and 
e l e c t r i c i t y .  Two r e p o r t s  i n  Volumes I11 and I V  i n  t h e  treatise by M. Chwolson 
w i l l - d e a l  with t h i s  sub jec t .  
seems t o  be a s c i e n t i f i c  necess i ty .  
raises se r ious  ques t ions .  W e  have a t t e n p t e d  t o  g ive  an i d e a  of t hese  d i f f i c u l -  
t ies i n  a no te  concerning theory of t h i n  bodies, which w a s  publ ished i n  1908 i n  
t h e  Comptes Rendus of t h e  Academy of Sciences.  
d e a l s  with t h i s .  

The d iv i s ion ,  i f  w e  use  t h e  language of pragmatism, 
However, i t  must be r e a l i z e d  t h a t  t h i s  

The t rea t i se  by M. Appell  also 

E. arid F. Cosserat  
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THEORY OF DEFORMABLE BODIES 

Eugene Cosserat-, Professor  of t h e  Facul ty  of Sciences,  

F. Cosserat ,  Chief Engineer of Bridges and Highways, 
Engineer of t h e  Eastern Railway Cn. 

Direc tor  of t he  Observatory i n  Toulouse 

ABSTRACT, A h i s t o r i c a l  in t roduct lon  o f  t h e  theory of 
e l a s t i c i t y  i s  given and t h e  concepts of t he  deformable l i n e  
(one-dimensional e l a s t i c  body),  su r f ace  (two-dimensional 
e l a s t i c  body) and medium (three-dimensional e las t ic  body) 
a r e  introduced.  The equat ions of s t a t i c s  and dynamics of  
t he  deformable l i n e ,  s u r f a c e  and medium are der ived  i n  t h e  
same way: The kinematfcal  r e l a t i o n s h i p s  a r e  e s t a b l i s h e d ,  
A t r i a d  which moves wi th  t h e  body i s  introduced a t  each po in t  
of t h e  body. 
t r a n s l a t i o n  and r o t a t i o n  of t h e  t r i a d  a r e  introduced formula- 
t i o n s  f o r  t h e  deformed state.  Eucl idian a c t i o n s f  deformation, 
e x t e r n a l  fo rce  and moment, external. stress and moment of 
deformation are in t roduced ,  as w e l l  as t ransformat ion  rela- 
t i m s h i p s  f o r  them. The equat ions  are written i n  terms of 
var ious  coordinates  and us ing  s e v e r a l  formulat ions of t h e  
theory of e l a s t i c i t y .  
obtained by Lagrange, Poincar6,  Varignon, M. Duhem, Sa in t -  
Guilhem and Poisson. The same q u a n t i t i e s  are in t roduced  forma- 
l a t i o n s  f o r  t h e  deformed body i n  motion. 
t i o n  of Eucl id ,  Euler and o t h e r s  are discussed.  The independent 
va r i ab le s  of Lagrange and Euler  and t h e  a u x i l i a r y  q u a n t i t i e s  
introduced a r e  t r ea t ed .  The equat ions of t h e  s t a t i c s  and 
dynamics of t he  deformable medium are der ived i n  terns of 
EuLerian -va r i ab le s  from those w r i t t e n  i n  terms of Lagrange 
va r i ab le s .  The conceptsof t h e  ca l cu lus  of v a r i a t i o n s  are 
introduced. The ac t ion  v a r i a b l e  method expressed i n  terms 
of Euler  and Lagrange v a r i a b l e s  i s  formulated.  The concept 
of r a d i a t i o n  energy of deformation and of motion i s  def ined.  
A f u t u r e  work by t h e  au thors  w i l l  t r e a t  t h e  t h e o r i e s  of h e a t  
and e l e c t r i c i t y ,  and w i l l  g ive  a more d e t a i l e d  development of 
r a d i a t i o n  energy o c  deformable bodtes. 

Expressions f o r  t h e  var-iations of t h e  rates of 

These are compared wi th  equat ions  

The a c t i o n  formula- 

I. General  Remarks 

1. Development of t h e  Idea  of a Continuous Medium. - The concept of a 

Fresne l (1)  must be  regarded as one of t h e  

Numbers i n  t h e  margin i n d i c a t e  paginatdon i n  t h e  o r i g i n a l  fo re ign  text, 

Fresne l ,  OEuvres compZ2tes (CompZete Works), P a r i s  1866 ( s e e  t h e  In t ro -  
duct ion by 8. Verdet) .  

deformable body played an important r o l e  i n  t h e  development of t h e o r e t i c a l  
physics  during t h e  las t  century.  

* 

1 



precursors  of t he  present  theory of e l a s t i c i t y .  
Poisson and Cauchy(2). 
of d i s c r e t e  po in t s  were considered a t  t h i s  time by these s c i e n t i s t s ,  The con- 
t inuous poin t  systems appearrd i n  t h e  outs tanding works of G, Green(3). Sfnce 
t h a t  time, a t tempts  have been-made t o  expand upon t h e  ideas  advanced by Green, 
H i s  ideas  do not  present  t he  importance of the theory of l i g h t  waves, Lord 
Kelvin(4) ,  
which can exe rc i se  a moment. T!ie same tendency can be found i n  t h e  work of 
Hclmholtz(5) ; t he  cantroversy wi th  J. Rertrand(6) regarding t h e  theory of 
magnetism is  very c h a r a c t e r i s t i c ,  The beginning of t h i s  development can be 
t raced ,  on the  one hand, t o  the ideas introduced i n  t h e  s t rength  of materials /2 
by Bernoul l i  and Euler (7) ,  and, on the o the r  hand, i n  t h e  theory of couples of 
Poinsot(8) .  
bodies which one encounters today i n  n a t u r a l  philosophy under the  same geometric 
d e f i n i t i o n .  
able surface i s  an ensemble with two parameters; a defonnable medim is an 
ensemble with three parameters pi; when there is motion, the time t must be 
added t o  thesa geometric parameters p i .  

This holds  t r u e  f o r  Navier, 
D u e t o  t h e  inf luence  of Newtonian ideas ,  only syetema 

i n  p a r t l c u l a r ,  attempted- t o  d e f i n e  continuous media a t  any po in t  

It i s  thus n a t u r a l  t o  r e u n i t e  t he  var ious  concepts of deformable 

A defomab'le l i n e  1:c a one-parameter ensemble of tr iads;  a deform- 

The mathematical  con t inu i ty  which is 

(2) See I saac  Todhunter and Karl  Pearson. A History of t h e  Theory of ElastY- 
c i t y  and of t h e  S t rength  of Mate r i a l s ,  from G a l l i l e o  t o  the  p re sen t  t ime .  
Vol. 1, G a l l i l e o  t o  Saint-Venant, 1886; Vol. 2,  P a r t  I and If, Saint-  
Venant t o  Lord Kelvin,  1893, This remarkable work contains a very  complete 

. a n d  very p r e c i s e  a n a l y s i s  of t h e  foondat ions of the  theory of e l a s t i c i t y .  

G. Green. 
Paris, A. Hermann, 1903. 

Lord Kelvin. Etath. and Phys. Papers, Volume I ,  1882; Vol. TI, 1884; Vol. 
111, 1890; Reprint of Papers on Electrostat ics .and Magnethn, 2nd e d i t i o n ,  
1884; Baltirore Lectures.on Molecular Dynamics and the Wave Theory of Ligh t ,  
1904; W. Thomson and P. G .  T a i t ,  Treat ise  on Natural Philosophy, 1st ed- 
i t i o n ,  Oxford, 1867; 2nd e d i t i o n ,  Cambridge, 1879-1895. 

Helmoholtz. 
the  DynamCcs of Discrete Muss Points) ,  Ber l in ,  1897; Vorles. Uber d i e  
e Zsktromagnetische Theorie des LichtQs (Lee taws  on the Electromagnetic 
Theor3 of Light)  , Leipzig,  1897; Wiss. AbhaYidZ, 3rd Volume, Leipzig,  1892- 
1895. 

Mathematical Papers, ed i t ed  by N. 14. F e r r e r s ,  Facsimile  Reprint ,  

Vorles. Uber d i e  Qnamik d iskre ter  Massenpunkte (Lectures on 

J. Bertrand.Comptes Rendus 7 3 ,  p. 965; 75, p. 860; 77,  p. 1049; see a l s o  H. 
Poincar6,  Electricit6 e t  Optique (E lec t r i c i t y  and Optics), If, Les th&or.ies 
de HeZmhoZtz e t  les  expdpiences de Hertz (The Theories of  Helmholtz and 
the  Expexhents  of Hertz), P a r i s ,  p. 51, 1891; 2nd e d i t i o n ,  p. 235, 1901. 

See Todhunter and Pearson. Los. C i t .  
Auguste Comte. 
ophy), 5 th  Edi t ion ,  P a r i s ,  V o l .  I, p. 338, 1907: "NO mat te r  what t h e  funda- 
mental  p rope r t i e s  of t h e  ideas  advanced by M. Poinsot  may Le i n  r e a l i t y ,  in 
r e l a t i o n  t o  s ta t ics ,  i t  must neve r the l e s s  be rea l ized ,  it seems t o  me, t h a t  
they a r e  in p r i n c i p l e  e s s e n t i a l l y  des t ined  t o  p e r f e c t  dynamics. I n  t h i s  
connection, I be l i eve  T. can make t h e  s ta tement  t h a t  t h i s  i dea  has  not  ex- 
er ted i t s  most important i n f luence  up t o  t h e  present  time." 

Course de Philosophie Posi t ive  (Course i n  Pos i t ive  PhiZos- 



assumed i n  such a d e f i n i t i o n  makes i t  poss lb l e ,  as can be seen, f o r  the  t r a c e  
of an - inva r i ab le  s o l i d  t o  exist a t  each polnt .  
mechanics, one can p r e d i c t  t h e  emergence of moments,-wli.lch have been well known- 
from the study of the  e1astl .c Line and e l a s t i c  s u r f a c e  s i n c e  E u l e r  and Bernoul l i ,  
and which Lord Kelvin and He1.mholtz attempted t o  discover  i n  three-dimensional 
media. . 

From the p a i n t  of view of 

2 .  
_II i n  Mechanics, The f i r s t  form of mrchanics i s  induc t ive ;  t h i s  i s  what Is 
pr imcl r i ly  observed In  t h e  theory of deformable bodies, 
theorems regarding the concept of s t a t i c  fo rce  from the mechanics oi Inva r i ab le  
bodies.  
a d d i t i o n ,  the r e l a t i o n s h i p  between Stress and deformation was es t ab l i shed  i n  
the form of a hypothesis (general ized Hooke's law),and a posteriori  t h e  condi- 
t i o n  €or  which energy was conserved was inves t iga t ed  (Green). 
a l ready pointed out  the  e r r o r  e n t a i l e d  in. t h i s  method a century ago, when he 
cons t an t ly  used a pr?iori concepts and where the  pa th  which i s  followed i s  Dot 
a l w i y s  a very r e l i a b l e  one. A s t a t i c  fo rce  does not  always represent a con- 
s t r a c t i v e  d e f i n i t i o n  wi th in  the  framework of c l a s s i c a l  mechanics, and t h e  scope 
of the  rclvision which Reech(10) proposed i n  t h i s  connection i n  1852 has re- 
mained almost unknown up t o  t h e  p re sen t  day. 
c e r t i t u d e  which t h e  e l a s c i c i a n s  have f e l t  f o r  a long period of time regard ing  
the  r a t i o n a l  foundatton t h a t  lies a t  t h e  S a s i s  of Hooke's law. 
h e s i t a t i o n s  have becn mani fes ta ted  i n  almost the-same way i n  a l l  o t h e r  areas 

D i f f i c u l t i e s  Encountered i n  the Application of t h e J n d u c t l v e  Method 

Thin theory borrows 

These have been expressed i n  the  p r i n c i p l e  of s o l i d i f i c a t i o n .  In  

Carnot(9) 

Perhaps t h i s  i s  due t o  t h e  in- 
/3 

Analctgous 

- 
(9) Carnot, in h i s  Essai de 2783 sur Zes machines en ge'ne'ral (Essay on General 

Machines of 1783), which i n  1803 became The Fundamental PrincipZss of 
El,:uiZibriwn and Motion, attempted t o  reduce mechanics t o  p r i n c i p l e s  and 
rrecise d e f i n i t i o n s  completely void of any metaphysical property and void 
of any vague terms which philosophers debate ,  bu t  f o r  which they have no 
understanding among themselves. This r e a c t i o n  l e d  Carnot somewhat f a r  
a f i e l d ,  because he went t o  t h e  po in t  of con te s t ing  t h e  l e g a l i t y  of t h e  
term force, which is  an obscure i d e a .  
the idea of motion f o r  i t .  For t h e  same reason,  he w a s  unable to accept  
any of the known proofs  of the  parallelogram r u l e  of fo rces .  
exis tence of the  word f m c e  i n  the  statement of t h e  p ropos i t i on  makes t h i s  
pro& impossible due t o  the  n a t u r e  of things." (Ch. Cmbres ,  Ed. P h i l l i p s  
and Ed. Collignon, Expos& de Za si tuat ion de l a  me'eanique appZiyu6e W- 
posit ion of the Posit ion of AppZCed Mechanics), P a r i s ,  1867). 

H e  wanted t o  s u b s t i t u t e  exc lus ive ly  

"The very 

(lo) -F. Reech, Cours de Mdcanique, d'aprBs l a  Nature GgndraZement FZexibZe 
e t  6lasl;ique des Corps (Course i n  M~chanics Acco~ding t o  the GeneruZized 
FZexibZe und EZastic Behavior of BodiesE, P a r i s ,  1852. 
w r i t t e n  by the b r i l l i a n t  mechanical engineer as a r e v i s i o n  t o  t h e  teaching 
procedure i n  mechanics a t  t h e  Polytechnic School. His ideas  have s i n c e  
been discussed by J .  Andrade, Lecons de M6ccmique Pzl!,-Ique (Lessons of 
Mechanical Physics), Paris, 1898, and by Marbec, Chief Naval Engineer, i n  
h i s  Elementary Textbook of Mechanics a t  the Lower O f f i e e r r '  School at 
Toulon (1906). See a l s o  J. P e r r i n ,  TraitD de Ckiniie physique, Zes W n c i -  
pes (Treatise on PhysicaZ Chemistry, Principles), P a r i s ,  1903. 

This work was 
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of physics(") 

In  order  t o  avoid the  d i f f i c u l t i e s ,  Helmholtz attempted t o  cons t ruc t  what 
i s  ca l l ed  an ene rge t i c ,  which is based on t h e  p r i n c i p l e  of least ac t ion  and - 
a l s o  based on the  idea  of energy, o r  fo rce ,  n a m a t t e r  what: i t s  naure  may be. 
It tnus  bacomes a secondary concept,  and has  a deduct ive o r i g i n .  However, t h e  
p r i n c i p l e  of a minimum i n  n a t u r a l  phenomena(l2), a7d t h e  concept of encrgy(l3)  
reveal t o  us  the  f a u l t s  of t h e  induc t ive  method. 
what should be the  d e f i n i t i o n  of energy i n  order  n o t  t o  have simply a phys ica l  
theory,  but i n s t ead  a t r u l y  mechanical theory? 
no answer t o  these  ques t ions .  H e  has  made a con t r ibu t ion  by es t ab l inh ing  more 
completely what had n o t  been done previous ly  -- namely, t h e  d i s t i n c t i o n  be- 
tween two concepts,  energy and ac t ion .  We m u s t . s t a r t  from t h i s  b a s i s ,  i t  seems 
t o  u s ,  i n  order  t o  express  t h e  opinions of Helmholtz i n  a p r e c i s e  wiy and i n  
order  t o  g ive  a coripletely deduct ive forin t o  mechanics, o r  more gene ra l ly ,  t o  
physics.  

Why i s  the re  a minimum and 

Helmholtz seems t o  have l e f t  

3 .  Theory of Eucl id ian  Action. When w e  are dea l ing  with t h e  motion of a 
point , -  t h e  e s s e n t i a l  element i n  t h e  d e f i n i t i o n  of a c t i o n  i s  t h e  Eucl id ian  
d i s t ance  between two i n f i n i t e s i m a l l y  c l o s e  p o s i t i o n s  of t h e  moving poin t .  
previously showed(l4) t h a t  a l l  t h e  fundamental d e f i n i t i o n s  of c l a s s k a l  dynamics 

We 

The remark made by Lord Kelvin it \is BaZtimore Lectures, page 131, re- 
garding the  works of Blanchet i s  p a r t i c u l a r l y  i n t e r e s t i n g  i n  t h i s  respec t .  
It s t a t e s  t h a t  Poisson, Coro l i s  and-Sturm (C. R.* 7 ,  p.  1143), as w e l l  as 
Cauchy, L iouv i l l e  and Duhamel ** accepted without  ob jec t ion  t h e  36 co- 
e f f i c i e n t s  which Blanchet had introduced i n  t h e  genera l ized  Hooke's law.  
From t h e  same point. of view, Lord Kelvin a l s o  objec ted  t o  t h e  force-at-  
a-dis tance l a w  of Yeber, i n  t h e  f i r s t  e d i t i o n  of NaturuZ Philosophy. 
More r ecen t ly ,  t he  a p p l i c a t l o n  of a s t a t i c  a d i a b a t i c  l a w  t o  t h e  s tudy  of 
waves; of f i n i t e  amplitude was c r i t i c i z e d  for t h e  same reasons by Lor2 
Rayleigh. Also, it  is known t h a t  Houginot proposed a dynamic a d i a b a t i c  
l a w  ------- 
Maupertuis himself had sensed t h e  danger of t h e  p r i n c i p l e  which he  i n t r o -  
duced i n  mechanics, when he  wrote  i n  1744: "We do not  know s b f f i c f e n t l y  
w e l l  vhat is the aim of n a t u r e ,  and we can be  mistaken res!.):d.lng t h e  
quan t i ty  which w e  must r e g a r J  as t h e  output  i n  t h e  product iou of i ts  
e f f ec t s . "  Lagrange f i r s t  had t h e  i n t e n t i o n  of making the  p r i n c i p l e  of 
l e a s t  a c t i o n  t h e  hasis of h i s  Mecanique anaZgtique (AnaZyticaZ Mec::anics), 
but  later on he r e a l i z e d  t h e  s u p e r i o r i t y  of t h e  method which cons iders  
t h e  v i r t u a l  work. 
Hertz ,  Die Prinzipisn der Mechadk, e tc .  (The PrincipZes of Mechanics, 
e t c . ) ,  1894; see t h e  In t roduc t ion ,  i n  p a r t i c u l a r .  

Note sur l a  Dynamique du Point et du Corps InvariabZe (PJote on the Dynnrr- 
i ce  of a Point and an InvariabZe Bcdy), in Traite'de Physique (Treatise 
on Physics) of Chwolson, Vol. I, page 236. 
Trans la to r ' s  Note: C. R. de s igna te s  Comptes Rendus. 

** ----Translator's Note: I l l e g i b l e  i n  o r i g i n a l  fo re ign  t e x t .  
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can be der ived from t h i s  s i n g l e  concept -- namely, those  of momentum, force 
and energyc /4 

A t  t h e  present  time, we s h a l l  e s t a b l i s h  the  f a c t  t h a t  we can-follow an 
i d e n t i c a l  pa th  i n  t h e  s tudy of s t a t i c  o r  dynamic deformation of d i s c r e t e  systcms 
of po in t s  o r  continuous bodies.  
theory of extexded 
dlrcct1.y subjec ted  t o  t h e  laws of mechanics i n  t h e o r e t i c a l  physics ,  

We thus  a r r iwe  a t  t h e  formulat ion of a genera2 
act ion and mot,ion, which encompasses everything which i s  

Here the  a c t i o n  w i l l  also be the - in t eg ra l  of a func t ion  of twa i n f l n l t e s -  
imal ly  c lose  elements i n  time and i n  space of t h e  medium under considerat ion.  
By introducing t h e  condi t ion  of invar lance  i n  t h e  group of Eucl idian d lsp lace-  
ments and by def in ing  t h e  medium a s  w e  ind ica ted  in Sect ion-1,  the  act ion 
densit2 Qt a point  w i l l  have the sune interest ing form tha t  we have already en- 
coxnterad iiz the dynmics of a point  and of an invariable body. According t o  
the  no ta t ion  used i n  t h e  Lessons of M. Darboux, l e t  (Si, ni, Ci), (p2, qi, 
r ) be t h e  geometr ical  r a t e s  of t r a n s l a t i o n  and roza t ion  of t h e  elementary 

t r i a d ,  and ( E ,  0, s!, (p,  q ,  r )  be  analogous r a t e s  f o r  motion re la t ive t o  t h i s  
t r i a d .  

1 

The a c t i o n  w l l l  be t h e  i n t e g r a l  

It is s u f f i c i e n t  t o  consider  t he  v a r i a t i o n  of t h i s  a c t i o n  in o rde r  t o  
ob ta in  t h e  d e f i n i t i o n  of momentum, t h e  s t r a i n  and mosent of deformation, ex- 
t e r n a l  fo rce  and moment, and f i n a l l y  t h e  d e f i n i t i o n  of  deformztion energy and 
motion, by means of t h e  concept of work. 

I n  t h i s  theory,  s t a t i c s  could become e n t i r e l y  autonomous, according t o  
t h e  views of Carnot and Reech. It would only b e  necessary  t o  assume t h e  work 
dens i ty  W i s  independent of t h e  v e l o c i t i e s  ( 5 ,  q ,  c), (p,  q, r) -- i .e.,  t o  
consider  a body without i ner t ia ,  o r  a body with i n e r t i a  under t h e  cond i t ion  
t h a t  t h e  deformation i s  regarded a s  a reversible  t rans fomat ion ,  i n  the sense  
of 14. Duhem. 
we would again f i n d  t h e  o r i g i n a l  mechanical concepts  which are used i n  physics  -- 
a s  w e l l  as the  l ess  r igorous  d e f i n i t i o n s  which have been proposed f o r  t h e  de- 
formable l i n e  by D. Bernoul l i  and Euler  up t o  Thomson and T a i t .  
formable su r face ,  t h i s  w a s  donc by Sophie-Germain and Lagrange up t o  Lord 
Rayleigh. 
Lord Kelvin and W. Voigt. 

On t h e  o t h e r  hand, making use of t h e  concept of bidder‘ arguments, 

For t h e  de- 

For t h e  deformable medim,  i t  was done by hTzvier and Green up t o  

I f  we s imultaneously consider  deformation and movement, w e  a r r i v e a t  t h e  
idea  which conta ins  t h e  d 'blembert  p r i n c i p l e ,  us ing  a s t r i c t l y  deduct ive  method. 
This  is app l i cab le  only t o  the  case i n  which the act ion of deformation can 
be cmpZeteZy separated from the k ine t i c  action. F i n a l l y ,  i f  w e  assume t h a t  t h e  
defornab3.e body i s  not  in f luenced  i n  any way by t h e  o u t s i d e  world,  and if i n  
t h e  fol lowing we i n t r zduce  t h e  fundamental concept of  an isoZated system. -- 
which M. Duhern(l5) found t o  be necessary f o r  t h e  r a t i o n a l  cons t ruc t ion  of - I5 

(15) P. Duhem. Cmientaire  a m  Principes de Za Thennodynumique (Comment on 
the PrincipZds of Thermodynamics), 1892; Za ThOorie Physique, son Objet e t  
sa Structure (TTieoreticaZ P ~ I I J S ~ C S ,  I t s  Obfectives and I t s  Structure) ,  1906 e 
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t h e o r e t i c a l  physics along with M. LeRoy(l6) -- one is l ed  i n  a natura!. way t o  
the  idea of the minimum which Helmholtz had assumed as a s t a r t i n g  point .  
rhe same rime t h i s  idea belongs t o  the p r i n c l p l e  of the  conservation o fmnergy ,  
which is the  b a s i s  of our present  s c i e n t i f i c  ~ystem.  

At 

F i n a l l y ,  i t  srems t o  me that-we w i l l  thus avoid a l l  of the d i f f i c u l t i e s  
and t r i a l s  of induct ive research which we have descr ibed previously.  

4 .  Cr i t i c i sm of  the  P r i n c i p l e s  of Mechanics. As w e  have j u s t  o u t l i n e d ,  
the theory of Euclidian a c t i o n  i s  the f i r s t  con t r ibu t ion  t o  t h e  criticism of 
the  p r i n c i p l e s  of mechanics. 

Its g e n e r a l i t y  makcs It poss ib l e  t o  p r e d i c t  t h a t  t h e r e  are s i n g u l a r  
phenomena i n - t h e  a c t i o n  of motion, a s  we l l  as i n  the  deformation of extended 
bodies -- f o r  example, t h e  behavior of s o l i d s  i n  the  p l a s t i c  s ta te  o r  i n  t h e  vi- 
c i n i t y  of ru:)tiire, and a l s o  the  behavior of f l u i d s  f o r  l a r g e  s t r a i n s ( l 9 ) .  
Under ordinary circumstances,  t h i s  g e n e r a l i t y  can be reduced by consider ing t h e  
s ta te  which i s  i n f i n i t e s i m a l l y  c lose  t o  t h e  n a t u r a l  s tate.  
which w e  have already discussed i n  our previous note.  

This i s  t h e  p o i n t  

However, we may a l s o  assume t h a t  one o r  s e v e r a l  of the  dimensions of t h e  
deformable body can become infinite. ; iuially small, and w e  may envis ion what ks 
c a l l e d  a thin b o d y ( l 8 ) .  
a l s o  by Cauchy a s h o r t  t i m e  l a t e r .  Their goal ,  as well as t h e  goa l  of a l l  
e l a s t i c i a n s  who d e a l t  wi th  t h i s  d i f f i c u l t  quest ion a t  a la te r  time, w a s  t o  
e s t a b l i s h  a t r a n s i t i o n  between t h e  d i s t i n c t  t h e o r i e s  of bodies  having one, two 
and t h r e e  dimecsions. 
Barr6 de.  Saint-Venant and by Kirchhof f d e a l s  wi th  a d i scuss ion  of t h e  r e sea rch  
c a r r i e d  out by Poisson and Cauchy. These s c i e n t i s t s ,  as w e l l  as t h e i r  d i s c i p l e s ,  
did not  r e a l l y  i so la te  the  r e a l  d i f f i c u l t y  of the  quest ion.  This d i f f i c u l t y  
c o n s i s t s  of the  f a c t  t h a t ,  in general, the  zero value of the parameter which is 
introduced is not an ordinary point, as Poisson and Cauchy ahitted, and not 
even a pole, but an essentiaz singuZar point. This important fact jzstifies 
separate studies of t h e  l i n e ,  of t h e  su r face ,  and of the medium which are t o  
be found i n  the  present  work(19). 

(I6) E. Le Roy. La Science Positive et Zes PhiZosophies de Za Libert6, Con- 

This concept was developed by Poisson i n  1828, and 

It is known t h a t  a very important p a r t  of t h e  work by 

gr'es int. de Philosophie (Positive Science and the PhiZosophies of L<b- 
er t y ,  InternatConaZ Congress of Philosophg), Vol. I., 1900. 

E. and F. Cosserat .  Sur la Mbcanique Gdn&rale (On Genera2 Mechanics), 
C. R. 145, p. 1139, 1907. 

E. and F. Cosserat. Sur Za Thborie des Corps Minces (On the Theomj of 
Thin Bodies), C.  R. lA6, p. 169, 1908. 

The i n t e r e s t  and importance of t h e  t h e o r i e s  of the deformable line and 
deformable surface/ a r e  not appreciated today, because t h e  EncycZope'die 
des Sciences Mathematiques a r e s  et AppZiqui3es (EncycZopedia of Pure Math- 
ematicai! and AppZied Sciences), which a t  present  is being published ic 
Germany, did not give any space t o  these  problems. W. Thomson and -Tal t  

(I7) 

(I8) 

(I9) 
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As a f i n a l  word i n  these  prel iminary observa t ions ,  we would Pike t o  po in t  
ou t  t h a t  t he  theory of Euqlidian ac t ion  is based on t h e  concept of the  cliff- 
erentiaZ invariant,  expressed in i t s  s implest  form. If w e  en large  t h i s  con- 
cept  I n  such a way t h a t  w e  inc lude  t h e  idea, a €  a d?:fferential  parameter, modern 
t h e o r e t i c a l  physics is  found t o  be ar: immediate e x t e n ~ i o n ,  from the Eulerian 
point of view, of mechanfcs proper ,  and one i s  n a t u r a l l y  l e d  t o  t h e  p r i n c i p l e s  
of the  theory of heat  and t h e  present  e lectr ical  laws. This new f i e l d  of re- 
search ,  which we a r e  beginnlng t o  i n t e r  by der iv ing  t h e  idea of energy of rad i -  
a t i o n  from t h e  considerat ion of deformable bodies ,  w i l l  be examined more com- 
p l e t e l y  i n  a f u t u r e  work. I n  t h i s  way, we can in t roduce  a new precisiom i n t o  
the  poin ts  of v i ew of H. Lorentz(20) and H. Poincar&(2& whFch i s  c a l l e d  the 
reaction prineipZe in mechanks . 

/6 

11. S t a t i c s  of t h e  Deformable Line 

5 .  Deformable Line. Natural  S t a t e  and Derhced  S ta t e .  L e t  us consider  
zo with  r e spec t  

of t h e  curve,  

L e t  us i n t r o -  

0' YO' a curve (M ) descr ibed by a poin t  M whose c o o r d i m t e s  x 
t o  th ree  rec tangular ,  f i xed  axes Ox, Oy, Oz are r^unctions.oP a s i n g l e  parameter,  
which w e  willassume i n  t h a  following t o  be equal  t o  t h e  arc s 

measured from a spec i f i ed  o r i g i n  and i n  a spec i f i ed  d i r ec t ion .  
duce a t  each po in t  Mo o f  t he  curve (M ) an orthogona_l_ t r i a d  whose axes 0 
M o x ' o ,  M y' have the  d i r e c t i o n  cos ines  aO, atO, a"0; eo, B v 0 ,  B"o,; 
yo, Y'~,, y'lO, r e spec t ive ly ,  wi th  r e spec t  t o  t h e  axes Ox, Oy, Oz, and which are 

functi-ons of t h e  same pararnezer s 

0 0' 

0 

M z' 0 0 ' 0 0  

0' 

The continuous,  one-dimensional ensemble of these  t r i a d s  Mox' oy' oz' 

s h a l l  be what w e  s h a l l  c a l l  a defomabZe "Line. 

L e t  us-give a displacement M M t o  t h e  poin t  Mo. L e t  x, y, z be t h e  co- 

ord ina te s  of t h e  poin t  M wi th  r e spec t  to t h e  f i x e d  axes Ox, Oy, 02. L e t  u s  
sub jec t ,  among o the r  t h ings ,  a r o t a t i o n  t o  t h e  triahEf x' y' z' which w i l l  

f i n a l l y  make i t s  axes co inc ide  wi th- those  of a t r i a d  Mx'y'z', which w e  w i l l  
a t t a c h  t o  t h e  poin t  M. 

(19) (Continued): d id  not omit them i n  t h e i r  flaturaz Philosophy, and they 

0 

0 0 0 0 '  

We w i l l  de f ine  t h i s  r o t a t i o n  by spec i fy ing  the d i r e c t i o n  
- 

presented them before t he  t reatment  of three-dimensional e las t ic  bodies.  
This a l s o  holds  t r u e  f o r  t h e  work by P. Duherc, Hydrodynamique, EZastCcitd, 
Acoustique (Hydrodynamics, EZas t id t y ,  Acoustics),  P a r i s ,  1891. 

H. Lorentz. Versuch einer  IPheoSe der ezectrischen und optisehen Ersch- 
einuwen i n  bewegten Karpem ( A t t e m p t  o f  a Theory of EZectricaZ and 
OpticaZ Phenomena i n  Bodies i i i  Motion), Leiden 1895; r ep r in t ed  i n  Leipzig 
i n  1906. Ablmndl. -Uber theorekischs Physik. (Treatise.  On Theoretical 
Physics), 1907; EncykZop. der Math. Wissonschaf$en (EncycZopedia of Mat%- 
ematha2 Sciezces,', V. 2, EZektronaz T'heorie (Electron Theory), 1903. 

Edi t ion ,  p.  448, 1901. 

(20) 

(21) H. Poinrar6.  Elec t r i c i t&  e t  @pt<que (EZectricity_and @tiCS),  2nd- 
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cosines  a ,  a ' ,  a"; 8 ,  B ' ,  B";. y 9  Y', Y" of t h e  axes M x ' ,  M; , Mz' with  r e spec t  
t o  the  fixed-axes Ox, Oy, 82. 

The continuous, one-dimensional ensemble of  t r i a d s  M x '  y'. z '  w i l l  be 0 0 0 0  
what w e  s h a l l  c a l l - t h e  deformed s t a t e  of the  deformable l i n e  under considera-. 
t i o n  which, i n  t h e  i n i t i a l  s t a t e ,  which w i l l  be cal led t h e  natura2 s t a t e .  

6 ,  Kinematic Elements f o r  t h e  S t a t e s  of t h e  Deformable Line. L e t  us 
suppose t h a t  s 

t h e  time. 
of t he  ve loc i ty  of t h e  o r i g i n  Mo of t he  axes MOxv0, MOyPO, M 2 '  

60, no5 50' Terms p 9 q 
stantaneous r a t e s  of r o t a t i o n  of t h e  t r i a d  M x '  y' z' We w i l l  ca l l  t h e  

analogous q u a n t i t i e s  f o r  t h e  t r i a d  Mx'y'z' , 5, TI, 5 and p ,  q, r when they are 
r e f e r r e d  t o  the f ixed  t r i a d  .Oxyz, l i k e  

v a r t e s  and t h a t ,  f o r  one i n s t a n t ,  w e  make it  p lay  t h e  role of 

w e  w i l l  c a l l  the p ro jec t ions  
0 -  

Using the  no ta t ion  by M .  Darboux(l), 
on these  axes 0 0  

a r e  t h e  p ro jec t ions  on t h e  sane axes of t h e  in- 0 0' ro 
0 0 0 0 '  

/7 
t h e  t r i a d  MO~'Oy'Ozlo.  

The elements which w e  have introduced can be ca l cu la t ed  i n  t h e  ord inary  
way. I n  p a r t i c u l a r  w e  have - 

Using these  q u a n t i t i e s ,  t h e  l i n e a r  element d s  of t h e  curve descr ibed  by the 
po in t  M i s  defined by t h e  equat ion 

ds' = (P + 1' 4- P) drf. (3) 
L e t  x ' ,  y ' ,  2' be  t h e  p ro jec t ions  of t h e  segment OM on t h e - a x e s  Mx', My', 

Mz', i n  such-a way t h a t  t h e  coordinates  of t he  f k e d  point 0 with  r e spec t  t o  
these  axes w i l l  be -x', -y', -2'. W e  w i l l  ob t a in  t h e  known formulas: 

which r e s u l t  i n  the  new expressions.  for 5 ,  n, 5 .  

7. Expressions f o r  t h e  Var ia t ions  i n  t h e  Rate of Trans la t ion  and Rotat ion 
of t h e  Triad Referred t o  t h e  Deformed Sta te .  
par ted  an i n f i n i t e s i m a l l y  small  displacement t o  each of t h e  t r i a d s  of t h e  de- 
formed s t a t e  which can vary i n  a continuous manner f o r  t hese  t r i a d s .  L e t  6x, 
6y, 62; 6 x ' ,  6y', 62'; 6x, 6 x ' ,  ... 6y" be  the r e spec t ive  v a r i a t i o n s  of x, y,  
z; x ' ,  y'$ z'; a, a ' ,  ... y". The v a r i a t i o n s  6a, & a ' ,  ... 6y" can be  expressed 
by formulas of t h e  following type: 

L e t  US assume t h a t  w e  have b- 

22 = pad  - 78f, ( 5 )  

( l )  G. Darboux. 
the General Theory of Surfaces), Vol. I., P a r i s ,  1887. 

Lecons sur Za Thdorie GBndraZe des Surfaces (Lessons on 
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where use is made of three auxiliary quantities 6 ' 6 which are the 
components, in the Mx', My', Mz'  system, of the well known instantaneous 
rotation connected with the infinltesimally small displacement under considero- 
tion. The variations 6x, 6y, 6 z  are the projections on-Ox.Oy, Oz of the 
infinitely small displacements experienced by the point M. 
6'x, 6'y, 6'2 of this displacement on Mx', My', Mz' can immediately be derived 
and have the following values: 

L S 6 J  K 

The projections - 

;'x=;z'filJ'--y'o"r', B'r=8f+x'&d-L'iil~, 6'z=6d+yw-d8,'. (6) 
Let us now attempt to determine the variations 66, 67, 65, 6p, 6q, 6r 

experienced by C, n, 5 ,  p, q, : #  respectively. From equations ( 2 ) ,  we have 

Let us replace &a by its value B 6 K '  - y6J', and 62', ... 6y" by the analogous 
values. We have . 

/8 

(7) 

Formulas ( 4 )  also give us three formulas, the first of which is given by: 

a: = e! + Q8,J - df -+ y%r ; 2% 
let. us replace 6p, 6q, 6r by their values given by equations (7). We find 

&lX 

dFs 

dcyz 

OE = T j k '  - @' f a- + gFZ - #y, 

(8) iz, == - € 8 ~ '  -+ ---- + ray - PSI*, 
&b 

i - 
1 G-= E2r' - qZ" + -& f pa5 - ¶"Z, 

by introducing the three symbols 6'x, 6'y, 6 ' 2 ,  in order to abbreviate the 
notation, which are defined by equations (6 ) .  

8. Euclidian Action of DLformation Over a Deformable Line. Let us consider 
a function W of two infinitesimaZZy cZose positions of the triad Mx'y'z', i.e., 
a function of so, of x, y, 2 ,  a ,  a ' ,  ..., y" and their first derivatives with 
respect to s Let us attempt to determine the form of W such that the integral 0' 

$\...# 

extended over an arbitrary portion of the line (M ) has the variation zero 
when the ensemble of all the triads of the deformable line, assumed in the 
deformed state, is subjected to the same arbitrary $nf<nites<ma2 transformation 
of the group of Euclidian dkplacements. 

0 

More specifically, we are to determine W in such a way that we will have 
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a w  = 0. 

such t h a t ,  on the  one hand, t he  o r i g i n  M of t he  t r i a d s  Mx'y'z' is subjec ted  t o  
an i n f i n i t e s i m a l l y  sma.11 displacement whose p ro jec t ions  6x, 6y, 6z on t h e  axes 
Ox, Oy, Oz are: 

ax = (a, 4- wlz - .;V) 81, 
ay = (a, + war-- W , L )  at, , (9) 1 a2 = & + w#y- .*C) o'f, 

where al ,  a2 ,  a ? ,  wl, w 2 ,  w3 a r e  s i x  a r b i t r a r y  cons tan ts  and 6 t  is an  i n f i n l t e -  

s imal ly  small  quan t i ty  independent of s and, on t h e  o t h e r  hand, t h i s  t r i a d  0' 
Mx'y'zl carries out  an i n f i n i t e s i m a l l y  small  r o t a t i n n  whose components a long 
t h e  axes O x ,  Oy, Oz are :  

u,zi, u12t, w,ar. 

We should note  t h a t  i n  the-present  case t h e  v a r i a t i o n s  66, 6 n ,  65, 6p, 6q, 6 r  /9 
of t h e  s i x  expressions E;, n ,  5 ,  p, q ,  r a r e  zero,as  fol lows from t h e  w e l l  known 
theorem of t h e  moving t r i a d .  
equat ions  (7) and (8) by rep lac ing  6'x, B1' by t h e i r  p resent  values:  

Also, w e  can v e r i f y  t h i s  immediately by means of 

( 9 ' )  i i'z=+, + -UJ) a+ qaa + w,2-w,;) a +w#y-wp) at 
! it' = (aw, + a'w, + a'ua)-al, 

and 6'y, B ' z ,  6J1, 6K' by t h e i r  analogous present  va lues .  
ob ta in  a so lu t ion  t o  t h e  ques t ion  by assuming W t o  be an a r b i t r a r y  func t ion  of 
so and t h e  s ix  expressions 5 ,  n ,  5 ,  p,  q, r. 
ob ta in  t h e  genera l  solut ion(*)  

As a result w e  

We w i l l  now show t h a t  we may 

t o  t h e  problem which w e  have posed ou r se lves ,  

I n  t h i s  connection l e t  us note  chat t h e  r e l a t i o n s h i p s  (2) a l low one t o  
express  t h e  f i r s t  d e r i v a t i v e s  of t h e  n ine  cosines  a ,  a ,  .".., y" w i t h  r e s p e i t  to 
so i n  terms of t h e s e  cos ines  and of p ,  q ,  r ,  using w e l l  known equat ions.  Le t  

us  a l s o  no te ,  on t h e  o the r  hand, t h a t  t h e  equat ions (1) al low one to  express  
t h e  n ine  cos ines  a ,  a ' ,  . . . y" i n  terms of 5, q, 5 and t h e  f i r s t  d e r i v a t i v e s  
of x ,  y ,  z with  r e spec t  t o  s F ina l ly ,  w e  can express  t h e  func t ion  W which 

w e  d e s i r e  a s  a func t ion  of so, of x, y ,  z , a n d  t h e i r  f i r s t  d e r i v a t i v e s ,  and 

f i n a l l y  of 5 ,  q, 5 ,  E, q ,  rs which w e  w i l l .  i n d i c a t e  by wr i t ing :  

0' 

Since  the  v a r i a t i o n s  66, 6q, 65, 6p, 6q ,  6 r  are zero  i n  t h e  p re sen t  case, a3 
w e  remarked a moment ago, w e  may f i n a l l y  write t h e  fol lowing f o r  t h e  new form 
of W ,  lJhich w e  ob ta in  on t h e  b a s i s  of equat ions (9) no mat te r  what a 1' 9' a y  

5' w29 w3 are: 

- 

( 2 h e  w i l l  assume i n  t h e  following t h a t  t h e  deformable l i n e  cun carry out aZZ 
possible de formations, and ,consequent 23, the defomed s t a t e  can be assumed 
t o  be completely arbitrary; t h i s  f a c t  can be expressed by say ing  t h a t  the 
deformable l i n e  is f m e .  - 
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&I\' - -  * 2 x 3 . -  a\V 2y * g sz + -r a1V 8 a- dx 4 T- r\V a Pr, 4 -- a\V 6 -dr - 
ax aY clr, $2 a;; - ** - ag at, &a;; 

Let us replace dx, dy, 6 z  by t h e i r  values  (9) and 6 %, 6 &, 6 - dz by t h e  
0 d s  dsO dsO 

1' a2' va lues  one ob ta ins  by d i f f e r e n t i a t i o n .  Let us set the  c o e f f i c i e n t s  of a 

a3, wl, w 2 ,  w3 equal t o  zero. We obtain the following s i x  condi t ions:  

As could have e a s i l y  have been predicted,  the first t h r e e  t e l l  us t h a t  W is - / l o  
independent of x, y, z. The th ree  l a t t e r  ones express the f a c t  t h a t  W does not 

dx & & 
dsQ' dso '  dso depend oii - except through the intermediary of t h e  quan t i ty :  

and s i n c e  the  l a t te r  one, according t o  equation ( 3 ) ,  is equal t o  t2 + q2 + 6 2 , w e  
can f i n a l l y  see t h a t  the desired function W has the following remarkable form: 

w (SOL E. ?r c* p *  9, 4- 
I f  w e  mu l t ip ly  W by ds  t h e  product'wds obtained is an i n v a r i a n t  w i t h i n  the 0' 0 
group of Eucl idian displacements,  which is analogous t o  t h e  one which carries 
the  name linear element and which a r i s e s  from the  considerat ion of t h e  d i s t a n c e  
between two i n f i n i t e l y  c lose  po in t s  i n  the  neighborhood of t h e  curve (M) 
described by t h e  po in t  M. 

' 

In  t h e  same way the  common va lue  of the  i n t e g r a l s  

taken, r e spec t ive ly ,  between two po in t s  A and B of the  curve (Mol  and between 

its corresponding po in t s  A a n i  B of the curve (M), determines t h e  length of t h e  
a r c  AB of t h i s  curve (M). 
cep t  of action with  t h e  t r a n s i t i o n  from the  n a t u r a l  s t a t e  (Pio) t o  t h e  deformed 

s t a t e  (M), we can relate the  func t ion  W t o  t h e  elements-which d e f i n e  the de- 
formable l i n e ,  ~3 w e  w i l l  say t h a t  the  i n t e g r a i :  

0 0 

I n  the  same way, by a s soc ia t ing  i n  one's mind t h e  con- 

i s ' t h e  action of dpfcmat ion  on the  deformed l i n e  between t h e  p o i n t s  A and B, 
which correspond tg the  po in t s  A 

t h e  following, w e  w i l l  assume t h a t  the  a r c s  so a n d . s  a r e  measured in t h e  

d i r e c t i o n  of A. t o  B 

assume t h a t  the  nomenclature A 

and Bo of (Mo). In  t h i s  d e f i n i t i o n  and i n  0 

and i n  the  d i r e c t i o n  from A t o  B. Conversely, w e  w i l l  0 
Bo, A,  B is  t o  be used f o r  designat ing t h e  0' 



ex t r emi t i e s  of the l i n e  i n  t h e  n a t u r a l  s ta te  and in t h e  deformed s ta te  using 
this convention. 

We w i l l  a l s o  say that W i s  the density of t h e  ac t io i l  of deformation ut  a 
point of t he  deformed l ine  rc?ferred t o  a unit of lengtli  of t h e  non-deformed 

l i n e .  

length of t h e  4:Imned l ine .  

W - dstr w i l l  ue the  a c t i o n  dens i ty  at a point r e f e r r e d  t o  a u n i t  of 
d s  

9. The Exte:rnal Force and Moment; t h e  Externa l  Deformation Stress and 
Moment, a t  a Point  of a Deformed Line. 
of t h e  a c t i o n  of deformation between cwo p o i n t s  A and B of t h e  line (MI, t h a t  
i s  : 

L e t  us consider  an  arbitrar9 v a r i a t i o n  

I ~ ~ ! ~ ~ ~ , = ~ ~ ~ ~ c r + ~ ~ i ~ , ~ ~ ' " i ~ + ~ ' ~ ~ ~ +  a: ap 3 

BY 
t o  

L e t  us set:  
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We w i l l  have: 

= ~r*;i~. + c-;~). + 1y;f: -+ ]Tif*+- J'h' -i- k'zfi'$t 

- f'a(pJz + y;;'!# + %;E': + L$l' 3- 11p 4 Wr') a%* 
Jb 

Conside:riiig the i n t e g r a l  which appears in t h e  expression f c r  6 IBO Wdso, w e  

w i l l  c a l l  the  segments emanating from 15, whose p ro jec t ions  on t h e  axes Mx', 
My', Mz' are XTO, Yto, Z t 0  and L t O ,  MqO, N'o, r e spec t ive ly ,  the extei-rrai! force 
and externaZ moment a t  the po;nt M, referred t o  a u n i t  of length of non-de- 
formed l ine .  Wdso 

A0 

I f  w e  then consider t h e  completely in t eg ra t ed  p a r t  of 6 
An 

we w i l l  c a l l  the  segments emanating from B and whose p ro jec t ions  on t h e  kces ~- - J '  ,-- K' 

take on -at the  p o i n t  
Bo' Ba Bo ? 

Mx' , My', Mz' a r e  t h e  values-F' -G' - H'B and -I' 
which t h e  expressions -F', -G', -H', and - I t ,  -J', -K' 

Bo' Bo' 

Bo,the a t e m a 2  s t re s s  o r  mternai! moment of  deformation a t  the  point B. 
w i l l  c a l l  the analogous segments formed with the values  F' 

I' , JgA0, K' 

the po in t  Ao,the a t e m a 2  stress and a t e r m i !  moment of deformation ai5 the 
point A .  

We 

' GsAg) H'%s and *O 
which t h e  expressions F', GI, H' and Z', J', K' t ake  on a t  

*O 4' 

The po in t s  A and B are no t  t r e a t e d  i n  the same way he re ,  confomtng t o .  
the convention which makes a d i s t i n c t i o n  between them and which was made i n  
the way one measures the  arc s 0' 

L e t  us assume t h a t  t h e  deformed 1j-y AB i s  cut  a t  the  po in t  M and t h a t  t h e  
We may regard t h e  two segments two p a r t s  AM and MB are separated i n  ones mind. 

(-F', - G ' ,  -H') and (-I1, -J', -IC') determined f o r  the point  M as t h e  e x t e r n a l  
stress and ex te rna l  moments of deformation of t h e  p a r t  AM a t  the  po in t  M, and 
t h e  two segments (F', G ' ,  H') and (1', J ' ,  K') determined for t h e  same po in t  
M as the e x t e r n a l  stress and e x t e r n a l  moment of t h e  p a r t  MB a t  the po in t  M. 
i t  ~ i l l d  b e  t h e  same as though, i n s t ead  of considering AM and MB, w e  consider  
two p a r t s  of the deformable l i n e  belonging t o  AM and MB, r e spec t ive ly ,  and 
which have an extremity a t  M. Due t o  t hese  remarks, we w i l l  say t h a t  -F', - G ' ,  
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-11' and -I1, 4, -K' a r e  t h e  compoients of the  s t r e s s  and moment of deformacion 
a t  the point  M exerted on AM and on any por.tion of r?M ending a t  M on the axcia 
M x ' ,  My', Mz'. We w i l l  a l s o  say t h a t  F', G ' ,  H' and I', J ' ,  K' are the corn-. 
ponents of -bhe s t re s s  and moment of d e f o m a t i m  a t  the point M exerted on Mi! 
and on any part of ME whi.ch ends a t  M on t h e  axes Mx', My', Mzf. 

It should be noted t h a t  i f  we rep lace  t h e  t r i a d  Mx'y'z' by R t r i a d  which- 
is  inva r i ab ly  related t o  i t ,  w e  a r e  l ed  t o  conclusions which a r e  ident ica l .  to 
those which we have ind ica ted  previously(3) .  

10. Rela t ionships  Between the-a.31cmcnts Dcflncd i n  t h e  Preceding Sectfpn; /13 
._I_ Various Tr an s f o qn a t i o TI s o f t h e b e R e  1 a t i  on sh ips. 
i n  the  preceding s e c t i o n  a r e  r e l a t e d  by t h e  following r e l a t i o n s h i p s ,  which 
immediately r e s u l t  by comparing the  formulas used t o  de f ine  thzm: 

The v a r 5. o u s e 1 em en t D I n  t r o iduc e d 

We may pose t h e  problem of- transforming these  r e l a t i o n s h i p s  which we have 
w r i t t e n  down, 7'.ndeP"nden*Zy of the  vaZues calculated from W and the  quan&ities 
wh&?h it contains. 
a t tached  t o  t h e  po in t  M and which we have named. 
segments by t h e i r  p ro j ec t ions  on Mx' ,  My', Mz', w e  can a l s o  de f ine  them.by 
t h e i r  p ro j ec t ions  on o t h e r  axes. 
r e l a t i o n s h i p s  t h a t  are obtained by transforming t h e  preceding ones. 

These r e l a t i o n s h i p s  i n  effect hold between t h e  segments 
Ins tead  of def in ing  t h e s e  

These l a t t e r  p ro jec t ions  w i l l  be  r e l a t e d  by 

The transformed r e l a t i o n s h i p s  can immediately be obtained,  i f  w e  n o t e  t h a t  
t h e  o r i g i n a l  formulas have an immediate and simple i n t e r p r e t a t i o n  which is 
found by ass igning  t o  the  moving axes such axes which are p a r a l l e i  sx? pass  
through t h e  poin t  0. 

1. L e t  us f i r s t  consider  axes O x ,  Oy, O z .  

0 

L e t  us  ca l l  Xo, Yo, Zo and 

Lo, Mo, N 
an a r b i t r a r y  poin t  M of t h e  deformed l i n e .  F, G ,  H and I, J ,  K are c a l l e d  the 
p ro jec t ions  of t h e  stress and moment of deformation,whose ,p_rojections OY t h e  
axes  Mx', My', Mz' were F ' ,  G ' ,  H ' ,  and 1', J ' ,  K ' .  The t ransformation of t h e  
preceding r e l a t i o n s h i p s  i s  obviously given by: 

t h e  p ro jec t ions  of t h e  e x t e r n a l  f o r c e  and moment on these axes at 

- -- 
(3)  Note sur Za Dgnamique du Point e t  du Gorp InvariabZe (Note on the  Dynam- 

i cs  of a Poixt and an Invariable Body), i n  Treatise of P h y F j  cf Ciiwolson, 
Volume I, pages 260 and 269. 
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We may consider the  form X ' o ,  Y'o, Z l 0  and the moment L'o, MV0, N t 0 ,  or, 

i f  we wish , the  f o r c e  Xo, Yo, Zo and t h e  moment Lo, MOB No a s  d i s t r i b u t e h i n  a 

continuous way along t h e  l i n e ,  and t h i s  f o r c e  and moment w i l l  here  be r e f e r r e d t o  
a u n i t  of length of t h e  non-deformed l i n e .  I n  order 'To ob ta in  the f o r c e  and 
moment r e f e r r e d  t o  a u n i t  of l eng th  of the defoamed l i n e ,  It is  s u f f i c i e n t  t o  

is t h e  l i n e a r  element of the  deformed I%nc which corresponds t o  t h e  l i n e a r  
element d s  of the  non-deforned l i n e .  

Z ,  L ,  M ,  N of the  exter.nal. f o r c e  and moment on the f ixed  axes Ox, Oy, Oz re- 
f c r r e d  t o  8 u n i t  of  l e n g t h  of t h e  deformed l i n e .  
s h i p s  

Lct us int roduce the  p ro jec t ions  X ,  Y, 0 

We thus obta in  the  r e l a t i o n -  & 

which a r e  i d e n t i c a l  t o  chose considered by s e v e r a l  authors  and i n  p a r t i c u l a r  by 
Lord Kelvin and T a i t  ( 4 ) .  However, t hese  l a t c e r  authors  o b t a i n  them by apply- 
ing what i n  c l a s s i c a l  mechanics i s . c a 1 l e d  t h e  p r i n c i p l e  of s o l i d i f - i c a t i o n ,  and 
by depart ing a prior< from t h e  concept of f o r c e s  and couples wh icha re  then 
expressed a pom%mhril as a func t ion  of deformations using hypotheses. ' In  
t h e s e  hypotheses only i n f i n i t e l y  small deformations have been considered up t o  
t h e  p re sen t ,  whereas i n  t h e  present  work we w i l l  consider t h e  more general  
case. 

2. The equations r e f e r r i n g  t o  t h e  f ixed  axes Ox, Oy, Oz can be given i n  a 
new f!m., 

X be  these  t h r e e  a u x i l i a r y  q u a n t i t i e s .  L e t  auxilisry q u a n t i t i e s .  L e t  XI, X2, 
us SetA. 

We may express the  n i n e  cosines  a ,  CY', ... y" by means of t h r e e  

3 

-- - 
( 4 )  Lord Kelvin and Tai t .  NatupaZ PlziZosophy, P a r t  11, Section 614. 
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and we have: 

We w i l l  have 

the p ro jec t ions  of the  segment on th.e  f i xed  ,axes 
i' X i '  ai Let us  c a l l  2 

Ox, Oy, Oz which has t h e  p ro jec t ions  z',, x' 0' on t h e  axes Mx', My', Mz'. /15 i' i 

from which i t  ,41 ows t h a t ( 5 )  

sat isKy the r e l a t i o n s h i p s  

t h e  new func t ions  Zi, xi, ut of A1, h z ,  Xg 

We would a l s o  l i k e  t o  no te  t h a t  i f  &AL, &A2, 6h  

A1, h 2 ,  h 

w e  hme : 

r ep resen t  t h e  v a r i a t l o n s  of 
correspondrng t o  t h e  v a r i a t i o n s  ba, Ba',. .. by" of a ,  a s ,  ... y", 

3 
3 

a,' = m p ,  +- r a p ,  + 
a i  L- %;;a, + ,;;I., +-ic,'~,. 
2h' = @,, 4 928*, + U:ix,. 

ax-= 
?J = &If + S'ZJ' + *['2k' = %,i?., + y2%t.r -p 

+ PCJ' + :ih8 r2 O,?)., 4 GI z?. + U3a).a,, '2 
.. ir = l'&' + p*EJ' + -t'GK' == SltAs + ZZ?).~ + Sa?ka 

where 61, 65, 6~ a r e  the  p ro jec t ions  on f i x e d  axes of t h e  segnent whose pro-- 

j e c t i o n s  on Mx', My', Mz' are B I ' ,  b j ' ,  6~'. These r e l a t i o n s h i p s  w i l l  be  of 

These formulas can be used f o r  the d i r e c t  d e f i n i t i o n  of t h e  -functions 
wi, xi, u 
- 

and can be s u b s t i t u t e d  i n t o  i 

Qi - y;r: + Bx; + 7 4  

Q( P 2.w; + p"yj + 7%;. 

. 
xi P m'm; + px: + 7'4. (i t ,  t. 3). 
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value later on, 

Let us now set  

and we thus obtain the equation,. 

and two analogoris equations. If we note that the functions 5 ,  rlr  5 ,  p,  q, r 
dhl dh2 dh3 

'2 '  '3' dsg dso dso 
s -  , - result insquations of XIS 

- 
i which result 

and the nine identities which they satisfy, we can pose the preceding equation 
in the following new form: 

from the defining relationskips of the functions ui, xCi, u' 

and two analogous equations. 

with analogous equations f o r  ~ ' , X , ' , d h ; l , g t ~ ,  we find the following form oi the 

dJ' ad 
equation 

24 - (1' + J'H' - t'C') '- - (J' + :'IF - d11') -V. 
aa, a h  

ar - (K' + dG' - fF') s; - = 0, 
. .  

and two analogous equations. 

We will soon apply the transformations we have just derived. For the 
moment, we will be satisfied to remark that the expressions 6 ' 
61, 6J, 6K are not exact d i f f e m n t i a k .  

' 
1' &.J 6K ' and 
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3 .  Ins tead  of r e f e r r i n g  the  elements corresponding t o  the  poin t  M t o  t h e  
which move6 f ixed  axas Oxyz, l e t  u s  consider  a t r i r e c t a n g u l a r  t r i a d  Mx' y' 2 '  

with M and whose a x i s  MxVl i s  constrafned t o  be d i r ec t ed  along the  tangent t o  

t he  curve (M) i n  t he  d i r e c t i o n  of increas ing  arc,  i n  order  t o  define these  
elements. 

t r i a d  Mx'y'z'. 
the  axes of t h e  l a t t e r .  

those of M Z ' ~ .  

1 1 L  

I n  order  t o  de f ine  t h i s  t r i a d  M X ' ~ Y ' ~ Z ' ~ ,  l e t  us r e l a t e  i t  t o  t h e  

Let 2, Z', Z"be  t h e  d i r e c t i o n  cos ines  of M X ' ~  with  respec t  t o  

The cosines  I., Z', 2"  w i l l  be  def ined by t h e  equations: 

L e t  m ,  m ' ,  m" be those of My'1. L e t  n, n ' ,  n'' be  

- 
5 dse p =  ;!a*, 

1 = .  E I' ?=L,  L rxf, 

l t = v J , *  ila 

i . e . ,  by the  following: - I17 

By s e t t i n g  
C = d m .  

w e  assume t h a t  t h e  t r i a d  Mx' y' z' has t h e  same o r i e n t a t i o n  as t h e  o the r s .  

We w i l l  no t  make t h e  s p e c f a l  hypothesis  concerning t h e  o the r  cosines .  They 
w i l l  simply be subjected t o  t h e  following condi t ions:  

1 1 1  

mE + m'5 + tn'r .= 9, 

81: + n'q -P- n-4 . t  0. . 
according t o  t h e l r  d e f i n i t i o n .  

L e t  us a s s m e  t h a t  so v a r i e s  and t h a t ,  f o r  an instant , -we l e t  i t  p lay  t h e  

r o l e  of t i m e .  

t r i a d  Oxyz and l e t  us ca l l  p 

stantamoils r o t a t i o n  of t h e  t r i a d  Mx' y'  2 '  

t h a t  we w i l l  ob ta in  t h r e e  equat ions of t h e  followirtg type: 

I n  add i t ion ,  l e t  us  relate t h e  t r i a d  M X ' ~ Y ' ~ Z ' ~  t o  t h e  f ixed  

t h e  r e spec t ive  p ro jec t ions  -of t h e  ia- 1' 91, =1 
on t h e  axes MxVL, M Y ' ~ , - M Z ' ~ ,  such 1 1 1  

assuming t h e  same o r i e n t a t i o n f a r  t h e  t r i a d s .  

F ina l ly ,  l e t  us des igna te  by XV1, Y' l ,  Z'l and by Ll1, M t l ,  N V 1  t h e  pro- 

My'1, Mzt1 a t  an  a r b i t r a r y  j e c t i o n s  of t h e  e x t e r n a l  fo rce  and moment on Mx' 

poin t  M of t h e  defonned l l n e ,  r e f e r r e d  t o  a u n i t  of length  of t h e  non-deformed 
H t l  and I' l i n e .  L e t  FV1, Gtl, 

sLress and moment. 
obviously given by 

1' 

J'l, K V L b e  t h e  p ro jec t ions  of t h e  deformation 1' 
The transformed equat ions of t h e  preceding s e c t i o n  are 

+ 7AlI; - r,G; -- Si =o, dsh q; -I- 7,K; - rlJi - L;=O, 

+ T,F; - pllI; - Y; =o, - -? + rJ -p,K: - rlli - AI; d o ,  

c w :  
4 \ ClG; dP 

(13) dbh 

1 ds. 
tlH' . d P '  ~ ; ~ + ~ , G ~ - g , F ;  - Z ~ = O ,  - I + p , f ;  -gl I ;+tG;-X;s~e 
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I n  the  theor)  of s t r e n g t h  o f  n a t e r i a l s ,  F1' is c a l l e d  tensize  stre88. 
The components G 1', H1' are intersect ion stresses i n  t he  p lane  normal t o  t h e  

deformed l i n e .  I n  t h e  same way, t h e  component 11' of t h e  deformation moment 

is a torsion moment. The components J ', Kl' are c a l l e d  f lexure moments. 

0, w e  f i n d  

1 
I f ,  i n  t h e  f o u r t h  equat ion (13), we have L'l * 0 and q1 

This r e s u l t s  i n  the  p ropos i t i on  t h a t ,  for t h e  case where L ' l  = 0, M I 1  

= 0,  ql. .= 0, when J I 1  = 0 w e  have I' 
0, N'l 

= const .  Thls was es t ab l i shed  by Pois- 1 

11. External  V i r t u a l  Work. Theorem of Varignqn. Remarks Concerning ' M  
the  Auxil iary Q u a n t i t i e s  Introduced i n  t h e  PrecedinP 
t h e  name external v i r tua l  work on t h e  deformed l i n e  AB during an a r b i t r a r y  
v i r t u a l  deformation t o  t h e  following expression: 

Sect ion.  We w i l l  g ive  

3C, = - [F'~'J.-.,+ C':' ,J + 11';': + 1'21' + I'b' + K'GS'] Bo 
A, 

According t o  t h e  preceding sec t ion ,  w e  can g ive  th i s  expression the 
fol lowing form, by s e t t i n g 2  =xo dsg , ...,'f' =xo'  , - 

ds  ds 
EG, = - [ V ~ Z  + G ~ J  -+ 11;: + 1;~ + J?g + Eii~]' 

+ l ( X b '  t'$' -b Z?: + L?X f >)?J + x;k) &, 

E& = - [Far  + G ~ J  + I?:: -j- ~5 i . ,  + ai)., +- a;&]: ' 

. - c J . ( X a r  -e Yiy 4- Z& + Gib, + 31'Lix, + W3.J as, : ' 
= - [l%C' -+ my'  + 11W + m., + p* -+ J;';),]: 

+J: <xt;zt 4 

f i r s t  ones,  w e  w i l l  d e r i v e  a fundamental law of s ta t ics .  The idea  f o r  it, but 
no t  t h e  exact  form, is  due t o  Varignon. We have a l r eady  encountered i t  i n  t h e  
i n t e r p r e t a t i o n  of t he  r e l a t i o n s h i p s  which r e l a t e  e x t e r n a l  forces  t o  momenta i n  
dynamks,  given by Saint-Guilhem. 

+- ;Ti=!-=+ y's;, + x'2;,, -+ qLf;).a) ds. 

Fur ther  on w e  w i l l  make use  of t h e  two l a t t e r  expressions.  From t h e  two 

L e t  us  represent  t h e  stress and t h e  moment 

(6) Poisson. 
Lines having Double Curvaturz) . 
nique,  V. 111, No. 3 ,  p. 355-360, January 1816. The theorem of Poisson 
i s  independent of t h e  equatiotJs which def ined t h e  stress and the moment 
of deformation i n  terms of W. 
equi l ibr ium equat ions f o r  one p a r t  of t h e  l ine,  using t h e  p r i n c i p l e  of 
s o l i d i f i c a t i o n ,  
Mechanics by Lagrange, which w e  w i l l  speak about later.  

Sur Zes Li-Res 8Zastiques h Double Courbure (Concerning EZastic 
Correspondance s u r  1 'Ecole Polytech- 

Poisson e s t ab l i shed  i t  by wr i t i ng  down 

Bertrand gave a proof i n  a no te  contained i n  AnuZyticai 
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of deforination a t  a po in t  M of the  l i n e  M by the  r e s u l t a n t  and t h e  r e s u l t i n g  
moment of a system cf wcctors r e f e r r e d  t o  the point  M . '  Let P v ,  Pa be the 
gel l r ra l  r e s u l t a n t  and t h e  moment r e s u l t a n t  r e l a t i v e  t o  a point  P of-space. I n  
t h e  same way, l e t  us  r ep resen t  t h e  e x t e r n a l  force and moment a t  a point&. 
r e f e r r e d  t o  the u n i t  of l eng th  of ( M ) ,  by the  r e s u l t a n t  and a r e s u l t i n g  moment 
of a system of vec to r s  r e l a t e d  t o  the point  M. Let PN and PS be the  r e s u l t a n t  
atid t h e  r e s u l t i n g  moment r e l a t i v e  t o  a point  P of space.  
then holds:  

The following theorem 

I f  the arc s pZays the part  o f  the time, the veZocities of the geometrl:c 
po in ts  v and o are equal and paraZZeZ t o  thesegments PN and PS, respect iuely .  

This  theorem i s  obviously t h e  t r a n s l a t i o n  of the  equations (121, which /19 
can be w r i t t e n  as follows: 

We can a l s o  a r r i v e  a t  t h i s  r e s u l t  i n  t h e  following way. Let-us s t a r t  
wi th  

aw&o - &*, 

where 6% is taken between A and-M. Since 6W must  be i d e n t i c a l l y  zero,  due t o  

t h e  invariance of W f o r  t h e  group of Euclidian displacements, when t h e  expres- 
s i o n s  6'x, ..., 61' . , . are g iven  by eqlJations (9'), o r ,  which is  t h e  same 

th ing ,  when 6x, 6y, 62 are given by equations (9) and when €iI = u16t, 6J = yst, 
6, = w 3 6 t ,  and when t h i s  holds  t r u e  no matter what t h e  valuesof the cons tan t s  

C 

al, a2, a3, wl, u,, w3, are, w e  conclude that w e  b e :  
.I . .  _ .  

IF1" A A  - J X d s  = 0, [C]: - JYds = 0, [HI: - T 2 d c .  = o, 
A A 

11 t3.11 - ; C ] ~ - ~ ( L + y Z - - r Y ) d r = o ,  

and two analogous equations.  
variabZe and they are a l s o  equivalent  t o  r e l a t i o n s h i p s  ( l ? ' ) .  It should be 
noted t h a t  t hese  equat ions can-be e a s i l y  derived from ones t h a t  are usua l ly  
w r i t t e n  down using the  p r i n c i p l e  of s o l i d i f i c a t i o n .  We w i l l  r e t u r n  t o  t h i s  
f u r t h e r  on i n  connection wi th  t h e  reasoning of Poisson-and continued by Bertrand - 
regarding t h e  deformable l i n e  considered by Binet.  

In these rekt ionships ,  we can Zook upon M as a 

I n - a d d i t i o n  t o  the  expressions F ' ,  G ' ,  H ' ,  1', J ' ,  K' introduced he re ,  
we have considered o the r  expressions which could be ca l cu la t ed .  
hand , . i n  t h i s  c a l c u l a t i o n  i t  is  poss ib l e  t o  e x p l i c i t l y  
t i o n s  which one wishes t o  ob ta in  due t o  t h e  na tu re  of the problem, which, for 
example a r e  x, y,  z o r  x ' ,  y ' ,  z '  and the  t h r e e  parameters X 

On the o t h e r  
w r i t e  down t h e  func- 

X 2 ,  X,, which 1' 
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are used t o  d e f i n e  a, a' ... ~ " ( 7 ) .  

If w e  introduce x, y ,  z and AI,, A*, Xg,  we have: 

I f  w e  introduce x', y ' ,  z' and th ree  parameters XI; X p ,  X g ,  

12.  Concept of t h e  Energy of Deformation. L e t  u s  consider 
o r  AB of the  deformable l i n e ,  and l e t  us (Mol  o r  AoBo , and (M) 

w e  have _I /20 

t h e  two states 
consider  an 

a r b i t r a r y  sequence of s t a t e s - b e g i n n i n g  wi th  (M ) and which ends i n  (M). For 0 
t h i s  purpose it is s u f f i c i e n t  t o  consider t h e  func t ions  x, y ,  z; a, a ' ,  ... y'' 
of s and of one v a r i a b l e  h which, f o r  t h e  value zero of h ,  reduces t o  x 

zo; a'  For t h e  value h of h ,  they are reduced 

t o  t h e  va lues  x, y,  2; a,  a', ... y", r e spec t ive ly ,  r e l a t i v e  t o  (M). 

0' YO' 0 
a l O ,  ... Y"~, r e spec t ive ly .  

By l e t t i n g  t h e  parameter h vary  from o t o  h i n  a continuous way, w e  w i l l  
o b t a i n  a continuous deformation which a l l o w s u s  t o  pass  from t h e  s ta te  A B t o  

t h e  state AB. 
which is  performed by t h e  e x t e r n a l  f o r c e s  and moments appl ied t o  t h e  d i f f e r e n t  
elements of t h e  l i n e  and a l s o  performed by the stresses and moments of de- 
formation appl ied t o  t h e  e x t r e m i t i e s  of the  l i n e .  I n  o rde r  t o  o b t a i n  t h i s  
t o t a l  work, i t  is  s u f f i c i e n t  t o  i n t e g r a t e  t h e  d i f f e r e n t i a l  obtained, f r o m 0  t o  h 
by depa r t ing  from one of the  expressions- f o r  6% of t h e  preceding s e c t i o n  and 

by s u b s t i t u t i n g  t h e  p a r t i a l  differentials-corresponding t o  t h e  i n c r e a s e  dh of 
h i n  the  v a r i a t i o n s  of x ,  y ,  z ;  a, a ' ,  ... y". The equation 

0 0  
L e t  u s  consider  t h e  totaZ work during t h i s  continuous deformation 

e 

r e s u l t s  i n  t h e  express ion  IBo .?!! dhds f o r  the present  va lue  of 6Ze. We o b t a i n  
4 ah 

t h e  following f o r  t h e  t o t a l  work: 

(7) As t h e  auxiliary q u a n t i t i e s  XI, X 2 ,  A 

components of r o t a t i o n  which make t h e  f i x e d  axes Ox, Oy, 02 become par- 
a l l e l  t o  Mx', My', Mz', r e spec t ive ly .  

w e  can,for  example, choose t h e  3 
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The work considered is independent of the intermediary states and only 
depends on the extreme states (no) and (M). 

must be d i s t ingu i shed  from t h e  a c t i o n  considered previously.  
-W is densi ty  of the energy of deformation r e fe r r ed  t o  the  u n i t  of length of the  
non-def ormed l i n e  

This l eads  t o  the  in t roduc t ion  of the  concept of deformation energy which- 
We w i l l  say t h a t  

13. Natural  S t a t e  o f  the  Deformable L i n L  General Remarks Regarding t h e  
Problems Encountered when Considering t h i s  Line. 
with a riatural s r a t e  of the  deformable l i n e ,  and w e  defined a s ta te  c a l l e d  t h e  
deformed s t a t e .  
e x t e r n a l  fo rce  and t h e  analogous elements when t h e  funct ion W r ep resen t ing  t h e  
a c t i o n  of deformation a t  a po in t  is introduced f o r  t h e  deformable l ine.  

In  t h e  preceding we s t a r t e d  
/21 

We ind ica t ed  the  equations which allow one t o  c a l c u l a t e  t h e  

L e t  us b r i e f l y  consider t h e  concept of t h e  natura2 s t a t e .  I n  t h e  preceding, 
W e  should the  n a t u r a l  s ta te  is a s ta te  which has not experienced a deformation, 

understand t h a t  t h e  func t ions  x ,  y ,  z ,  ... which determine the  deformed state 
depend on one parameter and t h a t ,  f o r  a p a r t i c u l a r  value of t h i s  parameter, we- 
will o b t a i n  t h e  n a t u r a l  state. The l a t t e r  appears t o  us t o  be a p a r t i c u l a r  
case of the deformed state,  and we may attempt t o  apply t h e  concepts of t h e  
deformed s t a t e  t o  t h e  n a t u r a l  state. 

Without changing the  va lues  of the  parameters def ined by equat ions ( I O ) ,  

I f  w e  r e c a l l  t h e  idea  of the  act ion ,  which we associate-with 
w e  can r ep lace  t h e  func t ion  W by t h i s  func t ion  incrsased by an a r b i t r a r y  k n m  
func t ion  of s 

t h e  t r ans fonna t ion  from a n a t u r a l  state (Mo) t o  t h e  deformed s ta te  (M), we may 

assume, i f  we want, t h a t  t h e  funct ion of so defined by t h e  express ion  

11' (So, €0. +cer 

i s  i d e n t i c a l l y  zero.  The va lues  obtained f o r  the  e x t e r n a l  f o r c e  and for t h e  
analogous parameters,  regarding the  n a t u r a l  s ta te ,  w i l l  not  n e c e s s a r i l y  be  
zero. 
meters f o r  t h e  n a t u r a l  state@). 

0' 

PJJ 90s 

We w i l l  say t h a t  they define-the e x t e r n a l  f o r c e  and t h e  analogous para- 

In  t h e  preceding w e  have s a i d  t h a t  t h e  n a t u r a l  s ta te  man i fe s t s  i t s e l f  as 
the i n i t i a l  s ta te  of a sequence of deformed states, as a s t a t e  from which w e  

(8) \{e may speak of e x t e r n a l  f o r c e  and moGent, stress and moment of deforma- 
t i o n  because w e  regard t h e  n a t u r a l  as t h e  l i m i t  of a series of states,  
f o r  which we know what the  e x t e r n a l  f o r c e  and.moment and t h e  stress and 
moment of deEormation a.re. The e x t e r n a l  fo rce  and moment and the  stress 
and moment of deformation have not  been defined by u s  up t o  t h e  p re sen t ,  
except where t h e r e  is a deformation which makes i t  p o s s i b l e  f o r  them t o  
become no t i ceab le  and measureable. 
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may depar t  t o  s tudy t h e  deformation, One i s  then l e d  t o  ask oneself  whether 
i t  i s  not  poss ib l e  t o  have one of t h e  deformed states play t h e  r o l e  which we 
have assigned t o  the  n a t u r a l  s t a t e ,  i n  such a way t h a t  t he  parameters def ined 
i n  Sect lon 9 ( ex te rna l  fo rce ,  ex te rna l  stress, ...Is ca lcu la ted  f o r  t h e  o the r  
deformed s t a t e s ,  would have t h e  same va lue ,  i f  w e  re la te  the  f i r s t  of t hese  
parameters t o  the  u n i t  of length  of t h e  deformed l i n e .  
be answered i f  w e  in t roduce  and p rec i se ly  formulate t h e  concept of a c t i o n  
corresponding t o  the  t r a n s i t i o n  from a deformed s t a t e  t o  another deformed state. 

This quest ion can only 

'?he s implest  hypothesis  c o n s i s t s  of pos tu l a t ing  t h a t  t h i s  l a t t e r  a c t i o n  is 
obtained by sub t r ac t ing  t h e  ac t ion  corresponding t o  t h e  t r a n s i t i o n  from t h e  n a t u r a l  
s t a t e  (Mo) t o  t h e  f i r s t d e f o r m e d  s ta te  (M 

t he  t r a n s i t i o n  from t h e  n a t u r a l  s t a t e ( M d t o  t h e  second deformed s t a t e  (M). I f  w e  

t h e  analogous q u a n t i t i e s  f o r  5 ,  11, 5 ,  p, q r  r, one i s  the re fo re  led  t o  adopt 
t h e  following expression f o r  t h e  act3.on of deformation,-relative t o  t h e  t r a n s i -  
t i o n  from t h e  s ta te  (M t o  t h e  state (M) 

) from t h e a c t i o n  corresponding t o  
(0) 

use s (0) t o  des igna te  t h e  a r c  of ( M ( o ) )  and 5 (0)' y o ) '  C(0)) q o y  q o ) '  q o )  
/22 

(0) 

L e t  us in t roduce  s as a v a r i a b l e  i n  t h e  p1ac.e of s and l e t  u s  de f ine  (0) 0' 

(0) {(o), 
plays  t h e  same r o l e  as s 

T-,('), C(o), ~ ( 0 1 ,  q(O), do) as t h e  va lues  of E ,  ri, 5 ,  p ,  q, r when2  

We w i l l  ob t a in  r e l a t i o n s h i p s  o f . t h e  following type: 0' 

+he po in t s  of -(M ) corresponding t o  t h e  p o i n t s  
(0)' B(o) -- (0) 

and, by c a l l i n g  A 

Ao, Bo of (PIo), t h e  expression (14) becomes: 

ds0 
(0) ' i n  which s - ds_(o> are replaced as a func t ion  of s 

O' d"(0) ' dso 

According t o  t h e  remark made a t  t h e  beginning of t h i s  s ec t ion ,  i.f one 
wishes one may s u b s t i t u t e  t h e  following f o r  expression (15): 

p re s s ion  
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(01 a 

i n  which so, "(01 , ds(o) are replaced a s  a func t ion  of s 
dSO ds0 

It i s  immediately seen tha t .  t h e  app l i ca t ion  of t he  equat ions of Sect ion  9 
t o  expression (15) o r  t o  (15')  r e s u l t s  i n  -- s t a r t i n g  from (M 

s t a t e  -- t h e  same va lues  of e x t e r n a l  fo rce  and moment with respec t  t o  t h e  s t a t e  
(M) r e f e r r e d  t o  the  u n i t  of l eng th  of (M), as well a s  t h e  same va lues  of t h e  
stress and moment of deformation. 

) a s  t h e  n a t u r a l  
( 0) 

I n  t h i s  way, w e  caiA look upon (M) as a deformed s t a t e  where (M(o)) would 

be t h e  n a t u r a l  s t a t e ,  provided t h a t  t h e  func t ion  W assoc ia ted  with t h e  s t a t e  
(M) w i l l  now be(9) W and W(0). 

(0) 0 
L e t  us now make c e r t a i n  genera l  remarks regarding t h e  problems which can /23 

be encountered by consider ing t h e  deformable l i n e .  

I n  t h e  preceding, as w e  have a l ready  pointed ou t ,  we gave equat ions which 
determined the  e x t e r n a l  f o r c e  and analogous parameters assuming t h e  func t ions  
x, y I  z, ... of s ,which d e f i n e  t h e  deformed s t a t e  are known. 0 

We may now consider  t h e  probleii 0: def in ing ,  complztely o r  i n  p a r t , . t h e  
func t ions  x ,  y,  2, ... when a c e r t a i n  number of elements such as t h e  e x t e r n a l  
f o r c e  and moment a s  w e l l  as  c e r t a i n  a d d i t i o n a l  da t a  concerning t h e  unknowns are 
known. 

L e t  us  say  t h a t  i f  w e  s p e c i f y  x ,  y,  2, ... and i f  w e  ca l cu la t e ,  as an  ex- 
ample, Xl0, Y'*, Z t 0 ,  w e  w i l l  o b t a i n  s p e c i f i c  func t ions  of s 

c u l a t i o n s  have been c a r r i e d  out .  
f i n e  x,  y ,  z ,  ... as a func t ion  of s 0' 
by means of so, of x ,  y,  2 ,  ... and t h e i r  de r iva t ives  up t c  any order  one 

d e s i r e s .  I f  w e  consider  t h e  problem i n  which, f o r  example, X,  Y t 0 ,  Z v 0  are 
among the  given q u a n t i t i e s ,  w e  may then  assume t h a t  t hese  expressions are 
given a s  a furct icm of s 

t a i n  x, y,  2, ... and i t s  d e r i v a t i v e s  wi th  respect t o  s 

a f t e r  a l l  cal- Q 
However, i n  view of t h e  equat ions which de- 

z ' O  
one can obviously express  X I o ,  Y t 0 ,  

However, w e  can j u s t  a s  w e l l  assume t h a t  they con-- 8' 

0' 
L e t  us  now consider  a problem i n  which the  knowns inc lude  t h e  pro- 

j e c t i o n s  of t he  e x t e r n a l  f o r c e  and moment. e i t h e r  along t h e  axes Ox, Oy ,  02 o r  
on t h e  axes Mx', My', Mz'. For t h e  purposes of argument, l e t  us  assume t h a t  
t h e s e  p ro jec t ions  r re  given func t ions  of so, o f  x, y,  2, a, a', ... y" and 

t h e i s  d e r i v a t i v e s  of t h e  f i r s t  and second order .  In add i t ion ,  l e t  u s  assume 
t h a t  t h e  e x t e r n a l  fo rce  and moment are expressed wi th  r e spec t  t o  t h e  u n i t  l ength  
of (%) and t h a t  xu, yo, zo are given func t ions  of so. It is  c l e a r  t h a t  under 
I 

(9) This  a l lows one, as w e  s t a t e d  a t  t h e  beginning of t h i s  s ec t ion ,  t o  gen- 
e r a l i z e  the  concept of t h e  n a t u r a l  s t a t e  t h a t  w e  have introduced. I n  
o rde r  t o  make t h i s  word simply correspond t o  t h e  idea of a p a r t i c u l a r  
s t a t e ,  we can, i n  a more genera l  way, make it  correspond t o  t h e  idea  of 
an a r b i t r a r y  s t a t e  from which w e  w i l l  s tudy t h e  deformation. 
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t hese  cond i t ions ,  the  equat ions of Sect ion 9,  which were used t o  d e f i n e  XIo, 
Y t 0 ,  Z t 0 ,  L'*, MVo, NIO become s i x  d i f f e r e n t i a l .  equat ions between t h e  unknowns 

x ,  y, z ,  XI, X 2 ,  X 3 ,  where t h e s e  t h r e e  l a t t e r  q u a n t i t i e s  a r e  t h r e e  'izuxiliary 

q u a n t i t i e s ,  wi th  which the  n ine  cosines  a ,  a ' ,  .... y" are expressed. These 
d i f f e r e n t i a l  equat ions do not  con ta in  der l - ra t ives  higher  than t h e  second o rde r  
using t h e  hypotheses t h a t  have been made abcve regarding the  e x t e r n a l  f o r c e  
and moment. " - 

I f  t h e  problem posed is d e t e r m i n i s t i c  o r  i f  i t  a t  l e a s c  does no t  con ta in  
an indetermincy as l a r g e  as t h e  one which r e s u l t s  from the  d i f f e r e n t i a l  equa- 
t i o n s  j u s t  discussed,  i t  i s  necessary t o  t ake  i n t o  account comfilementary knowns 
i n  o rde r  t o  complete t h e  i n v e s t i g a t i o n  of t h e  unknowns. 
knowns can be l i m i t i n g  cond i t ions ,  i .e . ,  cond i t ions  s a t i s f i e d  by t h e  unknowns 
a t  t h e  extreme points A. and B and Bo, 
the  va lues  of a c e r t a i n  number of t h e  expressions x ,  y ,  z, X1, A2, h g  and expres- 

s i o n s  such as F t 0 ,  GIo! H t 0 ,  Ito, JtO, K V O  which spec i fy  t h e  stress and moment 

These complementary 

For example, we could spec i fy ,  at A 0' 0 

of deformation, o r  even func t ions ,  l i n e a r  i n  most cases ,  of x, y, z ,  X1, X2, Xg 

and of FqO, G V O ,  H-Vo, I to ,  J'o, K'O.  

Using p a r t i c u l a r  examples and p a r t i c u l a r  hypotheses, w e  have shownhow 
d i f f e r e n t i a l  equat ions and complementary cond i t ions  can correspond to var ious  
problems. However, i t  i s  p o s s i b l e  t o  va ry  t h e  question. -- I 24  

I f  the  a r c  s i s  e x p l i c i t l y  contained i n  t h e  knowns,. we w i l l  sons ide r  s as 
an a d d i t i o n a l  v a r i a b l e  and w i l l  add t h e  r e l a t i o n s h i p  

Often w e  are c h i e f l y i n t e r e s t e d  i n  t h e  deformed l h e  (M), where the l i n e  
(M ) has a less important r i l e  i n  a c e r t a i n  s e n s e . 2  we assume t h a t  t h e  0 
expression f o r  W a s  a func t ion  of s 5 ,  n, S, p ,  q, r is-given and does not 

r e q u i r e  spec i fy ing  (M ) i n  o rde r  t o  determine i t  e x p l i c i t l y ,  t h e  func t ion  W w i l l  

i n  t h e  f i n a l  a n a l y s i s  be a func t ion  of s 

t o  x ,  y ,  z, of X1, A2, h 3  and t h c  f i r p t  d e r i v a t i v e s  of X 1' h2, AS' I 

e x t e r n a l  f o r c e  and moment are a l s o  given e x p l i c i t l y  by means of so, o f  x, y, 2, 

i 

s i d e r e d  t o  c o n s i s t ,  on t h e  one hand, of t h e  determination of t h e  state (M) 
us ing  a v a r i a b l e  r e l a t e d  t o t h i s  s ta te ,  s f o r  example o r  one of t h e  let ters 
x, y ,  Z .  On t h e  o the r  hand, i t  c o n s i s t s  Of t h e  de te rmina t ion  of t h e  r e l a t i o n -  
s h i p  between so and s. 

appear e x p l i c i t l y  and, among o t h e r  t h ings ,  (10) w i l l  appear through its 

(10) l'f w e  s p e c i f y  t h e  e x t e r n a l  f o r c e  and moment r e l a t i v e  t o  t h e  unit of l eng th  

0' 

0 
its f i r s t  d e r i v a t i v e s  wi th  respec& 0' 

I f  t h e  

A 2 ,  X and t h e i r  d e r i v a t i v e s ,  i t  is  obvious t h a t  t h e  problem can be  con- 1' 3 

Using the  hypotheses which w e  have j u s t  made, so can 

- 
of ( M ) ,  and, more g e n e r a l l y ,  i f  w e  s p e c i f y  these  elements as a func t ion  
of so, s, x ,  .,. and t h e  f i r s t  d e r i v a t i v e s  wi th  r e spec t  t o  one of t h e s e  
letters. 
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d i f f e r e n t i a l  ds_ o r ,  i f  one wishes,  through t h e  expression dsg as ds t h e  Inverse express ion  - dso' 
which specifies t h e  d e r i v a t i v e  of €1 wi th  reupsct  t o  so#  corrcspnnds t o  t h e  
l i n e a r  d i l a t a t i o n  experienced by the  l i n e  element dso emenating from t h e  point  

No of (Mo) and which h a s  become t h e  element d s  emenating from the po in t  M of 
(M) corresponding t o  t h e  po in t  Mo. We w i l l  r e t u r n  t o  t h e  discussion of t h i s  

d i l a t a t i o n  which Lam4 3.n p a r t i c u l a r - i n t r o d u c e d  i n  the discussion of the  p a r t i c -  
ular deformable l i n e  t h a t  he s t u d i e d ( l l ) ,  

o r  through 

Let: us no te  t h a t  t h e  concept of t h e  quo t i en t  !a dB0 

ds0 

We w i l l  develop another  kind of problem l a t e r  on, when we w i l l  a t t empt  t o  
r e l a t e  t h e  deforniable l i n e  def ined up t o  the p re sen t ,  i , e . ,  t h e  free Zinc@*), 
which can c a r r y  ou t  a l l  p o s s i b l e  deformations,  t.0 the  very special l i n e s  con- 
s ide red  by geometricians.  The l a t t e r  have a l s o  been concerned wi th  t h i s  sub- 
j e c t  be fo re  and considered t h e  study of t hese  l i n e s  as t h e  study of p a r t i c u l a r  
deformations of t h e  free l i n e .  

14. Normal Form of the  Equations of t h e  Deformable Line, when t h e  External 
Force and Moment are Given as Simple Functions of so and of the  Elements which 

Specify t h e  P o s i t i o n  of t h e  Tr iad  Mx'y'z'. 
Cast igl iano.  
preceding s e c t i o n ,  t h e  e x t e r n a l  f o r c e  and moment a r e  given i n  terms of '  simple 
func t ions  of s and t h e  elements which f i x .  the  p o s i t i o n  of the  t r i a d  Mx'y'z'. 

P r i n c i p l e  of Minimum Work of 
L e t  u s  assume t h a t  i n  accordance wi th  the  assumptions of the 

0 
/25 

L e t  us a l s o  assume t h a t  t h e  n a t u r a l  s ta te  i s  given. 1Je mag look upon t h e  equa- 
t i o n s  of Sec t ion  9 as d i f f e r e n t i a l  equations wi th  r e spec t  t o  the unknowns x, y, 

which a r e  used t o  spec i fy  a ,  a ' ,  . 1' 3 z and containing t h r e e  parameters X 

.. ye', o r  i n  terns o f l t h e  unknowns x ' ,  y ' ,  2' and containing t h r e e  parameters 
h l ,  A2, h 3 ,  which corresponds t o  a change of variab15s. 
view a r e  t h e  ones which come about n a t u r a l l y .  

which can b e  computed us ing  equat ions  (1) and (2) .  I n  the set% case, t h e s e  

A 2 ,  h 

These two points of 

I n  t h e  f i r s t  case,  t h e  expressions 
dA1 , dha , d?,? , 5 ,  n, 5 ,  p,  q, I: are func t ions  of dr., k, d~ , x ~ ,  A 2 9  A 3 9  - - 

dso dso dso dsg' dsg 
, ... , A1, ....-, 1 

dsO ds, 
... , which w i l l  be dx ' w i l l  be func t ions lo f  x ' ,  y ' ,  z ' ,  - 

- 
c a l c u l a t e d  using equat ions (2) and (4). 

The f i r s t  case is t h e m o s t  i n t e r e s t i n g  one due t o  t h e  analogy which e x i s t s  
between t h e  problem under cons ide ra t ion  and t h e  dynamics of a particle,  a t r l a d  

Lame. 
(Lessons on the Mat-kcmatical Theory of E l a s t i c i t y  of Solid Bodies), 2nd 
Ed i t ion ,  p.  98-99 (8th l e s son ,  Sect ion 41 ,  t i t l e d  Dilatation of a Thread). 
The expression free means t h a t  the  theory i s  developed based on a func- 
t i o n  W which is  based on elements which result, from t h e  cons ide ra t ion  of 
t h i s  l f n e  alone,  and which can be sub jec t ed  t o  a l l  poss ib l e  v a r i a t i o n s ,  

Lecons SUP la ThBorie Mathhatique de 1 '22asticitd des C'orps SoZides 

(12) 
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and an iuva r i ab le  body. Let us examine It, 

i. LC; us assume t h a t  X'o, Y f Q ,  Z'o,  Lt0, M f O ,  N'* ,  o r ,  which amounts t o  

The expression W is a determined func t ion  of r, - 
the :-me th ing ,  Xo, Yo,- Zo, Lo, Mop No, a r e  given func t ions  of sop x, y, z, XI, 

dx & & 
9 XI' "'2' * 3 *  0' dso'  dso' dSO 

dhl dh2 af ter  s u b s t i t u t i o n  of t h e  va lues  of 5 ,  rl, 5 ,  p ,  q, r 

The equa- taken from equat ions (1) and ( 2 ) ,  which w e  w i l l  contj.nue t o  c a l l  W. 
t i o n s  of t h e  problem can be w r i t t e n  as: 

#,,3rto,7t0 are func t ions  of so x, y ,  z ,  AI, h 2 ,  h which are obtained from 3 
the func t ions  of Sec t ion  10. 

This  r e s u l t  follows immediately e i t h e r  from t h e  equat ions of t h e  preceding 

3c can be summarized by the r e l a t i o n -  
s e c t i o n s  o r ,  i n  a more d i r e c t  way, due t o  t h e  f a c t  t h a t  t h e  de f in ing  equat ions  
for Xo, Yo, Zo, %o, duo, 'Lo, F, G, H ,  2, 'if 
s h i p  : - 

We may rep lace  t h e  preceding system by a system of ecyaacions of t h e  f i r s t  
o rde r ,  by introducing s i x  auxiliary unknowns. 
d e r i v a t i v e s  of x, y ,  z ,  AI, A2, A 3 ,  w e  w i l l .  choose t h e  fol lowing si:: pspress- 

i ons  previously considered: 

Instead-of-  thc. f i r s t - o r d e r  

dx & dX1 dh2 Assuming t h a t  t h e  Hessian of W with respect. t o  --b 
dso dsO' dsO' dsg' dsg * 
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!d is not zero (or by assunling t h a t  t h e  Hessian of t he  funct ion W with r e spec t  
ds0 
t o  5 ,  n , ~ ,  p ,  q, r is n o t z e r o )  from these  s i x  r e l a t i o n s h i p s  we nay ob ta in  

values  f o r  t he  s i x  l a t t e r  d e r i v a t i v e s  -, dx ..- , - dX 3 as a funct ion of F, G ,  H, 
ds0 

7, 2, X.  Let u s  introduce these  values  i n t o  the expression 

E = - - - -  dz  a W  dy a]\? d: an' dr,  aw e 
ds, ~ ?? +- d< Fdy -t 2; 7 +x ds- -& ma. 

d% a - -  
ds, at; ds, 

which is nothing e l s e  than the  expression: 

dX 1 , A l  ... , - ... After  s u b s t i t u t i o n ,  & CIJ- 4% as a funct ion of so ,  dso , 
dso dso dS0 

we ob ta in  a funct ion of so, 

t i n u e  t o  spec i fy  by the  l e t t e r  6 .  Thus, t he  t o t a l  d i f f e r e n t i a l  of t h i s  l a t t e r  
funct ion i s  obviously: 

X 2 ,  X g y  F, G, H, 3 , a  ,n, , which we w i l l  a n -  

wllere 

and t h e  following def ining system f o r  x, y,  z ,  X1, 
i s  obtained: 

A 3 ,  F, G ,  H, 3 , 7 ,X - / 2 7  

\+'e have assumed t h a t  due t o  t h e  de f in ing  equat ions x,  y ,  2 ,  h l ,  X2, X 3  
z , $ ,A , ?b as a funct ion of 0' 0 0 0 0 as a funct ion of s. we may express  X 0' 

soy x ,  y ,  2 ,  ?.l, X2, X 3 .  
always choose the  new forms of X 

This  is poss ib l e  i n  i n f i n i t e l y  many ways, and we may 

Po, Z , P, ,A  , TI, i n  such a way t h a t  they 
0' 0 0 0 0  au au asL , -- , - of 

a X 3  
a re , r e spec t ive ly ,  t he  p a r t i a l  d e r i v a t i v e s  s ,  % , -  ax ay az  ' 8x1 
one and the  same functior.  U w i t h  opposi te  sign. 

c t i o n  of x ,  y ,  z, AI, A 2 ,  X 

It may o r  may not depend on 
Let us assume t h a t  t h i s  is t h e  case ,  and l e t  u s  designate by 'V t h e  fun- 

# 

(and possibly of so) defined by t he  equation: 
3 

'D=U+V; 



The preceding system takes on the  form: 

We nave here  a s e t  of equations-which a r e  presented i n  t h e  form of t h e  
Hamilton equations o f  dynamics. 
of Xol Yo, Z o , l ? o l  "mol% 

i n  them, which i s  always poss ib l e ,  and t h a t  they are the p a r t i a l  d e r i v a t i v e s  
of a funct ion -- 
6 ,  n ,  r,, p, q ,  r) does not depend on(13) so, we w i l l  o b t a i n  a system of can- 
o n i c a l  equations i n  t h i s  p a r t i c u l a r  case. 

I f  i n  p a r t i c u l a r  we assume t h a t  the  new forms 
a r e  s e l e c t e d  i n  such a way tlmt s is  no t  contained 

of x, y ,  z ,  X1+.X2,  X 3 ,  and i f  we a l s o  assume t h a t  W ( s o ,  

0 0 

L e t  us now consider the  func t ions  x ' ,  y ' ,  z ' ,  and l e t  us assume t h a t  the 
func t ions  a ,  a' ... y" a r e  expressed by means of t h e  th ree  auxi l . iary q u a n t i t i e s  

of so, x', y ' ?  z ' ,  Xl, X 2 ,  Xg. 
5' 12' L e t  u s  assume t h a t  X ' o ,  Y l 0 ,  2'o, L'o, M'O, N'* are given func t ions  

0' The expression W is  a d e t e r m i n d  func t ion  of s 
dx' & dX1 dX2 dX 
d:30 ' dso ' dso dsg dso 

x': y ' ,  z ' ,  -- , 3 , a f t e r  s u b s t i t u t i o n  

of the values  of  6 ,  n, 5 ,  p I  q, r obtained from equat ions (2) and (4), which 
w e  w i l l  continue t o  designate  by W. 
w r i t t e n  as 

The equat ions of t h e  problem may then  be  /28 

%lo, dt' x' are func t ions  of so, x-', y ' ,  z', XI, X which r e s u l t  0' 0 3 
from Section 10. 

We may replace t h e  preceding system by a system of equations of t h e  first 
o r d e r ,  introducing s i x  a u x i l i a r y  unknowns. 
f irst  order  with r e spec t  t o  x ' ,  y ' ,  z ' ,  X1, X q ,  X3,  we w i l l  s e l e c t  t h e  auxiliary 
unknowns a s  the s i x  expressions already considered before:  

Instead of the d e r i v a t i v e s  of t h e  

(13) We may say t h a t  i n  t h i s  case t h e  l i n e  is homogeneous by d e f i n i t i o n ,  in 
order  t o  express t h i s  hypothesis.  
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Using these  s i x  r e l a t i o n s h i p s ,  and assumi,ig t h a i  the  Hessian of W with 
dx' d~'-. az( dA1 dX. 

dso ds() ' dso dso ds, dso 
respec t  to - ,-  , 2 , 5% is not  zero, we may ob ta in  va lues  

f o r  t he  si.x l a t t e r  de r iva t ives  as 
us  in t roduce  these  val.ues I n t o  t h e  expression: 

a " f u n c t i o n  of F' , G '  H' , Z', a ', X'. Let 

After  s u b s t i t u t i o n  w e  ob ta in  a func t ion  of SO, x ' ,  y', z ' ,  A1, A * ,  A 3 ,  F' ,  G', 
Hv, ;I ' , 2 ' , X' which w e  w i l l  cont inue t o  des igna te  by the  l e t te r  E ' .  
t o t a l  d i f f e r e n t i a l  of t h i s  l a t te r  func t ion  i s  obviously 

Thus., t h e  

We thus  ob ta in  t h e  fol lowing de f in ing  system f o r  x', y ' ,  z', XI, A 2 ,  h 3 ,  F', C', 
H', 3 ', a ' , X '  . 

- /29 '19 We have assumed t h a t ,  due t o  t h e  de f in ing  equat iocs  for x ' ,  y ' ,  z ' ,  

3 x2 ,  
a func t ion  of so, x', y ' ,  z ' ,  1 

ways and w e  can always choose the new forms of eo, Yl0, Z ' o , . ~ 4 0 , ~ ' o ~ T L s o  

such a way t h a t  they are, r e spec t ive ly ,  t he  p a r t i a l  d e r i v a t i v e s  , E , 

as a func t ion  of so, X I o ,  Y'~, zto2 X I o ,  S n ' 0 2 ~ ' o  can be expressed as 
This  is poss ib l e  i n  i n f i n i t e l y  many I.' A 2 '  

i n  

ax '  3 ~ '  
of one and the  same funct ion  u' with t h e  s i g n  reversed,  au* aut aul' azL' 

az' , a h ,  ' ax,  ' ah, 
I _ - - -  

A. L 3 

which may or may not  be  independent of s L e t  u s  assume t h a t  t h i s  is t h e  case 0' 
and let u s  des igna te  by'fi' t h e  func t ion  of x ' ,  y ' ,  z, AI, A,,, A 

of s ) defin9d by t h e  equation: 

(and poss ib ly  
41 3 

0 
'u s 6' + U'. 

The preceding system takes on the form: 
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The equation 

i n  the  case where the  e x t e r n a l  f o r c e s  and moments a r e  zero corresponds. to  the 
pr<ncir;Ze of minimum work of CastigZiano(14), a l r eady  discussed by V&e, 
Cournot, Menabrea and o the r s .  - 

L e t  u s  consider  equations having t h e  normal form: 
~ 

Jx - a8 dF ( j j ' - h p  ....., ---x,-"o, ..... df, a 

By i n t e g r a t i n g  from A. t o  BO, w e  obtain:  

I f  w e a s s m e ,  f o r  example, Xo, Y' Z t o  b e  zero,  w e  ha.ve F = const .  = 0' 0 
- = F , G = const . ,  H = const .  i n  t h e  t h r e e  equat ions such t h a t :  
- FBo *O 

F, G ,  H are independent of s,, and w e  may write 130 

a &  = - ac; = 0 , we o b t a i n  analogaus 

ah3 
If X , ,  "no,% are zero and i f  - = -  

ah2 
theorems wi th  r e spec t  t o  X1, 
n a t u r a l  way t o  what is c a l l e d  the  theorems of Cas t ig l i ano  i n  t h e  s t r e n g t h  of 
materials. I n  gene ra l ,  one considers  t h e  s i m p l e  case of i n f i n i t e l y  small d e -  
formations.  W 1s a quadra t f c  form, as w e l l  as e. which can be  de r ived  from W 
as an a d j o i n t  form. 

h 3 .  We are thus  l e d  i n  a very  d i r e c t  and 

15. Concept of the  Concealed Triad and Concealed W. I n  t h e  s tudy of t h e  
deformable l i n e ,  i t  is n a t u r a l  t o  g i v e  particular a t t e n t i o n  t o  t h e  curve 
descr ibed  by t h i s  l i n e .  This amounts t o  consider ing x ,  y ,  z s e p a r a t e l y  and t o  
consider  c, a ' ,  ... y" as s i m p l e  a u x i l i a r y  v a r i a b l e s .  W e  may a l s o  express  this 
f a c t  by s t a t i n g  t h a t  w e  w i l l  i gnore  tile ex i s t ence  of t h e  t r i a d s  which determine 
the deforniable l i n e  and t h a t  w e  only know t h e  apexes of t h e s e  t r i a d s .  If  we 
t ake  t h i s  po in t  of view, f o r  t h e  purposes of formulating t h e  appropr i a t e  
d i f f e r e n t i a l  equat ions,  w e  can in t roduce  t h e  concept of t h e  conceaZed t r iad,  
and w e  are l e d  t o  a c l a s s i f i c a t i o n  depending on t h e  va r ious  ways t h e  e l imina t ion  

( I 4 )  Cas t ig l i ano .  Th&rie ds Z'Equilibre des SystZ?mes lbast iques e t  ses 
-, 

AppZicatiors (Theory of the Equilibriwn of Elas t ic  Systems and AppZica- 
t i o m ) ,  Turin , 1879. See a l s o  Miiller-Breslau, Die Neueren Methu3en der 
PestigkeitsZehre (Newer Methods i n  Strength of Materiazs), 3rd Ed i t ion ,  
Leipzig,  1904. 
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of a ,  a ' ,  ... y" can be  c a r r i e d  out,  

We may f i r s t  ca r ry  o u t  a study of t h c  reduct ions which can come about due 
t o  the  e l imina t ion  of a, a'  , . . . y". I n  the corresponding p a r t i c u l a r  cases, 
where our a t t e n t i o n  i s  almost exclusively focused on t h e  curve t r aced  by the 
deformed l i n e  ( M ) ,  i t  i s  sometimes poss ib l e  t o  even make an a b s t r a c t i o n  of 
(Mo) and, correspondingly,  of the  deformation which allows one t o  t r a n s f e r  from 

(Mo) t o  (M). 

ca l led f l e x i b l e  and i n e x t e n s i b l e  i n  r a t i o n a l  mechanics. 

Using t h i s  l a t t e r  point  of view, we encounter t h e  l i n e  which i s  

The t r i a d  may a l s o  be considered i n  another way. We may make p a r t i c u l a r  
hypotheses f o r  i t ,  as w e l l  as f o r  t h e  curve (M). This is  t h e  same a s  consider- 
i n g  p a r t i c u l a r  deformations of the f r e e  deformable l ine.-I f  the  r e l a t i o n s h i p s  
we w i l l  s t i p u l a t e  are simple relationships-between E ,  n, T,, p,  q ,  r ,  as w i l l  be 
the case i n  the  a p p l i c a t i o n s  which w e  w i l l  s tudy,  we may t ake  i n t o  account t hese  
r e l a t i o n s h i p s  i n  the  c a l c u l a t i o n  of W and may der ive more s p e c i a l  func t ions  from 
W. The i n t e r e s t i n g  ques t ion  which w i l l .  develop w i l l  b e  t h e  one of igt roductng 
these p a r t i c u l a r  forms i n  a s imple  way and of consider ing t h e  general  func- 
t i o n  W (used as a po in t  of depa r tu re )a s  concealed, i n  a c e r t a i n  sense. 
thus o b t a i n  a theory corresponding t o  speciaZ defomations specified by &err 
relat ionships  between 5 ,  n, c p  p, q, r. 

We w i l l  

I n  t h i s  way w e  can see t h a t ,  using t h e  theory of t h e  f r e e  deformable l ine,  
f o r  p a r t i c u l a r  ca ses  w e  may formulate equations which are a l l  der ived from t h e  
same o r i g i n  and which are the  r e s u l t  of special problems which are encoun te red in  
the -usua l  development of r a t i o n a l  mechanics and i n  t h e  classical theory of elasticity. 

I n  these  t h e o r i e s ,  one i s  o f t e n  placed i n  t h e  p o s i t i o n  t h a t  t h e  /31 
cons ide ra t ion  of t h e  deformations i s  avoided. 
complete these  t h e o r i e s .  
ical a p p l i c a t i o n s  by consider ing i n f i n i t e s i m a l l y  small deformations. 

In r e a l i t y ,  i t  i s  necessary  t o  
W e  w i l l  c a r r y  t h i s  out  i n  t h e  d i scuss ion  of  t h e  pract-  

L e t  us t reat  t h e  case where t h e  e x t e r n a l  fo rce  and moment a t  t h e  most cop- 
ta in  only t h e  f i r s t  d e r i v a t i v e s  of the  unknowns x, y, z and XI, h2Y X3'  

second d e r i v a t i v e s  of t h e s e  unknowns w i l l  not  be introduced i n  t h e  d i f f e r e n t i a l  
equations except through W. The d e r i v a t i v e s  of x ,  y ,  z do no2 appear i n  5 ,  n, 

X2, h do not. appear  i n  p, q, r. We t h e r e f o r e  see t h a t  i f -  5 and those of XI, 
W depends only on 6, 0 ,  5 o r  only on p ,  q s  r, a reduct ion  i n  t h e  o rde r s  of the  
d e r i v a t i v e s  contained i n  t h e  system of d i f f e r e n t i a l  equat ions w i l l  occur.  Con- 
sequently t h e r e  w i l l  a l s o  be  a reduct ion i n  t h e  system obtained due t o  elimina- 
t i o n  of p, q ,  r. 

The 

3 

We w i l l  beg in  by consider ing these  f i r s t  two cases. 

16. Case Where W Onlv Depends on sn, 5 ,  n, 5 .  The Method of Finding thg 
Equations f o r  t h e  F l e x i b l e  and Extensible  Line of Lagrange. 
W only depgnds on so, 5 ,  n, 5. 

L e t  us assume t h a t  
The equations of Sect ion 14 are-then reduced t o  

the following 
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dx dy & i n  which W only depends on so, dso, dso 9 dso B 12 ,  h3n This  shows US t h a t ,  

i f  w e  assume the  simple case where X o s  yo, z0, x o s  a0, N~ are given func t ions(1s)  - 

dx dv dz - 
dso '  dsO ' dsO of so, x, y ,  2 ,  - - , X1, X2, h g  , t h e  three  equat ions on t h e  ri- 

can be solved with respect t o  A 1, A2, A 3  and one obta ins  th ree  d i f f e r e n t i a l  

equat ions which only conta in  so, x,  y ,  z and t h e i r  f i r s t  and second de r iva t ives .  

0 9  
L e t  us now consider  t h e  p a r t i c u l a r  ca se  where t h e  given func t ions  8 

so a r e  zero.  

t i o n s  

then ob ta in  t h e  equations: 

This w i l l  a l s o  hold t r u e  f o r  t h e  corresponding va lues  of t h e  func- 

of any one& t h e  systems (Ij'-, M ' ,  N ' ) ,  (Lo, Mo, No), (L, M, N). We 

aW - aW aW 
x - O *  K=O' 

which-agree wi th  /32 

and, by s e t t i n g  the  common va lue  of t hese  r a t i o s  as-T,  t h e  equat ions,  which 
are supplemented by those  containing h h 2 ,  A can be  w r i t t e n  as 1' 3 

o r ,  i f  one d e s i r e s ,  

I n  t h i s  case stress i s  reduced t o  a tecsiZe stress T. 

I f  we assume this t o  be t h e  case ,  w e  should note  t h a t  i f  w e  start 
two p o s i t i o n s  (I4 ) and (M), which are assumed given,  and i f  we  de r ive  the func- 

t i o n s  X o ,  LMo, ?Lo, as was done i n  Sec t ions  9 axid 10, it can happen 

case where these  t h r e e  func t ions  a r e  zero -- thac  t h e  r e s u l t  is obtained by accf- 
dent ,  i .e . ,  for a c e r t a i n  ensemble of p a r t i c u l a r  deformations. However, t h i s  
can be t h e  case no matter what t h e  deformation (M) may be ,  t h a t  is, i t  is a 
consequence of t he  na tu re  of ( M ) ,  i .e . ,  t h e s f o m  of W. 

from 

0 -- in the 

Zo, X,, Jn ,?L do not  conta in  t h e  d e r i v a t i v e s  of 0' yo' 0 0  "5' We assume t h a t  x 
hl ,  h 2 ,  h 3 ,  i n  order  t o  s impl i fy  t h e  de r iva t ion  and i n  order  t o  more con- 
ven ien t ly  express  what w e  wish t o  say. 
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Let us consider t h e  l a t t e r  case which is of p a r t i c u l a r  I n t e r e s t .  W 10 

The equat ions - = 0 ( i  = 1, 2 ,  3) are 
then a simple funct ion of so and of €2 4- o2 -t ? 2  

same thlng(16) ,  of so and of - . 
reduced t o  i d e n t l t i e s a 7  1, and we simply o b t a i n  t h e  equations: 

o r ,  which amounts t o  t h e  
dS0 aw 
ds ahi 

._I_ 

i f  we assume t h a t  W is expressed i n  terms of s and of 1-1 * - dso = 1 (p is t h e  n- ds 
l i n e a r  d i l a t a t i o n  a t  t h e  po in t  M) .  

0' 
Yo, Zo , a s . a  func t ion  of s , s,  x ,  y, z and t h e  d e r i v a t i v e s  cf f o u r  of t h e s e  

l a t t e r  q u a n t i t i e s a 8 )  wi th  r e spec t  t o  one of them. 
and t h e  equation 

Let us assume t h a t  t h e  func t ion  W is known and w e  s p e c i f y  X, Y, Z or X 

0 
The preceding equat ions 

($!+ (%)f+ ($1. 

r e s u l t  i n  fou r  d i f f e r e n t i a l  equat ions which d e f i n e  fou r  of t h e  v a r i a b l e s  so, s, - /33 
x ,  y ,  z i n  terms of t h e  f i f t h  one.. --- 

I f  s is  no t  contained e x p l i c i t l y  i n  them, w e  may e l imina te  ds  using t h e  
r e l a t i o n s h i p  w e  have j u s t  w r i t t e n  down, and t h r e e  d i f f e r e n t i a l  equations which 
d e f i n e  t h e  t h r e e  unknowns x, y, z as a func t ion  of so w i l l  remain. 

where s is  not contained e x p l i c i t l y .  

by Lagrange(l9) f o r  studying t h e  l i n e  which he q u a l i f i e s  as follews: 
" f l e x i b l e  thread which i s  e x t e n s i b l e  and c o n t r a c t i b l e  at t h e  same time". 
should note  t h a t  the explanat ions g iven  by Lagrange i n  t h e  second of h i s  works 
which he devoted t o  t h e  present  quest ion (No. 4 3 ) ,  must b e  modified as follows: 
I f  we consider W as a given func t ion  of u, t h i s  a l s o  holds  t r u e  for T (which 
corresponds t o  the a s s e r t i o n  by Lagrange s t i p u l a t i n g  t h a t  A u s i n g  h i s  

(16) We may a l s o  say t h a t  W is a func t ion  of so and t h e  l i n e a r  d i l a t a t i o n  

u = - - 1 a t  t h e  po in t  M ,  which was considered by Lam6 i n  his Lessons 
on the Mathematical Theory of E l a s t i c i t y  of S o l i d  Bodies, page 98, 99 of 
the  2nd Edition. 

The triad i s  completely concealed; w e  may t h e r e f o r e  also assume t h a t  we 
a r e  deal ing with a point-2ike line. 

!?e may assume t h a t  d e r i v a t i v e s  of o rde r  higher  than the  f i r s t  have been 
h t r o d u c e d .  

L e t - u s  now consider the  special case.9n which W only depends on p and 
We then ob ta in  t h e  equations prop-osed 0 

We 

- 
ds 
ds 

(I7) 

"i3) 
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notation] F i s  a given func t ion  of ds ).  We may s u b s t i t u t e  the  unknown T 

f o r  t h e  unknown P #  s i n c e  t h e  knowledge of one as a funct ion of s i m p l i e s  the h o w -  
F i n a l l y ,  w e  are l e d  t o  t h e  a n a l y s i s  of four func t ions  T, 

x ,  y ,  z of s using the  fou r  precedlng equations (and a d d i t i o n a l  cond i t ions ,  i f  
the pro.blem i s  determinis t ic . ) .  As Lagrange probably assumed., i t  should be noted 
t h a t  the  given expresoions of X ,  Y ,  Z do not con ta in  s e x p l i c i t l y ,  and w e  may 
confine ourselves  t o  the cons ide ra t ion  of t h e  t h r e e  f i r s t  equat ions and t h e  
th ree  v a r i a b l e s  x, y, z ,  a e r e  the  d i f f e r e n t i a l  of s i s  el iminated tising t h e  
fou r th  equation. 

iG 

, ledge of the o ther .  

In  the f i r s t  of the-works t o  which w e  have r e f e r r e d  (No. 43),  Lagrange 
remarks t h a t  he i s  l ed  t o  t h e  sanie equations as he  obtained f o r  t h e  thread he. 
considered previously i n  h i s  i nves t iga t ion , and  which he c a l l e d  t h e  f l e x i b l e  and 
i n e x t e n s i b l e  thread.  I n  No. 44 he d i scusses  t ens ion .  It seems t o  us  t h a t  t h e r e  
is a c e r t a i n  confusion regarding t h e  concept of f o r c e  i n  t h e  t r e a t i s e  by La-. 
grange (a  confusion which was e x p l i c i t l y  described by J. Bertrand from t h e  po in t  
of view of dynamics alone,  i n  t h e  nore which he wrote i n  regard t o  No. 44). 
i s  c l e a r  t h a t  Lagrange took the  po in t  of view of dynamics and t h a t  
equilibrium. i s  equivalent  t o  t h e  word r e s t  i n  h i s  treatise.  By introducing 
"the f o r c e  F due t o  which each element ds of t h e  curve of t h e  th read  t ends  t o  
become contracted" a t  the  t eg inn ing  of No. 44 ,  Lagrange in t roduces  a f o r c e  con- 
cept which does not  conform with t h e  d e f i n i t i o n  he  g ives  a t  t h e  beginning of 
h i s  treatise (page I), and which - i s  not a k i n e t i c  f o r c e  but a f o r c e  which we 
must  q u a l i f y  as a s t a t i c  force, measured from t h e  deformations. 

It 
t h e  word 

17. The Flexible and I n e x t e n s i b l e  Thread. How can w e  in t roduce  and de- 
f i n e  t h e  concept of t h e  f2exibZe inexkensible thread and remain wi th in  t h a t  /34 
domain of s t a t i c s  where i o r c e s  are measured from deformations? I n  o rde r  to 
g ive  t h e  d e f i n i t i o n  of a f l e x i b l e  and i n e x r e n s i b l e  th read ,  i t  i s  s u f f i c i e n t  f o r  
u s  t o  follow the  course usua l ly  taken,but i n  the reverse order, i .e.,  by being 

(19) Lagrange. Mgcanique Analytiqtle (AmZyticaZ Mechanics), 1st P a r t ,  Sect ion 
The same questioncwas 

- 

guided by what one c a l l s  t h e  prin&pZe cf soZidi f icat ion(20) .  __-- - - 
I?, Sect ion 11, NU. 42-43, 4 th  Ed i t ion ,  p. 156-158. 
t r e a t e d  again by Lam6 i n  h i s  Lecons SUP Za Thdorie Math&atique de Z'EZas- 
t i c i t 6  des Corps Solides (Lessons on the MathmaticaZ Theory o f  E las t i c i t y  
of Solid Bodies), 2nd Ed i t ion ,  8 t h  Lesson, and then by M. Duhem, i n  Vol- 
ume I f  of h i s  work Hydrodyrramique,EZasticitO, Acoustique (Hydrodynamics, 
E las t ic i ty ,  Acoustics),  p. 1 on. The t reatment  by Lamb, as Todhunter 
and Pearson noted,  on page 235 of Volume 1 of t h e i r  History etc., is  a 
dup l i ca t ion  of the  one given by Poisson on pages 422 on i n  h i s  Mhoire  sur 
l e  Mouvment des Cops  Elastiques (Memoir on the Motion of Elas t ic  Bodies), 
which appeared i n  1829 i n  Volume V I 1 1  of h i s  Mhoires  de Z ' Ins t i tu t  de 
France (Memoirs of the I n s t i t u t e  of France). 

Appell. 1st Edit ion,  Volume 1, No. 132, F. 165; i n  t h e  2nd Edi t ion,  Vol- 
ume I, No. 120, p.  161, t h e  express ion  pmncip le  of so l id i f i ca t ion  is 
omitted; t h i s  is a l s o  t r u e  i n  Thmson and T a i t ,  Treatise on Nutural Phil- 
osophy, Volume 1, Part 11, Sect ion 564, p. 110. 

(20) 
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In  a general  way l e t  u s  now consider  t h e  deformable ?.he of Sect ion 5 ,  its 
n a t u r a l  s t a t e  (Mol and its deformed s t a t e  (M). 

impose condi t ions on the  deformations of t h i s  l ire,  which i s  defined as in- 
Section 5 ,  i . e . ,  by a correspondence between the pointri (Mo) and those  of a 

deformation ( M ) ,  and l e t  t h e  c o n d i t f o n @ l )  s t a t e  t h a t  an a r b i t r a r y  p a r t  of (M) 
has the same length as t h e  corresponding p a r t .  T M s  is  t h e  same a s  s t a t i n g  
t h a t  x,  y,  z is  subjected t c  the  condi t ion 

da = dr,, 

L e t  us now assume t h a t  w e  w i l l  

assuming t h a t  d s  and d s O  have t h e  same s i g n ,  as w e  assumed previously.  Assrrme 

t h a t  we wish t o  de f ine  t h e  elements f o r  such a l i n e :  e x t e r n a l  f o r c e ,  e t c .  We 
w i l l  consider a deformable l i n e  of the  type considered up t o  the  p re sen t ,  and, 
i n s t ead  of considering an a r b i t r a r y  deformation (M) of t h e  n a t u r a l  s ta te  (Mol, 
w e  w i l l  focus our a t t e n t i o n  on t h e  deformations (M) f o r  which we have d s  = dsg. 
These deformations co iac ide  wi th  the given deformations of t h e  i n e x t e n s i b l e l i n e ,  
both with regard t o  p o s i t i o n  of t h e  p o i n t s  a s  w e l l  as t h e  a s s o c i a t e d  t r i a d s .  
We w i l l  assume the equat ions prev ious ly  adopted f o r  a certain deformable l i n e  
t o  de f ine  e x t e r n a l  fo rces ,  e t c .  a c t i n g  on the  i n e x t e n s i b l e  l i n e .  We w i l l  apply 
them t o  the  p o s i t i o n s  of t h i s  l i n e ,  which coincides  wi th  those  of t h e  given in -  
e x t e n s i b l e  l i n e .  

I f ,  i n  p a r t i c u l a r ,  we consider  t h e  f l e x i b l e  and i n e x t e n s i b l e  l i n e ,  w e  can 
de r ive  t h e - d e f i n i t i o n  of t h e  e x t e r n a l  f o r c e s w i t h  r e spec t  t o  t h i s  l i n e  from 
those of t h e  l i n e  ccnsidered previous ly  and f o r  which W is a simple func t ion  of 
s and of p $  considering the  clefomations of the Zatter fo r  uhich the function 
p i s  reduced t o  zero. 
E: = X 

"0' I f  we only retairi t h e  letters s,  X,  Y ,  Z ( s i n c e  s = 

Y = Yo, Z = Z ), we are l e d  t o  t h e  system 0' 0 

dx 2 i n  which (z) + ($)*-+ (%)* = 1 and where T r e p r e s e n t s  t h e  func t ion  of s 
defined by t h e  equation T = - \$ p = 0 .  

t h a t  the  func t ion  T is known. It w i l l  be s u f f i c i e n t  t o  add the  p-zoper condi- 
t i o n s  at t h e  l i m i t s .  

aw 

I n  o rde r  t o  obtain a d e t e r m i n i s t i c  problem, i t  w i l l  be  necessary  t o  assume 

18. 

are not Zero. 

not a l l  zero.  The equat ions 

Case where W only Depends on Sn, - 5 ,  tl, 5 and where % nJnn 
f i  o, no are. 

/35 
L e t  u s  now consider  t h e  gene ra l  case where d? 

(*l) What w e  a r e  about t o  say can be repeated under d i f f e r e n t  analogous circum- 
s t ances ,  where w e  w i l l  connect what we w i l l  l a t e r  on c a l l  i n t e r n 2  bond8 
with the system w e  s t u d i e d  a t  t h e  beginning. 
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agree with the  following r e l a t i o n s h i p s ,  by int roducing the  a u x i l i a r y  q u a n t i t i e s  

i n  such a way t h a t ,  i n  t h e  present  case ,  t h e  stress compent tangent  t o  t h e  l i n e ,  
which one can c a l l  tensize stress ,  t h e  component of stress normal t o  t h e  l i n e ,  
which we can ca l l .  the  shear stress (as  is  used i n  t h e  s t r e n g t h  of ina te r la l s )  
and f i n a l l y  t,he vec tor  (L, M ,  N)  determine 

- 

an orthogonal t r l a d .  

A s  an a u x i l i a r y  quant i ty ,  . l e t  us in t roduce  t h e  t e n s i l e  stress 

Thus, i f  X ,  Y ,  Z, L, M ,  N are given as a func t ion  of s, of x, y,  z and of their 
f i r s t  d e r i v a t i v e s ,  we f ind  t h r e e  equat ions of t h e  fol lcwing type: 

t o  which we must add: 

i n  such a way t h a t ,  for  t-he'probzem under consideration, w e  have f i v e  d i f f e ren -  
t i a l  equat inns containing four unknowns, which are x, y,  z and t h e  a u x i l i a r y  
u n k n m  T. 

1 9 .  The Case where W o n l y  Depends on Sn. P, q ,  r. L e t  us  assme t h a t  W 
only depends on s o ,  p ,  q , j - .  Then t h e  equat ions of Sect ion 14,  which can b e  /36 
reduced t o  t h e  following: 

d i3w 311' 
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dh2 dhg 
t e l l s  us t h a t  i f  dl 1 - - -  i n  which K 0nl.y depends on so’ A 1 8  A,, h g  dso P dso P deo B 

do not  conta in  t h e  d e r i v a t i v e s  we consider  the  simple case  whe-e X 
of x,  yl E ,  w e  may c l i m i r a t e  x,  y ,  z from the  lef t -hand equations and suha t ib  
t u t e  t h e i r  va lues  i n t o  the  right-hand equat ions,  I.e., I n  f o p  A0, TIyo If  
these  t h r e e  l a t t e r  equat ions do not  conta in  t h e  d e r i v a t i v e s  of x ,  y, z of 
order  h igher  than t h c  f i r s t ,  _we w i l l  f i n d  t h r e e  equat ions of t h e  second o rde r  

0’ yo’ 

?2 z’ , k i ,  9 , -- d h i  
f o r  determining XI, h 2 ,  A g ,  prowided t h a t  Xo,  Yo, 2 
hi, i, and f otJMso,no -- only so, x ,  y ,  2, - 

conta ins  only so, x, 
dh dx ,dJ- ,-- dz 

ds0 “0 dsO dsO dso d s i  

The p a r t i c u l a r  case i n  which the  given func t ions  )I o, Yo, Lo a r e  i d e n t i c a l l y  

zero is of p a r t i c u l a i  i n t e r e s t .  
the  r i g h t  which, i f  d: li, JRo,no only depend on AIS X p ,  h 

t f v e s ,  c o n s t i t u t e  t h r e e  d i f f e r e n t i a l  equat ions f o r  determining A l p  X2, Ag.  

We then simp1.y have the  t h r e e  equat ions  on 
and t h e i r  d e r i v a l .  3 

20. The Case uhere W i s  a Function of sn, 6, n, 5 ,  P, q, r ,  which Depends 

- on E ,  n, 5 only  throuah t h e  Intermediary E* + n2 + C2, o r ,  which is t h e  Same 

Thing, t h e  Intermediary u = - ds - 1. dsO -- 
t h e  deformed l i n e  and l e t  us assune t h a t ,  f o r  aZZ the deformations it is  re- 
duced t o  a t e n s i l e  stress, This  is the  same as saying t h a t  t h e  func t ion  W of-. 

L e t  us cons ider  t h e  stress a t  a po in t  of 

5, n, 5 ,  p ,  q, r satisfies t h e  i d e n t i t i e s  
a w  aW an‘ 

9 c .  
-- - -- I 

iae*, t h t  it - -? - -  ulAry urpeiids = - - -  on 5 ,  n, 5 through t h e  intermediary of t h e  quan t i ty  
52 -t q2 + 5 2 ,  o r ,  which is t he  same th ing ,  on 1.1 = ds - 1. 

dSO 
We w i l l  then have: 

and by tntroducing t h e  common valus -T of t h e s e  r a t i o s  def ined  by 
aW 

. w T=---* 

we can present  t h e  system i n  t h e  fol lowing form:- 
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X and s a r e  def ined (where p des igna tes  1 - 1 d90 b y r n c h  x ,  Y ,  za h p  3 0 - 
d s  

a s  a func t ion  of a.  

I f  we consider  t h e  case i n  which X,  Y, Z are given func t ions  of on ly  t h e  
q u a n t i t i e s  s, x ,  y ,  2, where we wish t u  consider  a 
we are ab le  t o  determine x,  y ,  z and t h e  a u x i l i a r y  
the following sys%e.m of d i f f e r e n t i a l  equationo: 

We again f i n d  the system which w e  encountered 
f l e x i b l e  and ex tens ib l e  thread of Lagxange as w e l l  
i t l e  thread.  

s p e c i f i c  case ,  w e  see t h a t -  
quan t l ty  T s epa ra t e ly ,  using 

i n  connection wi th  t h e  
as f o r  t he  inex tens ib l e  f l ex -  

21. The Deformable Line Obtained &;suming t h a t  Mx' is t h e  Tangent t o  M 
With regard t o  t h e  gcne ra l  case and t h e  case of pari%eukr arbitrary a t  (MI. 

deformations, w e  may repeat what w e  have s a i d  regarding t h e  f l e x i b l e  e x t e n s i b l e  
thread of Lagrange f o r  t h e  f l e x i b l e  inex tens ib l e  thread  of r a t i o n a l  mechanics, 
L e t  lis now consider  t he  fol lowing case, which i s  important i n  t h e  s t r e n g t h  of 
m a t e r i a l s  and which will l a t e r  on l ead  us  t o  t h e  deformable l i n e  s tud ied ,  i n  
p a r t i c u l a r ,  by Lord KelvZn and T a i t  
f i n i t e s i m a l l y  small deformations ( 2 2 j ,  as w e  have a l r eady  s t a t e d .  

bu t  only from t h e  po in t  of view of in- 

Let us consider  t h e  deformable l i n e  of Sect ion 5 and assume t h a t  w e  have 
def ined t h e  ex te rna l  fo rce ,  e tc . ,  as w e  d i d  i n  S e c t i m  9. L e t  us assume t h a t  
we w i l l  only foclts our a t t e n t i o n  on t h e  deformations (M) of (Mo) f o r  which t h e  

axis Mx' is tangent t o  t h e  curve (MI  a t  each po in t ,  and l e t  us a l s o  assume t h a t  
t hese  deformations can c o n s i s t  of continuous sequences beginning wi th  (Mo) and 

t h a t  t h e  l a t te r  i s  such t h a t  MOxO; i s  t h e  tangent  at  M 

choosing t h e  way i n  which s and s are measured, t h i s  amounts t o  assuming t h a t  0 

L32 

By appropr i a t e ly  0' 

w e  have: 

o r  t h a t  

(*2) W. Thoinson and T a i t .  Trectise on Natura2 PhiZosophy, Volume 1, P a r t  11, 
Edi t ion  1883, Sect ion 588 on. Page 130 on. 
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The app l i ca t ion  of the  d e f i n i t i o n s  w i l l  g ive  u s  d e t e r m i n i s t i c  expressions for 
t h e  e x t e r n a l ,  etc.  We may say t h a t  the  s tudy of these  expressions and t h e  prob- 
lems which may devlop . out  of them c o n s t i t u t e s  t h e  ob jec t  of t he  S i n e  subjec ted  
t o  the condi t ions defined by equat ion (14) and (15) ,  by repea t ing  everything 
t h a t  has been sa id .  - 

Limiting the  deformations of (M ) t o  those of t h e  deformations (M) which 0 
s a t i s f y  the condi t ions (14) o r  (15), or  in t roducing  a new concept f o r  a l i n e  
which can only  undergo deformations s a t i s f y i n g  t h e  preceding condi t ions  may 
be regarded a s  i d e n t i c a l  he re ,  with respect t o  Lhe c a l c u l a t i o n s  which can 
define-elements  such as t h e  e x t e r n a l  fo rce ,  etc.  
the  probleiil abso lu te ly  conforms wi th  t h e  p r i n c i p l e  c a l l e d  so l id i f i ca t ion ,  which 
i s  introduced by the  au thors  i n  the  inverse order t o  t h e  one w e  a r e  fol lowing 
i n  a c e r t a i n  sense.  

This  manner of regard ing  

Before corisidering t h e  form assumed by equations of Sect ion 9, l e t u ,  e s t a b l i s h  
c e r t a i n  equations f o r  t h e  t r i a d  Mx'y'z! under t h e  p a r t i c u l a r  r and i t ions  which 
apply here .  
Mb of t he  curve (M) a t  M. 
Mx' with  the  same o r i e n t a t i o n  as t h e  t r i a d  Mx'y'z', w e  may ca l l  t h e  d i r e c t i o n  
cosines  of Mn and of Mb with r e spec t  t o  the  axes Mx', My', Mz' by 0, cos u, sin 
u and par  0, - s i n  w ,  cos u, r e spec t ive ly ,  which is t h e  same as s t a t i n g  t h a t  w e  
have : 

L e t  us assume t h a t  w e  t ake  t h e  p r i n c i p a l  normal Mn and t h e  binormal 
I f  they c o n s t i t u t e  a t r i a d  Mx'nb wi th  r e s p e c t  t o  

= p, cos w - yl sin w, : y = p, sin w + 7c cos w, t p"= 3; cos w - y; sin w, f=  8: sin w + 7:~~s wL 
j3' = i3: cos w - y: sin w..-..-q' = & sin w + 7: cos w, (16) 

B1, @'l, f3"1 are the  d i r e c t i o n  cosines  of k -  with  r e spec t  t o  t h e  f ixed  axes Ox, 

Oy, Oz, and y , T ' ~ ,  y'I1 are those of Mb wi th  r e spec t  t o  t h e  same axes. An 

a u x i l i a r y  quaqtity w has  been introduced,  which i s  t h e  angle  between My' and 
Mn, measured i n  an appropr ia te  d i r ec t ion .  

1 

/34 __ We may now determina w using t he  express ions  a l r eady  introduced.  The 
p r i n c i p a l  normal i n  t he  tangent  t o  t h e  i n d i c a t r i x  of P. Serret. 
consider  the  poin t  whose coord ina tes  are 1, 0, 0 with respect-  t o  t h e  t r i a d  whose 
o r i g i n  0 i s  f ixed  and whose axes are p a r a l l e l  t o  those  of Mx'y'z'. 
t i o n s  of t he  displacement c f  t h i s  po in t  on the axes of t h e  moving t r i a d  o r  on 
those of Mx'y'z' are given by: 

L e t  u s  now 

The projec- 

01 . &so. -gaga* 

and w e  have: 

It is poss ib le  t o  ob ta in  more complete equat ions  by rep lac ing  t h e  cos ines  
8 ,  f i t ,  . , . y" by t h e i r  expressions-(16) i n  equat ions  (2) of Sec t ion  6. Wefind 
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i . e .  : 

by s e t t i n g  

1 me abso lu te  va lue  of t h e  expressions - 
P 

and remembering t h a t  X ci 3 = 0. 

1 - 
Venant:, tortuosity of Thomson and T a i t )  of- t he  curve (M) a t  M. The two l a t t e r  
equat ions ( 1 7 )  correspond t o  t h e  re.iiarks made by Thamson and Tai t (23) .  

and 
d s  

a r e  equal  t o  the curvature  and t h e - t o r s i o n  (term Cambrure of Barr6 de  Saint-- 
T 

L e t  us  reconsider  t h e  equat ions of Sec t ion  9. For an i n s t a n t  le t  u s  
des igna te  by W1 t he  expression t h a t  W becomes when w P a k e  conditions (15) in to  
account,  i .e . ,  l e t  us set: 

or,noting t h a t  according t o  equat ions  (14) 
dr f = ;rt; = 1 4- p. 

le t  u s  set: 

Thus, i f  w e  only want t o  in t roduce  t h e  func t ion  W1, i ,t?.,  the va lue  of 

W when rt = 5 = 0, and i f  w e  assume t h a t  t h e  va lues  a t  t h e  d e r i v a t i v e s  - aw - aw a n  a s  
t ake  on f o r  = 5 = 0 are no t  given, w e  ob ta in  six expressions of which only 
f o u r  F ' ,  X', J ' ,  K' may be considered t o  be given, and two of which G ' ,  H' re- 
main t o  be determined. Expressed d i f f e r e n t l y ,  t h e  knowledge of W1 only l e a d s  

- / 4 0  

c23) Thomson and T a i t .  
Sect ion 590, p.  131. 

Treatise on Natural PhiZosophy, Volume I, P a r t  If, 
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t o  a knowledge of t h e  t e n s i l e  s t r e s s  F' and deformation moment (I1, J', K 2 ) Q41, 

If w e  introduce the  expressions F, G ,  11, I, J ,  K, we may say t h a t  t h e  f i r e t  
t h ree  are th ree  a u x i l i a r y  q u a n t i t i e s  of  which we simply know tha t (25) :  

and the  th ree  l a t t e r  ones can be  ca l cu la t ed  using one of the  systems: 

a ,  a ' ,  a" .. . y" are def ined by equat ions (14) and (16). 

The external fo rce  and moment result depending on t h e  way i n  which they  /41 
can be determined i f  W1 a lone  i s  given,  using equat ions of Sect ions 9 and 10. 

L e t  us  now assume t h a t  t h e  e x t e r n a l  force and moment are given. The equa- 
tions : 

combined with equat ions (18) and (19) and t h e  r e l a t ionsh ip :  

r e s u l t  i n  a system of e igh t  d! f fe ren t ia l  equat ions f o r  f i v e  of t h e s e  q u a n t i t i e s  
(as a func t ion  of t h e  sixtISand of F ,  G ,  H, when X ,  Y, 2 ,  L, M,  N o r  Xo, Yo, Lo, 

N a r e  given func t ions  of s s, x, y,  2 ,  w and t h e  d e r i v a t i v e s  of t hese  *os 0 0' 
q u a n t i t i e s  wf.th r e spec t  t o  one of them. 

If s does no t  appear e x p l i c i t l y  i n  the  given func t ions ,  (21) can be  used 
t o  e l imina te  ds  and, tak ing  s as an independent v a r i a b l e ,  f o r  example, w e  find 

0 

(24) Assuming t h a t  w e  only know t h e  func t ion  W1, w e  can assume t h a t  we cam 
ignore  t h e  ex is tence  of t h e  func t ion  W whlch we have used s i n c e  t h e  begia- 
ning,and t h a t  t h i s  func t ion  i s  til a c c r t a i n  sense  conceaZed, a8 we22 as 
the positions of the t2q!,ad Mx'y'z', fo r  which MX' is :tct tangent t o  t h g  
cume 0 4 ) .  

(25) From now on w e  w i l l  c a l l  W t h e  func t ion  Wl of so, p ,  p a  q, X.  
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a system of seven d i f f e r 3 n t i a l  equat ions def in ing  t h e  seven unknowns x, y,  z, 
w and F, Ga H. 

In  the  presmt crse, where t h e  func t ion  W of t he  i n i t i a l  point  is con- 

We can attempt t o  eliminate 
cealed,  the.express1ons F, G ,  H, ?,re simply a u x i l i a r y  quan t i t i e s  def lned by t h e  
d i fEa ren t i a1  equations we have j u s t  discussed.  
them. 
t i v e s  d a n o t  appear i n  t h e  expression (18) and i n  the  three  expressions (20) 
on t h e  r i g h t .  

This e l iminat ion i s  easy,because they appear l i n e a r l y  and t h e i r  der iva-  

These four  r e l a t i o n s h i p s  r e s u l t  in: 

where w e  have used t h e  following n o t a t i o n  f o r  abbrevia t ion  purposes 

(23) 
The following system of four  equat ions  r e s u l t s  by e l imina t ion  of F, G, H: - /42 

(23), and wh-zh, 
toge ther  witb. (21) form a system c f  f i v e  d i f f e r e n t i a l  equations connecting f ive  
of t h e  q u a n t i t i e s  so, s, x, y, z ,  w t o  one of them. I f  s is  no t  contained 

e x p l i c i t l y  i n  t h e  known q u a n t i t i e s ,  (21) can be used t o  e l imina te  ds, and the 
re l a t ionsh ips  ( 2 4 )  and (25) r e s u l t  i n  four  d i f f e r e n t i a l  equations which de f ine  
x, y, 2, w as a funct ion s 

0' 

22. Reduction of the  System of t he  Preceding Sect ion to n Form which can 
be  Derived from t h e  %lculus  of Var ia t ions .  
s e c t i o n ,  w e  found a funct ion W which, among o t h e r  t h ings ,  depends on so, on w, 

As a f i n a l  r e s u l t  of t h e  preceding 

dw dx - d3x 

dsO 

- -  
dso dso 9 * * e  s 9 by mezns of the  q u a n t i t i e s  p a  p a  q, r. 

Let us no te  t h a t  equat ion (25) can be w r i t t e n  by wr i t ing  down t h e  la t ter  
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where t h e  missing terms only depend on e x t e r n a l  moments. 

We should note t h a t  t h e  equat ions under cons idera t ion  contain only 
der iva t ives  which a r e  a t  most of t he  f i f t h  order . .  It can be seen t h a t  we must 
a t t e m p t  t o  introduce tke- rh i l sdder iva t ives  of equat ion (25) ,  which can be 
wr i t ten  i n  the  form: 

a\V a\V dz 
. -  d (---)+g;iF b\V - r  - - - (L ,$+M,$+N, ;G)=o ,  

dP a? 
or - 143 

using t h e  notat ion of Sect ion 9. 

L e t  us consider the f i r s t  equat ion (24). Itlcan be wr i t ten  as: 

i.e.: 

c ('5 (dS* - %94,)] - X p  = 0. 
<!* 

I f  w e  formuiate t h e  f i r s t  term a3 -- aw + ... , by car ry ing  out a cal- 
ds3 d3x 

O a -  
dsO 

cu la t ion  which w e  s h a l l  not  descr ibe  i n  d e t a i l  he re ,  we may r e a d i l y  see t h a t  t he  
coNbination : 

r e s u l t s  i n  t h e  var ious terms of t h e  expression t o  be  formulated, except f o r  
terms which vanish with t h e  e x t e r n a l  forces. 

I f  w e  thus se t : -  
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and if we- designate by 
Xo, yl# respect ively by Yo, Y ' 1 ,  and then bY 20s Y " l s  and by performing t h e  perm- 

u t a t i o n s  i n  the 

o, zo t h e  analogous expressions obtained by replacing 

l a s t  tenn, we ob ta in  t h e  followlng form of the  system: 

which can be summarized by the equation: L44 

where w e  have only considered terms which f i n a l l y  appear under t h e  s imple  in-  
t e g r a l  s ign(26) .  

This summarized form, which w e  have j u s t  obtained and which must be  t r e a t e d  
using the  r u l e s  of the  calculus  of v a r i a t i o n s ,  is p a r t i c u l a r l y  convenient f o r  
carrying out changes of va r i ab le s .  

Assuming t h a t  the-expressions X0,y , ,Zb ,  Lo' have a p a r t i c u l a r  form, w e  
w i l l  ob t a in  the equations of t h e  extremals of a problem of t h e  ca l cu lus  of 
v a r i a t i o n s .  

L e t  us consider the  case i n  which U des igna te s  a funct ion of x,  y, z ,  

c -- 

(2h' One obtains  a form analogous t o  1'1 (6T + U t >  d t  = o  which Tissexand g ives  
t 0 

f o r  ' the H a m i l t m  p r i n c i p l e ,  ,p .  4 of-Volume 1 of h i s  T r a i t s  de M&~as?ipe 
CgZeste (Treat ise  of CeZestzaZ Mechanics). 
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o r ,  which i s  the  same t!iing: 

We thus  have: 

and t h e  equat ions of t h e  extremals  wi th  r e spec t  t o  t h e  integra.1 are: 

J (W 3- U) JW 

Another spec ia l  case which may be  combined wi th  t h e  preceding one i s  t h e  /45 
one i n  which W has  t h e  form Bp + (o(q2 + r 2 ,  5 )  , where B is a constant .  
then  be  written as: 

W can 

Bp 4- +(%, €, PI* 

I f ,  among o the r  t h ings ,  w e  assume t h a t  Lo' = 0, t h e  fou r  equat ions are 
reduced t o  t h r e e  and-the fou r th  one is reduced t o  an i d e n t i t y .  
cons idera t ion  inc ludes ,  as a s p e c i a l  case, t h e  one where W h a s  t h e  form 

The case under 

A; t c, 
where A and C are cons tan ts .  This  l eads  us t o  t h e  case considered by D. Bern- 
o u l l i  and l a t e r  on by Euler.  This  is t h e  case which in sp i r ed  Sophie Germain 
and Poisson t o  ca r ry  out  t h e i r  i n v e s t i g a t i o n s  of e las t ic  sur faces .  

23.  Deformable, Inex tens ib l e  Line where Mx' is t h e  Tangent t o  (M) a t  M. 
Ins tead  of simply assuming, a s  i n  t h e  preceding case, t h a t  t h e  cond i t ions  (14) 
and (15) are introduced,  we must a l s o  assume t h a t  t h e  l i n e  is inex tens ib l e ,  
which amounts t o  s t a t i n g  t h a t  

t=x. 

due t o  equzt ion (14). 

L e t  us essume t h a t  w e  only know t h e  va lue  of t h e  func t ion  W ( s o .  5, rl, 5 ,  

p,  q, r )  f o r  5 = 1,. n = 0, 5 = 0, or t h a t ,  s t a r t i n g  wi th  t h e  l i n e  of t h e  pre- 
ceding s e c t i o n  where we have imposed t h e  condi t ion  p = 0 ,  w e  assume t h a t  w e  
only know t h e  va lue  of t h e  fvnc t ion  W f o r  p = o-. ' It  can be seen t h a t  F, G ,  H 
a l l  become indeterminate .  We then have e i t h e r  equat ions (201, where I, J, K. 
must be replaced by the  va lues  ( l g ' ) ,  i n  which W des igna tes  W(s0, 1, 0 ,  0 ,  p ,  

9, r) o r  (wl)p = . Together wi th  equat ion (21) i t  r ep resen t s  a system of 

s e v e n - d i f f e r e n t i a l  aqiiations which d e f i n e  t h e  unknowns x ,  y ,  z, w ,  F, G ,  H as 
a func t ion  of s = so, or equat ions ( 2 4 )  and (25), where I ,  J, K must be re- 

placed by the  same va lues  (19')  and which, toge ther  with expression (21X form 
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a system of five differential equations which define the unknowns x,  y ,  2 ,  W ,  
T as a function of 8 - S o p  

if we assume that W(so, 1, 0, 0, p ,  q, r) is obtained by substitution of the 
values of p 
coefficients) with respect to the expressions p - po, q - qo, 1: - ro, 
occurs, far example, if we assume that the expression W1 introduced at the 
beginning of the precedirig section is obtained by substituting for p 

their values a. a function of s 

The system obtained coincides with that Introduced by Thomson and Tait(27 

as a functim of s in a quadratic form (with constant 
This 

0’ 90’ ro 0 

0’ 40’ 
in a quadratic form with respect to p(1 3- p) - 0 

- po9 q(1 + PI - qos r(1 + PI - roo 

Let us note that in the applications of Thomson and Tait of the material /46 
in Section 14, f o r  example in the application carried out in Section 616, they 
consider the case of an infinitesimally small deformation. 
applications quite naturally by departing from a generalized function W and by 
considering the infinitesimally small deformation. 

Thus, we find these 

We may develop 
cussed previously. 

We tfien obtain 

which must hold due 

and where x o, y o, 

arguments which are analogous to those for the line d i s -  
The only difference is that we must add the condition: 

Z have a meaning which w e w i l l  now define. 0 
The system of equilibrium equations is equivalent to the following: 

__ -~ 

f2’) Thomson and hit. 
Section 414, p. 152455. 

Treatise on flaturaZ Philosophy, Volume 1, Part 11, 
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where w e  must sat 

2 4 .  The Case where t h e  External  Forces and Moments a r e  Zero. Spec ia l  
Form of W Leading t o  t h e  Equations Discussed by Binet arid Wantzel. In s t ead  of 
using equat ions ( 2 4 )  and ( 2 5 ) ,  i t  ms:; be  more convenient t o  come back t o  equa- 
t i o n s  used a t  the beginning. It may a l s o  be use fu l  t o  have recourse t o  a geo- 
m e t r i c a l  i n t e r p r e t a t i o n .  

/47 

L e t  us  assume, f o r  example, t h a t  Xo, Yo, Zo a r e  zero. It fol lows t h a t  

0' F, G ,  H are constants  equal  t o  F , G A. ' HAo a t  one of t he  ex t r emi t i e s  A 
*O 

We f i n d  t h e  t h r e e  equations: 

which a r e  t h e  t h r e e  o r i g i n a l  equat ions and which now r e s u l t  i n  t h e  e l imina t ion  
of T between ( 2 4 )  and ( 2 5 ) .  

I f ,  among o the r  th ings ,  w e  have Lo, Mo, N equal  t o  zero,  i .e.,  i f  the 0 
deformation (M) is  subjec ted  only t o  fo rces  appl ied-a t  t he  two extremities, w e  
f i n d  : I + 11.0~. - CAo: = eonsf., 

J + FAaz - I X A C ~  = cvrcrf., 
K + GAoz - F a j  = consf.. 

These axe r e l a t ionsh ips  which a r e  obtained by a geometric i n t e r p r e t a t i o n  of 
t h e  equat ions,  o r ,  whi.ch i s  t h e  same th ing ,  by cons2.deration of equatfons such 
ay  (28  1 
728) It should be noted t h a t  t h e  reasoning of Bertrand [Sur Z'8quiZibre d P u m  

LQrze EZastique I'h the. Equilibriwn of an EZastic Line), Note 111 of t h e  
M6caniqv.e AnaZytique (AnaZyticaZ Mechanics) of Lagrange, p.  460-464 of 
Volume XI of t h e  Works of Lagrange] i s  reduced t o  t h e  use of t h e s e  equa- 
t i o n s ,  o r  more exac t ly ,  t o  t he  equivalent  equat ions such as: 

It I s  s u f f i c i e n t  t o  r e f e r  t o  Sect ion 9, where w e  s a id  t h a t  t h e  defoma-  
tionstress and moment a t  A. a r e  (F' 

i.e., the  values  of (E", G ' ,  H'), ( I 1 ,  J', K') at  Ago 

, G'% , H'Ao). (I' 
*O 
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With these remarks, l e t  u s  consider the  case where the funct ion W of so, p ,  q, 

r is of the  form: (29) 
1 - A  (1' -t- r?) t- Bp 4 C, a 

where A, B,  C a r e  constants .  We then have: 
s Ar; 

1' 5 B, J' s Aq, 

where the-vector  (I1, J ' ,  K') o r  (I, J ,  K) is  the resul tar i t  of a constant v e c t o r b g  
equal t o  B d i r ec t ed  along the tangent Mx', and of  a vec to r  d i r ec t ed  along tile 
binormal which has the absolute  value A . The t h r e e  equations 

P 
I+II,J-G,~:=coRsI.~ J+--FAQ: -IIAo~=coflsf.,  IC -t G42- -F,$=contf., 

tlytl': - azd'y 6 2  + ,,, - + a,, 
p -x,--- a r e  i d e n t i c a l  t o  the equations: 

pf!$.!~!!??~ = (& + br .- QY + CI. - 

cansidered by Binet(30),  W a n t ~ e l ( ~ l ) ,  Hemi te(32) ,  and where p,  0 ,  a,  b, c ,  al, 
bl, c1 .aye constants .  

t h r e e  equations 
In  the  note  a l ready mentioned, J. Bertrand d e a l t  wi th  t h e  case where t h e  

I f  W i s  obtained by replacing po, qc, ro by t h e i r  values  i n  a func t ion  of 

- = 0, in such way t h a t  p - po, q - qo, r - ro, we assume t h a t  p 

(qo)2 + (r,)2 = 0 and t h e c u r v e  (Ma) i s  a s t r a i g h t  line. 

J-Binet. M&o<re sur Z'IntBgration des Equations de Za Courbe t t a s t i q u z  
h DoubZe Courbure (Memoir on the Integration of  the Equations of an EZas- 
t i c  Cume &th  DoubZe Curvature), (Excerpt) ,  C.  R. 18, p. 1115-1119, 
June 17, 1844. RbfZexions sur Z'Intdgration des F o m Z e s  de l a  T-Lge 
EZastique h DoubZe Courbure (Refzections on ti;e Integration of the  Equa- 
t ions t o r  the  EZGstic Rod with Double Curvature), C. R., 19,  p .  1-3, J u l y  
1, 1844, 
Wantzel. 
Double Courbure (Note on the Integration o f  the Equations o f  the Elas t ic  
Curve w i t h  DoubZe Curvature), C.  R., 18, p. 1197-1201, June 24, 1844. 

0 = 90 - ro 

Noto SUP Z'Int6gration des .?.?quntions de 2a Courbe EZastique h 

Ch. Hermite. 
t a i n  AypZications of EZZiptic Eimctions), C. R., 90, p.  478, March 8, 
1880; a l s o  i n  t h e  work with the  same t i t l e  which appeared i n  1885 (see 
Sect ion 35). 

Sur QueZques AppZications dc;s Fonctions Et l ip t iques  (Cer- 
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cy - I r  -i- a, E 0, e: - cx + 6, E 0, I x  - ay -t- ci = 0, - - .. 

represent  a s t r a i g h t  l i n e ,  following Wantzel, 
Analy t ica l  Mechanics of Lagrange, where he states t h a t  he imi t a t ed  a method 
developed by Poisson i n  t h e  a r t i c l e  mentioned i n  Sect ion 10 and which w i l l  b e  
t r e a t e d - a g a i n  i n  the  following sec t ion ,  

He put  t h i s  a t  t h e  end of t h e  

L e t  t h i s  l i n e  be  def ined by 

11,6 - yr)  - G,(z - 26) = IA@ 

~,(r--,~--,(y--~)==K,, 
FA (2 - E,) - I!, (z - ZA) = J,. 

The preceding hypothesis becomes 

-+ G,J, I- 0 1  

KA) and t h e  f o r c e  A* JA’ and t h i s  amounts t o  t h e  assumption t h a t  the  couple (I 
(FA, GA, H ) a r e  reduced t o  a s i n g l e  force .  Accord ing to  t h e  r e l a t i o n s h i p  (2) A 
on page 4 6 3  of Lagrange, t h i s  l i n e  under d iscuss ion  must no t  i n t e r s e c t  the 
curve (M) . This  remark was made by J. Bertrand i n  t h e  case he  discussed.  It 
may seem s t r ange  t h a t  a t  t he  top of page 462 t h e r e  i s  a hypothesis  from which 
i t  fol lows t h a t  0 = 0, according t o  t h e  note  on yage 463 .  

Assuming t h a t  the  constant  0 of Binet is zero,  i.e., by s e t t i n g  R = 0 i n  1% 
our  no ta t ions ,  w e  have the  s p e c i a l  curve considered by Lagrange. 

Lee. us n o t e  t h a t , i n  t h e  present  case, t h e  unknown which w e  have des igna ted  
by w does no t  appear i n  t h e  equations.  However, t h e  t h r e e  eqruatior.s: 

Y?.+F!.-& s o ,  
dt, dse flsg 

JK - - + GG dx - F<r = 0, 

d s ,  4 , 

dx & 
dso ’ dsO ’ 

are reduced t o  two, because by mult iplying them respec t ive ly  by - 
- dz and adding them, we ob ta in  t h e  r e s u l t  zero,  taking i n t o  account t h e  s p e c i a l  
dsO form of I,  J, K considered previously.  

We w i l l  encounter t h e  l i n e  discussed before  i n  t h e  fol lowing sec t ion .  This 
means w e  can present  t he  preceding r e s u l t s  as follows. 

L e t  us i n v e s t i g a t e  under what condi t ions  the  deformation stress of t h e  
l i n e  of t h e  preceding s e c t i o n  i s  perpendicular  t o  t h e  principa.1 normal. 

We have the  condi t ion  

I f  w e  assume t h a t  t h i s  condi t ion  i s  due t o  t h e  na tu re  of t h e  line, i .e.,  
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t h e  form of i t s  W ,  w e  f ind  t h a t  t h i s  condi t ion  is a p a r t i a l  d i f f e r e n t i a l  
equat ion s a t i s f i e d  by W, according t o  which W does not  depend on q and 
r except through the  intermediary q2 + r2.  
equat ions  of t h e  problem imply t h a t  

I f  th i s  condi t ion  is s a t i s f i e d ,  the 

1' GOnJf. 

accoxdiiig t o  the  reinark o f  Poisson noted i n  Sec t ion  10. 

I f  w e  assume t h a t  t h i s  conclusion is  due t o  t h e  na tu re  of t h e  l i ne ,  i.e., 
due t o  t h e  form of i t s  W ,  t h i s  r e s u l t s  i n  the  condi t ion  

where B i s  a cons tan t ,  and we f i n d  
w n p  + 9. 

where 4 i s  a func t ion  of q2 + r2 = 7 . 
with  r e spec t  t o  q* 4- r*, we f i n d  aga in  t h e  W which we used a s - a q o i n t  of depart-  
u r e  i n  t h i s  s ec t ioa .  

Assuming t h a t  I$ is of t h e  f i r s t  o rde r  

25.  The Deformable Line where t h e  Plane Mx'y' is t h e  Osculat ing Plane of 
(M) a t  M. The Case where t h e  Line is I n e x t G i b l e  Among Other Things; t h e  Line 
Considered by Lagrange and its Genera l iza t ion  Given by Binet and Studied by 
Poisson. 
of a deformable l i ne .  In s t ead  of simply assuming t h a t  Mx' is tangent  t o  t h e  
curve (M), w e  may assume t h a t  the p lane  Mx'y' is the oscu la t ing  p lane  of t h e  
curve il). 

We may go even f a r t h e r  i n  t h e  hypotheses regarding t h e  deformations /SO 

1. L e t  us  f i r s t  d i s r ega rd  t h e  hypothesis  of i n e x t e n s i b i l i t y .  L e t  us 
assume t h a t  t h e  r e l a t i o n s h i p s  (14) o r  (15) hold,  and that i n  a d d i t i o n  

g==g,=o. 

des igna te  t h e  func t ion  obtained by s e t t i n g  I f ,  f o r  an i n s t a n t ,  w e  l e t  W 2 
n = 5 = q = 0, where q = 0 i n  W1, w e  w i l l  have-- 

b W  a\\' a b T  p - t*  K k $ ;  
F'=-$, EP 

G', H ' ,  J '  cannot be ca l cu la t ed  i f +  is only given,  and these  q u a n t i t i e s  must .. - . 

be  considered-as t h r e e  a u x i l i a r y  q u a n t i t i e s  which must be def ined by means of 
equat ions.  

I n  t h e  present  case, equat ions (20) t oge the r  wi th  t h e  r e l a t i o n s h i p s  (18), 
(21) and t h e  following: 
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w i l l  r e s u l t  i n  a system of e igh t  d i f f e r e n t l a l  equations f o r  four  of t hese  quan- 
t i t i e s  ( a s  a funct ion of t h e  f i f t h )  and of F, G ,  H, J'. 
express ion  f o r  W 

h n c t i o n s  of so, a s  x ,  y ,  z and t h e  d e r i v a t i v e s  of t h e s e  q u a n t i t i e s  wi th  r e spec t  

to one of them. 

Here W des igna te s  t h e  
when X,  Y, 2, L, 61, N or Xo, Yo, Zo, Lo, Ma, N a r e  given 

?-, 0 

As was done previously,  we can e l imina te  F, G, H, and t h e  fou r  equat ions 
(24) and (25) remain, i n  which I ,  J ,  K, T must be replaced by t h e i r  va lues  (26) 
and (23). With (21),  they form a system o f  f i v e  d i f f e r e n t i a l  c , u a t i o n s  which 
r e l a t e  f i v e  of the q u a n t i t i e s  s,  so ,  x, y ,  z ,  J' t o  one of them. 

the r e l a t i o n s h i p s  
2. L e t  us, among o t h e r  t h ings ,  introduce the  i n e x t c s i b i l i t y  by means of 

' €=&= 1. 

L e t  us continue t o  c a l l &  t h e  funct ion W ( s  1, 0, 0 ,  p,  0,  r ) ,  and let  0' 
us  assume t h a t  only t h i s  func t ion  i sknown.  We then simply have t h e  r e l a t i o n -  
s h i p s  : 

o, Yo, Zo, Mo, N Consequently, i f  X, Y, 2, L,  M ,  N o r  X are g iven  funct ions 

of so, s, x,  y ,  z and t h e  d e r i v a t i v e s  of t h e s e  q u a n t i t i e s  wi th  r e s p e c t  to one of 

them, we o b t a i n  t h e  seven equations (20) and (211, where I, J,  K must be  re- 
placed by t h e i r  values  4 2 6 )  and which determine the seven unknowns x, y ,  z ,  F, G ,  
H, J' as a func t ion  cf so, f o r  example. 

fou r  equat ions (24) and (25),  which d e f i n e  the  fou r  unknowns-x, y, z, J' as a 
func t ton  of s 

0 

151 
By e l imina t ing  F, G ,  H, we o b t a i n  the  

0' 

From t h e  preceding, it i s  easy t o  de r ive  t h e  case considered by Lagrange, 
Binet and Poisson. - 

L e t  u s  assume t h a t  given func t ions  L,  M,  N are zero. The t h r e e  equat ions 
(20) 011 t h e  r i g h t  form an equivalent  system as follows: 

which reduces t o  the  one of Sect ion 10. 
can even r e p l a c e  one o r  two of t h e  r i g h t  equat ions of (201, i n  general .  

One o r  two of t hese  t h r e e  equations 

I n  p a r t i c u l a r ,  t h e  r e l a t i o n s h i p  

(27) 

obtained by adding the t h r e e  equations (20) on t h e  r i g h t ,  a f t e r  m u l t i p l i c a t i o n  
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dx , a’ = &€ , a” = dz can i n  genera l  be subs t i t u t ed  for any of t he  equa- by a = 7s 
t i o n s  ( 2 0 )  on the r i g h t .  

de da 

With these  remarks, let  us f i r s t  assume t h a t  t h e  funct ion W of so, p ,  r7, 
which is  now contained i n  the. r e l a t i o n s h i p s  (26),  does not  depend on p .  
w i l l  then  have I’ = 0,  and t h e  r e l a t i o n s h i p  (27) r e s u l t s  i n  J ’  = 0 under  t h e  
assumption t h a t  r # 0. Thus, i n  t h e  p.resent case, t h e  deformation moment is 
d i r e c t e d  along t h e  binormal o f . t h e  curve (M). I n  equat ions (20) ,  I, J ,  K must 
be reD3aced bv t h e  va lues :  

We 

The t h r e e  equat ions on the  r i g h t  of (20) are rcducad t o  two. 

We thus obta in  t h e  case  considered by Lagrange i n  No. 46 and t h e  following 
one of  Sec t ion  111, f i r s t  par t ,  Sec t ion  V of Mdca?iique AnaZytique YAnaZyticaZ 
Mechanics) (p. 162 and following of Volume I of t h e  13st ed i t ion ) .  

It is  u s e f u l  t o  show t h a t  our de r iva t ion  I s  i d e n t i c a l  t o  t h a t  of Lagrange. 
We may set * .  

1 F Ja ((tl.dz -1, 

1 C - a  J1 (d&y - d’d’~), 
. J ’= I, (d:Pz - dr8z). 

s i n c e  t h e  vec to r  I, J, K -is perpendicular  t o  t h e  oscu la t ing  plane of (M). 

The equat ions (20)- on t h e  r i g h t ,  which a c t u a l l y  (L = M = N = 0) may b e  /52 
J’J(J,d’r) - d : d ( J I J ? ~ )  = - Ihfy + G& 
d:d(J1J’~) - (hf(J,d%) = - Fd: +- 1Id 

w r i t t e n  as fol lows:  

drd(J,d2j) - cfjd(J,J+) == - Gcfz + Fd’, 

or 

enable  us  t o  set 
dx F c- >% - d(J&), 

by in t roducing  an a u x i l i a r y  tern A .  

I f  w e  t r a n s c e r  t h e s e  values  i n t a  t h e  t h r e e  equat ions (20) on t h e  l e f t ,  we 
o b t a i n  t h e  equat ions given by Lagrange a t  t h e  beginning of h i s  No. 48: 
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I n  the  preceding theory devehped  by La range, the  moment of  deformation 
i s  nonnal t o  t h e  osculatory plane. Binet(33 B suggested t h a t  t h e  case be  con- 
s ide red  i n  which t h i s  moment of deformation i s  simply perpendicular t o  t h e  
p r i n c i p a l  normal. In add i t ion ,  Binet assumed t h a t  the  elements of t h e  l i ne  are 
subjected t o  e x t e r n a l  fo rces ,  so t h a t  we are s t i l l  deal ing with a case i n  which 
L = M = N = 0. According t o  (27), t h e  hypothesis J' = 0 advanced by Binet en- 
t a i l s  the  following 

I' = Copt. 

This r e s u l t ,  which we already presented i n  Sect ion 10 i n  a general  form 
which i s  independent of W and which was obtained by Poisson(34),  may occur nu? 
t o  the  s p e c i f i c a t i o n  of W or  due t o  the s p e c i f i c a t i o n  of the  force.  

I f  w e  consider t h i s  l a t te r  case,  we have..- -- /53 

\\' = ?(re. r) + ~ P S  

where m is a constant .  Consequently, 

With t h i s  hypothesis,  i t  can be  seen t h a t  i f  r # 0 condi t ion (27) amounts 
t o  s t a t i n g  t h a t  t h e  unknown J' equals zero and, consequently, I,& Kmust be 
replaced by the  fo l lov ing  values  i n  equations (20) 

and the  t h r e e  equations (20) on t h e  r i g h t  must be reduced t o  two equations.  

ITI p a r t i c u l a r ,  

where n i s  constan.t,  and i f  r 0 
hypothesis  which was e x p l i c i t l y  advanced by Binet and Poisson. 
if we assume t h a t  t h e  curve (M 1 is a s t r a i g h t  l i n e  and t h a t  t h e  e x t e r n a l  f o r c e s  0 

.& is deduced from an expression having t h e  form n ( r  - co) ,  if ar 
2s replaced as a func t ion  o f  so ,  w e  have t h e  

I n  add i t ion ,  

J. Binet.  
Raideur des Courbes h Double Courbure (Report on the AnailyticaZ .&press- 
ion of EZasticity arid of the  Rigidity of Double-Curvature CZlrnles). 
de Za SOC. PhiZmatique, 1814, p. 159-i60; Journ. de Z'Ec. Po'lyt., 17th 
I ssue ,  Volume X,  p. 418-456, 1815). 

Poisson. 
Z 'EcoZe PoZgtechnique (On tho EZastic L ines  having Doubte &mature. Re- 
popt t o  the Z'EcoZe PoZytechnique), Volume I f f ,  No. 3, p. 355-*360, Jan- 
uary 1816. 
Binet.  

Mdmoire sur Z'Expression AnaZytique de Z'l?Zasticitc' e t  de l a  (3 3) 

(BUZZ. 

(34' Sur Zes Lignes EZastiques h GoubZe Collrbure, Correspondance our 

This study was designed t o  complete the  preceding study of 



a r e  zero,  so  t h a t  the change of (Mol i n t o  (M) only a r i s e s  from-the fo rces  and 

moments appl ied a t  the  ends, w e  o t t a i n  the  problem developed by Binet and 
Wantzel, which. we already discussed previously.  

If we set  m = 0,  we again encounter the  Lagrange case i n  a l l  the  statements 
j u s t  presented. 

26. Rec t i l i nea r  Deformations of a Deformable Line. Let u s  assume t h a t ,  
s i n c e  (M ) is a s t r a i g h t  l i n e ,  our a t t e n t i o n  i s  d i r e c t e d  t o  the deformations 

(M) which a r e  also s t r a i g h t  l l n e s ,  and i n  addi t ion l e t  u s  assume t h a t  the a x i s  
Mx' i s  d i r e c t e d  along the l i n e  (M) and M O ~ ' o  is  d i r ec t ed  along the  l i n e  (Mol .  

0 

1. I f  w e  f i r s t  assume the  e x t e n s i b l e  l i n e ,  we have 

9=q,=o, [=f0=0, g=q,=o. r=ro=o* 

I f  w e  continue t o  designate  the funct ion W(s 1 + p, 0, 0, p ,  0, 0) by 0' 
aW W, w e  s h a l l  have 

With respect t o  G ' ,  HI, J ' ,  K ' ,  they cannot be ca l cu ia t ed  by a knowledge 
of t h e  funct ion W(s 1 + p, 0, 0, p ,  0, 0) alone. Therefore,  i f  t h i s  funct ion 0' 
a lone is given, we must  assume t h a t  G ' ,  H' ,  J ' ,  K' are fc Lr a u x i l i a r y  q u a n t i t i e s  
which w i l l  be defined by t h e  equations.  

I n  a c t u a l i t y ,  s i n c e  X, Y ,  L ,  M, N o r  Xo, Yo, Zo, L o , M O , N ~  are g i v e n '  

func t ions  of so, s, x, y, z and of the de r iva t ives  of t hese  

spec t  t o  one of them, equations (20) combined with r e l a t i o n s h i p s  (18) arid (21) 
and wi th  the following 

-154 
terms wi th  re- 

w i l l  provide a system of e igh t  d i f f e r e n t i a l  equations wi th  r e spec t  t o  four  of 
these 
K'. 
must be determined) between x, y,  z. 

terms (as a funct ion of the  f i f t h )  and with respect  t o  w ,  F, G, H, J', 
In add i t ion ,  we have tm equations of the  first degree (whose c o e f f i c i e n t s  

J u s t  as previously,  w e  may e l imina te  F, G ,  H. 

A p a r t i c u l a r  case i s  t h a t  in which (M) coincides with (Mol I n  t h e  point  

r ep resen ta t ion  (coincfdence of the  t r i a d  v e r t i c e s ) .  

2. 
r e l a t i o n s h i p s  

In  add i t ion ,  i f  we introduce the  nonex tens ib i l i t y  by the following 
6 = = I, 
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and i f  we cont inue t o  designate  the furiction W(sg, 1, 0, 0, p, 0, 0) b~y W, w e  
shal.1 simply have the  following r e l a t i o n s h i p ,  assuning t h a t  t h i s  l a s t  funct ion 
a l o n e  is known: 

I f  X, Y ,  Z ,  L, M, N o r  Xo, Yo, Zo, Lo, Mo, N are the  given func t ions  of 0 
terms with r e spec t  t o  o m  of 

hrhen combined wi th  two r e l a t i o n s h i p s  of t h e  f i r s t  degree con- 

so, s, x,  y, z and of t h e  d e r i v a t i v e s  of t hese  

them, w e  have t h e  seven equations (20) slid (21), where I ,  J ,  K must  be replaced by 
t h e i r  values  (28 ) .  
t a i n i n g x ,  y ,  z (with the  c o e f f i c i e n t s  t o  be derermined by the  a u x i l i a r y  con- 
d i t i o n s ) ,  they deternitlie the  nine unknowns x,  y ,  z ,  w, F, G ,  H,  J", K" as a 
func t ion  of so. 

J u s t  as previously,  we may e l imina te  F, G ,  H, 

27.  The Deformable Line Obtained by t h e  Addition of the Conditions P = ~ g ,  
q = (4v r = r,, and, i n  p a r t i c u l a r ,  p = p, s o  
deformable l i n e  may be s tud ied  i n  d i f f e r e n t  ways, e i t h e r  by consider ing the 
deformations ;M) of the gene ra l  deformable l i n e  which s a t i s f y  the - ind ica t ed  
cond i t ions ,  o r  by s t a r t i n g  wi th  gene ra l  W and by de f in ing  a new l i n e  by con- 
s i d e r i n g  t h e  given condi t ions.  This l i n e  may be a l s o  s tud ied  hy s t a r t i n g  w i t h  
a W which i s  a func t ion  of so, 5; n, 5 and by def ining t h e  l i n e  i n  conformance 

wi th  t h e s e  condi t ions.  

q = q  ,, = 0, r = r, = 0. This 
V v U v 

L e t  us consider  t h e  f i r s t  viewpoint. For t h e  t i m e  being, le t  us designate  
t h a t  which kJ becomes by W1, when t h e  following condi t ions are taken i n t o  account 

p=poD . =q#* 'V  

i , e , ,  let  u s  set: - 155 

IT, = [I\* (sat €, r,, <, Q. 9. r)lP = Ph = rs, r 5 ra == w :* 5 3  E* put r*). 

We have : 

m e r e f o r e ,  i f  w e  only wish to introduce the  function W1 of so, E, q, 5 --- i.e,, 
the va lue  which W assumes f o r  p = po, q 

we do not have the va lues  which the  d e r i v a t i v e s  - - - assume f o r  

p = po, q 
t hese  s i x  expressions,  only t h r e e  F', G ' ,  El' may be regarded as given, and 

qo, r = rO -- and i f  we assume t h a t  

ap aq ar 

qo, r = r w e  f i n d  ourselves  dealing with  six expressions.  Out: of 
0 ,  
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three I', J', K' must be determined, 

The equations In question are. then as follows: 

We must add p = po, q = qo, r = ro to these equations, which will glve us a 
total of nine Equations with respect to the nine unknowns x, y, z, X1, A 2 ,  

x 3 9  

I' , J' x. 
The last three formulas must be composed of those which Maxwell called 

magnetic induction within a magnet. 

= 0, r = r = 0, the preceding In the particular c.ase p = po = 0, q = qo 0 
formulas assume a very simple form. 

28. Deformable Line Subjected to Constraints. Canonical Equations, In 
the preceding, we considered a deformable line which we qualified as being free 
-- i.e., its theory may be developed without introducing external elements, by 
means of a function W 
and in its deformed state. 

composed of elements of the line in the natural state /56 

By calling attention to certain deformations, by adding the concept of a 
conceaZed W we have been able to obtain the equations proposed for dilfezent 
lines by the- authors. 

Along with this discussion, we have been able to develop another one. In- 
stead of considering the deformable line given in Sections 5 to 9 ,  for deforma- 
tions satisfying certain determined conditions, we have considered a tinGpe 
deformable line, whose def'inition has aZreudy taken into consideration the 
specific conditions satisfied by the particular deformations of the preceding 
line. 

In order to define the new line, and still maintafn the same order as 
previously, we have proceeded as follows. 

Let us first note that the conditions imposed on the functions x, y,  z, a ,  
a ' ,  , , . y" may be of two kinds: (1) conditions between these functions and their 
derivatives(?'), no matter what SO may be; (2) conditions which are satisfied for . i- -.- 
(35)  Our discussion does not encompass the distinction between ho1onomj.c and 

non-holononic relationships. 
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0' c e r t a i n  values of s 

Let us confine ourse lves  t o  t h e  condi t ions of t he  f i r s t  ' type,  

As an example, le t  us set 

=OB =o@ 

as two condi t ions o r  constraint equations, 
press ions  which were previously def ined by means of t he  following i d e n t i t y :  

Ins tead  of formulating the  ex- 

f8Wdso = [F'a'a + G'Vy + I W z  -+ I'L' 3- J'h' i- h'ad]:: 

(]i'$z -+ Y'ay 4 2'8'2 f L'81' + ?#2;J' f N'ab')dS,. -l ~ . .  
a s  a func t ion  c f  so, where w e  in t roduce  F', G ' ,  H ' ,  1', J', K ' ;  X ' ,  Y', Z',  L', 
M ' ,  N ' ,  by way of an example l e t  u s  s t a t e  t h a t ,  by d e f i n i t i o n ,  t he  preceding 
i d e n t i t y  must hold i n  view of t h e  f a c t  t h a t  

/, =O. / ,=OD 

By d e f i n i t i o n ,  l e t  u s  cons ider  a deformable l i n e  whose theory r e s u l t s  from t h e  
cons idera t ion  of a func t ion  W ( s  5 ,  n, i ,  p,  q ,  x) and of two auxiliary func- 

t i o n s  X 
0' 

X 2  of so, by means-of t h e  i d e n t i t y :  1' 
S * 5 ~ ~ ~ ~ + X l a b ~ - ~ ~ ~ , ~ d s ~ - .  -[pstz+ G'a~4a's~~-pVCJ~V+-i('V~ 

(Xqb& + y 'q  + 2'6'2 + L'61' +- nr'af; 3. N ' W  at,* -1 ' 

where a l l  t h e  v a r i a t i o n s  are a r b i t r a r y  t h i s  time. 
a posterior$ 

We must add t h e  following 

jl = 1, S.O. 

We should poin t  ou t  t h a t ,  i n  t h e  case when some of t h e  f i r s t  terms fl, f 2 ,  ... 
of t h e  cons t r a in t  equat ions  'only conta in  t h e  arguments which appear i n  W, we 
could e i t h e r  follow t h e  procedure which was j u s t  ind ica ted ,  o r  we could i n t r o -  
duce t h e  p a r t i c u l a r  given c o n s t r a i n t  equat ion i n  W a prior{,  by changing t h e  
a u x i l i a r y  tams. This  aga in  b r ings  us  t o  t h e  concept of a concecrkd W . .  We 
s h a l l  d i scuss  t h i s  po in t  i n  t h e  d i f f e r e n t  p a r t i c u l a r  cases which fol low,  t o  
which t h e  present  remarks apply.  

/57 

(1) 
1 and of so,  and l e t  us add t h e  condi t ion 1.1 = 0 .  o f p a - -  

t h e  func t ions  F ' ,  G ' ,  H', IC, Y', Z '  s t a r t i n g  with 

F lex ib l e  and inex tens ib l e  Line,  L e t  us  start with a func t ion  W 

We may de f ine  ds 

dsO 
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This amounts t o  rep lac ing  W by W1 - W + Xp i n  t h e  preceding s ta tements ,  and we 

o b t a i n  t h e  following formdaa 

i n  whfcli we m u s t  t ake  t h e  f a c t  i n t o  account t h a t  11 = 0, and which then determine 

I t  can be r e a d i l y  seen t h a t  w e  have again encountered the  theory of t h e  
f l e x i b l e  and ex tens ib l e  l i n e  which i s  a gene ra l i za t ion  of t h c  Lagrange theory,  
which corresponds t o  t h e  func t ion  W 
t o  studying the deformat:ons of t h i s  theory which correspond t o  u = 0. If we 
consider  t h e  case 0 2  concealed WL, we s h a l l  then assume t h a t  w e  simply know the 

value  Wo(so) which W and W assume simultaneously far 1~ = 0,  and we then have 
t h e  classica!. system of mechanics. 

of so and sf p. We s h a l l  confine ourse lves  3 

1 

I n  o rde r  t o  compile t h e  f l e x i b l e  and inextens ib le  l i n e ,  i f  w e  take  i n t o  

We thus  arr ive a t  
account a p r i o r i  t he  condi t ion  p = 0 i n  W ,  we are l ed  t o  rep lace  W by Xy i n  the 
c a l c u l a t i o n s  with r e spec t  t o  t h e  genera l  deformable l i n e .  
formulas which then l ead  t o  t h e  s tudy of a f l e x i b l e ,  ex t ens ib l e  thread,  and w e  
s h a l l  confine ourselves  t o  consider ing the deformations corresponding t o  u = 0, 
Assuming t h a t  X is not k n o w ,  t hese  formulas lead u s  again t o  t h e  classical  
system of mechanics. 

Let us  conclude by the  following remarks. I n  view of the  formulas which 
de f ine  t h e  deformation, w e  s h a l l  assume t h a t  w e  have expressed Xo,  Yo, Zo as 
a func t ion  of so, x ,  y ,  z ,  s o  t h a t  XOdxl+ Y dy + ZQdz is t he  t o t a l  d i f f e r e n t i a l  

of a func t ion  $ of so, x, y ,  z w i t h  r e spec t  t o  x, y, z .  I n  add i t ion ,  l e t  u s  

assume t h a t  we are dea l ing  wi th  a case of a concealed W 

l a s t ,  so t h a t  we a r e  l ead  -to t h e  case of mechanics. 
statements, we aga in  encounter t he  condi t ion which-served as t he  po in t  of 
depar ture  f o r  C l e b s ~ h ( ~  6, -- namely, the equations i n  quest ion which conta in  
Xo, Yo,  Z 

0 

or  t h e  case considered 1' 
Based on the-preceding __ / 5 8  

are none o t h e r  than  t h e  extreinal equations of t h e  ca lcu lus  of varia- 0 
t i o n s  

under 

problem, which c o n s i s t  of determining an extremum of-the i n t e g r a l  

t h e  condi t ion  (37 1 

(36)  A. Clebsch. Ueber d7:e GZeichgewichtsfigur Eines Biegsamen Fadens ( E q u i -  
l i b r i m  Figure of a FZexible Thread), J o u m .  f i i r  d i e  Reine und Angewandte 
Math., Volume L V I I ,  p. 93-116 [1859], 1860, 
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By s e t t i n g :  

and applying the  considerat ions developed by M. J o ~ r d a n ( 3 ~ )  I w e  m a y  reduce the 
system t o  the  canonical form. With X used i n  place of 'L, t h e  system expres ses  

the  f a c t  that  t he  f i r s t  v a r i a t i o n  of t h e  fullowing i n t e g r a l  i s  cancel led 
1 

by s e t t i n g :  

The equations 

dx make i t  poss ib l e  t o  express t h e  v a r i a b l e s  x '  = - 1 = % ,  2 1  = -  dz 
r Y  dsO dzo ' '1 dSO 

p p by t h e  following formulas: z ,  p1 2 3 a s  a func t ion  of the  v a r i a b l e s  x ,  y, 

a , = d m , .  d = t v  Y ' = E ~ B  d,-.a, LPJ. 
Placing these  values  i n  

a& 3- At' + PaL' - H: 
w e  ob ta in  t h e  func t ion  

% = ~ ( s o , z c , y * ~ )  +dPG7iGi- 
and we have the  f o l k w i n g  equations (which are canonical  i f  so i s  not  contained /59 
i n  4 )  f o r  determining the v a r i a b l e s  x ,  y,  z ,  pl, p2, p3: 

!!b=--. rirc 
' dr qgY 

d 9 v  = ?;H; * as; el), 
designat ing t h e  coordinates  x, y ,  z by ql, q2, q 3 ,  as was done by M. Appe1109). 

(37 ) 

(38 

(39) 
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We m t i s t  draw a d i s t i n c t i o n  between t h e  p re sen t  quest ion and t h a t  discussed 
by M. A p p e l l ,  Trait6 de M6canique RutionneZZe (Treatise on RntionaZ Mech- 
anics), Volume 1, 1st Edit ion,  Sect ion 158, p. 205 on; 2nd Edi t ion Sec- 
t i o n  146, p .  201 on. 

Jordan. 
the Polytechnic School), Volume 111, 2nd Edi t ion,  No. 375, F. 501, 502. 

A p p e l l  . 
1st Ed i t ion ,  Volume 11, Number 14, p. 48-49; 2nd Edi t ion,  Volume I, 
NO. 1 4 ,  p .  583-584. 

Cours d 'Analyse de Z 'EcoZe PoZytechnique (Course on AnaZysis of 

Truitd de MEcanique RationneZZe (Treatise on Rational Mechanics), 



As may be seen,  we again  encounter t he  r e s u l t s  obtained by M. Appell ,(40) 
i n  t h e  simple form which was ascr ibed  t o  them f i r s t  by M. Legoux(41), then  by 
M, M a r ~ o l o n g o ( ~ ~ ) .  
Jacobi  method and t h e  r e s u l t s  first given by Clebsch in t he  reports a l r eady  
c i t e d  (43) 

From-"Liese r e s u l t s  w e  may d e r i v e  t h e  t r a n s i t i o n  t o  t h e  

The preceding d i scuss ion  may also be presented as we d i d  f o r  t h e  dynamics 
of a poin t  i n  our f i r s t  r e p o r t s D  rind f o r  t'lie gene ra l  deformable l ine .  

Let us s t a r t  wi th  the  fol lowing equat lons 

o r  rather from the  systerr which produced them 

which r a y  be regarded as de f in ing  t h e  six unknowns x ,  y, z, F, G ,  H. L e t  us  
assume t h a t  Xo,  Yu, Zo 

w e  f i n d  t h a t  T i s  def ined  as a func t ion  of F, G ,  H by t h e  following r e l a t i o n -  
s h i p  

are the given func t ions  of so, x ,  y, 2. 

I f  w e  add t h e  t h r e e , e q u a t i o n s  of t he  f i r s t  l i n e ,  a f t e r  having squared them, 

I- E F -t G' 4- 

from which i t  follows t h a t  

Appell. Rdduction Za F o n s  Canonique des gquations d'un P i 2  PZexibZe 
e t  InextensibZe (Reduction t o  the Canonical Fom of the  Equations of a 
FZexibZe and Inextensible  Thread), C .  R.,  96, p .  688-691, March 12, 1883; 
Trait6 de MEcanique RationnelZe ( T r e a t h e  on Rational Mechanicn), l o c ,  c i t .  

A.  Legoux . 
des f.'Zs FZexibles e t  des Courbes Brachistochrones (Canonical Equations, 
AppZicatton t o  Research on EquiZibriwn of FZexibZe Threads, und Brachi- 
stoehrowtc Curves), M6m. de 1'Acad. des  Sciences,  I n s c r i p t i o n s  et Belles 
Lettres de Toulouse, 8 t h  S e r i e s ,  Volume VII, 2nd Semester, p. 159-184, 
1885. 

Equations Canmiquen, AppZication ?i l a  RecheLyche de 2 'Equi l ibre  

R. Marcolongo. 
(On the EquiZibriwn of a Flexible and InextensibZe Thread). 
Accad, d e l l e  Scienze F i s i c h e  e Matematiche (Sezione della Socie th  Reale d i  
Napoli) ,  Series 2 ,  Volume 11, p.  363-368, 1888. 

Sull' EquiZibrio d i  un f i l o  FZessibZe ed Inestensible  
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The normal form of t h e  system under cons idera t ion  is as follows: 

where T designntcs  a func t ion  of 
0' yo' + I$.. I f  we assume t h a t  x 

oppos i te  s ign  of  a Eunction U of 

F, G ,  H defined ty t he  formula T2 
Z a r e  p a r t i a l  der ivat ives  .%! , .?&! , 3 with. 

so, x, y,  z ,  and i f  w e  s e t x  ZJ -T + U, t h e  

F2 A G2 

0 a% a Y  a2 

/60 
"1 

preceding system assumes t h e  fol lowing form 

( 2 ) .  E l a s t i c  L h e  of Lord Kelvin and Ta i t .  We may repeat t h e  state- 
ments which w e  j u s t  made f o r  t he  inex tens ib l e  f l e x i b l e  l i n e  for t h i s  l i n e .  L e t  
us s ta r t  with a func t ion  W of s 6, rl, 5 ,  p, q, r, and l e t  us add t h e  condi t ions  0' 

€=E,= I ,  ?=li)=o* t = co E 0. 

We may de f ine  t h e  functions-F', G ' ,  H ' ,  I', J', K'; X,'o, Y t 0 .  Z t 0 ,  LtgS 

M ' O ,  N t O  by means of t h e  i d e n t i t y  

(sw -I- p t Q  + pSFq -+ p*8Qdsso = [F'a'z +- G'Vy -k ... + K'~R']*~ 
h 

-- ~0;:"'. 4 Ppy f ...+ yp-) ds, ; . 
vrhich amocriits t o  rep lac ing  W by W + p1 (6 - 1) + p2n + L i n  t h e  preceding 1 
section, and t o  adding t h e  ind ica t ed  condi t ions  5 = Eo = 1, n = no = 0, t = - 

- 
= 0 t o  t h e  formulas. 

A s  may be  seen, w e  ega in  encounter t h e  theory of the deformabZs Z3ne 
corresponding t o  the function w1 of so¶  5 ,  n ,  5 ,  p, q, r ,  f o r  ~thich We 1i.mi.t 
OurseZves t o  studying the  clefomations corresponding t o  6 = Co = 1, n = no = 0, 

t = crJ = 0. 
assisne t h a t  w e  s i m p l y  know the  func t ion  W ( s o ,  1, 0, 0, p ,  q, r ) ,  t o  which W and 

1.: 

again  encounter the theory deveZoped by  Lord Kelvin and Tal.t. 

If we are deaZing A t h  the case of conceazed W1, we s h a l l  then 

are simultaneously reduced f o r  5 = E o  = 1, rl = no = 0, 5 = 5,, = 0. We thus  1 

In order  t o  compile t h e  preceding l i n e ,  i f  we t ake  t h e  t h r e e  condi t ions  
5 = Co " 1, n = no - oo 5 = Go = 0 i n  W i n t o  account a p r i o r i ,  by changing t h e  
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a u x i l i a r y  terms, we a r e  l ed  t c  r ep lace  W by W(so, 1, 0, 0, p ,  q ,  r) + pl (E  - 
I.) f p 

and-we may confine ourse lves  t o  consider ing the  deformations which-correspond 
t o  the  t h r e e  condi t ions  6 - E o  = 1, rl = rlo = 0, 5 = Go = 0. By assuming t h a t  

p l ,  p 2 ,  p 3  al'e not knowz, these  formulas again l ead  us t o  t h e  theory of Lord 
Kelvin and T a i t .  

rl + p 5 i n  t h e  ca l cu la t ions  pe r t a in ing  t o  t h e  genera l  deformable l ine .  
2 3 

We thus  ob ta in  formulas which may be reduced t o  s tudying a deformable l i n e ,  /61 

Let us assume that ,  using t h e  eqiiations which determine t h e  deformation, 
we have expressed X 

h 

Yo, Zo, Lo, Mo, N a s  a func t ion  of so, x ,  y, 2, X1, 0' 0 
i n  such a way t h a t  3 

X,dX f Yody f Z,dt + !r&, -I- .lIJ"&.3 + 
which is  the  t o t a l  d i f f e r e n t l a l  of a func t ion  U of so, x,  y,  2,  XI, X2, h g  

simply considered with r e spec t  t o  x ,  y ,  2 ,  hl, X2, h g .  

us  a l s o  assume t h a t  we a r e  dea l ing  with the  case of  t h e  concealed W ,  o r  w i t h  
t h e  case considered l a s t .  From t h e  above, t he  equat ions  under cons idera t ion  
i n  which Xo, Yo, Z o , f o , J b o , ~ o  appear are none o t h e r  than t h e  equat ions f o r  

t h e  extremals  of t h e  problen of t h e  ca lcu lus  of v a r i a t i o n s ,  which cons i s t  of- 
determining an extremum of the  i n t e g r a l  

Among o the r  t h ings ,  let  

where W is  a given func t ion  of so,  p, q, r. 
func t ions  x ,  y,  z ,  hl, h 2 ,  A 3  s a t i s f y  t h e  following t h r e e  d i f f e r e n t i a l  equa- 

t i o n s  : 

We assume t h a t  t h e  s i x  unknown 

t-I=O, q = O ,  f = Q .  

S e t t i n g  I) = 5 -. 1, Q2 = rl ,  $2 = 5 and applying t h e  ideas  developed by 

M.-Jordan, we may reduce the  system t o  the  canonical  form. This  system ex- 
p re s ses  t h e  fact  that:: t h e  f i r s t  v a r i a t i o n  of t he  i n t e g r a l  /Bo 7ds0 vanishes  

1 

by s e t t i n g  A0 
W I- U + F'+t + G'q + R'T. 

i f  w e  w r i t r  F ' ,  G', :/I' i n  t h e  p l ace  of t h e  terms Ax, X 2 ,  A 3  of M. Jordan. 

The equat ions 

dx ' s &L , 2' f - dz , 
dsO dsO 

al low one t o  express  t h e  n ine  v a r i a b l e s  x '  = - B Y  
dsO 
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= dX3 E", G ' ,  H' as a funct ion of t h e  twelve ' x ' 3  5 ' I X'p dX2 
K 

v a r i a b l e s  x ,  y ,  z ,  XI, X2, h 3 ,  pl,  p2,  ... p by means G f  t h e  equations 6 

2' =a, y'= m', d = #, , I_ 

must be solved using t h e  same no ta t ion  a s  i n  Sect ion 10 f o r  t h e  time being. 

Introducing these  va lues  i n  

p,x' + PJ' 4- p,:' i- p,).l' f p;\' i- p6v - si. 

w e  ob ta in  the  f u n c t i o n x o f  so, x, y, 2, XI, X2, A s ,  pl ,  ... p .  6 which is 
der ived  f , s m  . .  

b y L h e  p ,  q ,  r s u b s t i t u t i o n  of t he  va lues  of the  func t ion  of s 0' A*' A 3 s  
p4, p5, p which may be  der ived from equat ions (29). 6 

For t h e  determinat ion of t h e  twelve v a r i a b l e s  x, y ,  z ,  X1, X p ,  X3, pl, ... 
p6 we have the  equat ions (they are canonical  i f  s is not contained explicitly): 0 

From t h i s  we can conclude t h a t  the method of Jscohi  has  been appl ied t o  t h e  
l i n e  under study. 

It is  a l s o  poss ib le  t o  ca r ry  out  t he  preceding development, which we have 
j u s t  f i n i shed ,  f o r  the  genera l  deformable l i n e ,  a s  w e l l  a s  f o r  t h e  dynamics of 
t h e  poin t  t r e a t e d  i n  our f i r s t  note.  

( 3 ) .  Defoqnable Line Where Mx' is ' h i p e n t  t o  (M) a t  M. L e t  us again 
s t a r t  with a func t ion  W of so, 5 ,  q, 5 ,  p,  q, r and l e t  us  impose t h e  condi t ions 

r , = v o = o , c =  co = 0. 

Y ' o ,  Z t 0 ,  L t U ,  MV0, N t O  by means of t h e  i d e n t i t y  

We de f ine  t h e  func t ions  F', G ' ,  H ' ,  I', J', K', Xl0 ,  
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T!iis amounts t o  rep lac ing  W by W1 = W + pln + p2c i n  t he  preceding discus- 

s i o n  and t o  adding t h e  ind ica t ed  condi t ions  n = no = 0, r; = c 0  = 0 t o  t h e  equa- 

t i ons .  

It can be seen t h a t  w e  again firid the theory of the defomiabZe Zine corr- /63 
esponding t o  the function W1 of so, 5 ,  n ,  5 ,  p ,  q ,  r and in which we Z i m i t  our- 

selves t o  study deforniations which correspond t o  11 = 

ue assume the-conceaZed 61 case, we w i l l  assume t h a t  w e  1 
W (so, 5 ,  0,  0, p ,  q ,  r) ,  t o  which N and W1 are reduced 

= 0. 

I f ,  i n  order  t o  d e f i n e  t h e  preceding l i n e ,  w e  t ake  
i n  W t h e  two condi t ions  0 = no = 0, 5 = co = 0 by means 

i l i a r y  variables, w e  are l e d  t o  rep lac ing  W by W ( s o ,  5, 

' 0 , r ; "  Go = 0. If 
on1.y know t h e  func t ion  

f o r  n = tl = 0, r; = CD 

i n t o  account a priori 
of a change i n  t h e  aux- 

0, 0, p,  q 1  r) -I. P1n  + 
+ p25 i n  t h e  c a l c u l a t i o n  of the  general  deformable lin.te,and w e  ob ta in  equat ions  

which l ead  t o  the  s tudy  of a deformable l i n e  i n  which we are r e s t r i c t e d  to 
deformations which correspond t o  the two condi t ions  n = no, 5 = 

o, Yo, Z o *  Lo, w e  have expressed X 

X 3  

50' 

L e t  us assume tha t ,due  t a t h e  equat ions which determine t h e  deformation, 
Mo, N as a func t ion  of soy x, y, 2 ,  hlS  xzI, 0 

i n  such a way that 
So&, + 3K&* + =*& ?i& 4- Y0dy -I- Z& 4 

which is t h e  t o t a l  d i f f e r e n t i a l  of a func t ion  U of soy x,  y,  2 ,  X l , , h Z ,  A g  
simply considered as a func t ion  of x, y, 2, X1, X2, Xg* 
cons ider  t h e  case of t h e  concealed W o r  the case considered last. From the 
above, t he  equat ions under cons idera t ion ,  which conta in  Xo, Yo, Zo, $ o,Jno,~o, 

are none o t h e r  than t h e  equat ions  of t he  extremals  of t h e  problem of t h e  cal- 
cu lus  of v a r i a t i o n s  whlch c o n s i s t s  of determining an extremum of t h e  i n t e g r a l  

I n  add i t ion ,  let u s  

where W i s  a given func t ion  of s E, n ,  r ,  p,  q, r assuming t h a t  t h e  s ix  un- 

kr.own func t ions  x ,  y,  z ,  X1, X2, X 3  s;at isfy t h e  two d i f f e r e n t i a l  equatfons 

n = 0, 5 = 0. 
a lso  t r u e  f o r  a l l  t h e  o t h e r  p a r t i c u l a r  l i n e s  which w e  considered. 

0' 

"he p r w i o u s  developments are the re fo re  repeated and th is  is 

29. State I n f i n i t e s i m a l l y  Close t o  t h e  Naturni  S t a t e .  Hnnke Deformation - -- 
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Modul i .  S_imilaritv wi th  t h e  Dynamics of -- a Tr i ad ,  Let us again consider t h e  general  deformable l i n e .  Let us assume 
t ’ha t  i n  t h e  n a t u r a l  s t a t e  t h e a c t i o n - i s  ze ro ,  a s  w e l l  a s . t h e  stress and moment 
of deformation and the  ex te rns1  f o r c e  and moment, Ln t h i s  case not  only t h e  
func t ion  W must vanish  i d e n t i c a l l y , b u t  a l s o  the  s i x  p a r t i a l d e r i v a t i v e s  of W 

v a r i a b l e s .  In  a d d i t i o n ,  l e t  u s  assume t h a t  W can be developed according t o  ... r - r whole, p o s i t i v e  powers of 5. - E,, n - no, 
n = n o ,  5 = C0, p = po, q = qo, r = r 

C r i t i c a l  Values o f  General Moduli. 

wi th  respect  t o  E ,  q r  5 ,  p-q, r f o r  the values  E o ,  qo, 60, Po ,  90’ =o of t h e s e  

i n  t h e  v i c i n i t y  of 5 = Eo, 0 
Under these  condi t ions we w i l l  have 0 

\V = \Va + W, + e.. 
i n  which W2, W3, ... a r e  homogeneous poly_nomials of t h e  d i f f e r e n c e s  E. -- Eo, -- 164 
TI - qo, ..., r - r of degree 2 ,  3,  .... 0 - 

L e t  the  coordinates  of a po in t  M of t h e  l i n e  (Mo) i n  t h e  n a t u r a l  state 0 
and t h e  t h r e e  parameters used t o  express t h e  d i r e c t i o n  cosines  of t h e  axes of 
the  t r i a d  a s soc ia t ed  wi th  t h i s  point  be given by x Q9 yo, zos X1o, A20, X30, re- 
spec t ive ly .  L e t  us assume t h a t  the  coordinates  x,y,z of t h e  corresponding po in t  

M i n  t h e  deformed state (M) and t h e  parameters X 
t h e  axes of the a s soc ia t ed  t r i a d  a r e  func t ions  of s 
can be developed i n  powers of h by means of t h e  equations: 

X2, A w i t h  r e spec t  to 

and of h ,  and t h a t  they 
1’ 3 

0 

e=ro+s,+...+q-+ ... ~~=~~~.++.~,+....4+~~+.., 
+ yl + ... + yi -+ .., I., = a, .+ I,,+ ... + ati + .., 

t = : o +  :, +... +z, +... x ~ = A , ~ + x ; ,  -I- ... +xs+.., 
i n  which xi, yi, zi, hli,  hzi ,  Xgi are terms which con ta in  hi as a f a c t o r .  We 
int roduce these  developments i n  series i n  order  t o  abbrev ia t e  t h e  development, 
and w e  admit t h a t  they fal low t h e  ordinary rules of ca l cu lus .  
of Sect ion 14 allow us t o  c a l c u l a t e  t h e  developments of E’, G ,  H , 3  , T  ,.K; Xo, 
Yo, ZO,g ,& ,%, 

The equat ions 

according t o  powers of h ;  the  terms independent of h are 
0 0 0  

given by the equations 
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wlicre we have s e t  
z ~ ~ )  = To 3- y(o - yo + YCLti i )  = so + Zl, x y  =alo -+- a.lr 

x y  = am +- iIl, a(:) = xM 3- a,l. 
I f  w e  use the  name s ta t e  of deformation infinitesCmaZZy close t o  the nat- 

ural  s t a t e  to des igna te  the  s t a t e  (M) i n  which t h e  po in t  M h.is t h e  coord ina tes  
x ( l ) ,  y ( l ) ,  z(1) and where t h e  parameters of t h e  a s soc ia t ed  t r i a d  have t h e  va lues  

, X (A), X (11, and i f ,  on t h e  o t h e r  hand, w e  c a l l  stress and moment of de- 

f o m a t i c n ,  ext.l;ernaZ force and moment, r e l a t i v e  t o  t h i s  s t a t e  t h e  vec to r s  (F1, GI 

H1) , (J1, (Lol, Mol, N 1 , w e  a r r i v e  a t  t h e  hyp0the-w 

u s u a l l y  made by t h e  c l a s s i c a l  au thors  and where t h e  two f i r s t  vec to r s  are l i n e a r  
func t ions  of t h e  elements which desc r ibe  t h e  deformed s t a t e  under cons idera t ion .  
Lol, Mol,  Nol a r e  c a l c u l a t e d  from X l 0 ,  
as Lo, Mo,  No are ca l cu la t ed  by means-of-X1, X2, Xg, ~,.,,Jbos%o. A s  a con- 

sequence w e  fi.nd what is c a l l e d  t h e  generaZized Hooke's Zm but  sub jec t  t o  t h e  
l i m i t a t i o n ,  i f  app ropr i a t e ,  t h a t  the  pr inc ip le  of t he  conservation of energy 
must be s a t i s f i e d .  I n  o rde r  t o  s a t i s f y  t h i s  condi t ion  i n  t h e  classical  method,& 
i t  is necessary t o  fol low a procedure which i s  oppos i te  t o  t h a t  which w e  em- 
ployed. 

2 3 

1, X,) , (Xol, Yol, Zol) 01 

?30, io,, mo1,7L01 i n  t h e  same way 

The c o e f f i c i e n t s  which appear i n  t h e  l i n e a r  func t ions  which express  Hooke's 
of t h e  deformable l i n e  i n  a s t a t e  in f in i t e s ima l -  
They are i n v a ~ a b z e  a t  a g iven  po in t  o f - t h e  

l a w  are thedeformation moduZi 
l y  c l o s e  t o  t h e  n a t u r a l  s ta te .  
l i n e .  This  concept of t h e  modulus can be  genera l ized  by cons ider ing  t h e  f i r s t -  
and second d e r i v a t i v e s  of t he  func t ion  W. I n  add i t ion  t o  t h e  case  where t h e  
gene ra l i zed  moduli 
case where they have c r i t i c a l  va lues .  

are def ined and cont inuous,  i t  is  p o s s i b l e  t o  cons ider  t h e  

The preceding cons idera t ions  are u s u a l l y  repeated f o r  va r ious  p a r t i c u l a r  de- 
formable l i n e s .  
no te .  
manner. 

formable l i n e  as a trajectory.  This s imple f a c t  immediately expla ins  t h e  anal-  
o g i e s  which were found long ago between c l a s s i c a l  dynamics of a par t ic le  and of 
a n  i n v a r i a b l e  body and t h e  s t a t i c s  of t h e  deformable l i n e .  

They can be r e l a t e d  t o  those  which w e  d i scussed  in -our  f i r s t  
The dynamics of t h e  t r i a d  i s  r e l a t e d  t o  the  preceding i n  a very  d i r e c t  

It is  s u f f i c i e n t  t o  Look upon t h e  a r c  s as t h e  time t, and t h e  de- 0 

W e  should note  t h a t  t h e r e  is a correspondence between t h e  r e s u l t  obtained 
previously(44)  (in t h e  case  of t he  i n v a r i a b l e  body) regarding t h e  k i n e t i c  energy 
and a theorem v a l i d  f o r  t h e  deformable l i n e  which states t h a t  when W does not  
e x p l i c i t l y  depend on so, equat ions (10) imply t h a t  t h e  expression:  

which can b e  w r i t t e n  i n  the form 

(Ex: .+ +,K * cz: + pLd f qai; 4- r%;)&, 

X,dz + Yody I- ZJ: Y&, -+ .R&a + ItpXrt, 

(44' Note sur la Dynamique du Point e t  du Corps Invariable (Note on the D p a m i C 8  
of a Point and of an Invariable Body) ,  Volume I, p .  261.- 
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is equal  t o  t h e  d i f f e r e n t i a l  of t h e  quant i ty :  

which was a l ready  presented i n  Sec t ion  14. 

On the  o the r  hand, w e  should no te  t h a t  w e  may augment the  cons ide ra t ions  
given i n  .our f i r s t  no te  by s ta tements  regarding the  inva r i ab le  body which are 
analogous t o  those  which were developed i n  the  present  work f o r  t h e  deformable 
l i n e  and which d e a l  w i th  t h e  c o n s t r a i n t s .  

1x1. Statics of t h e  Deformable Surface and Dynamics of 
-.I t he  Deformable Line 

30. Deformable SurfaLe. Natura l  S t a t e  and Deformed State. The develap-- 
ments whicFwere c a r r i e d  out  f o r  t h e  deformable l i n e  w i l l ,  as w e  s h a l l  see, b e  
almost completely reproduced i n  t h e  t h e o r i e s  of t h e  deformable s u r f a c e  and of 
t h e  three-dimensional deformable medium. This r e p e t i t i o n - p o i n t s  t o  t h e  f r u i t -  
f u l l n e s s  of the  concept of Eucl id ian  ac t ion .  It sugges ts  numerous comparisons 
and.opens up a l a r g e  f i e l d . o f  s tudy ,  which t h e  f i r s t  s c i e n t i s t s  were on ly  e b l e  t o  
explore  with a l a r g e  amount of d i f f i c u l t y .  
approach i t  success fu l ly ,  us ing  t h e  p re sen t  s t a t e  of t h e  genera l  theory of 
geometr ical  su r f aces  and cu rvz l inea r  coord ina tes ,  as M. Darboux d i d  i n  h i s  l a r g e  
works (1) . 
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Hownver, today i t  is p o s s i b l e  t o  

L e t  us  consider  a s u r f a c e  (Mo) descr ibed  by 3 po in t  Mo whose coord ina tes  

with r e spec t  t o  t h r e e  r ec t angu la r  axes Ox, Oy, Oz are x o, yo,  zo,  which are 
func t ions  of two parameters which are s e l e c t e d  i n  an  a r b i t r a r y  way and which w e  
w i l l  c a l l  p1 and 

t h e  su r face  (Mol whose axes  MOxO1, MOyo', M0zO' have t h e  d i r e c t i o n  cos ines  a 

"0'2- a0 9 B,, Bo', 80 1 ' .  9 '0' Y o ' ,  Y(;' , r e spec t ive ly ,  with r e spec t  t o  t h e  axes 
Ox, Oy, Oz and which are funct ionp of t h e  same paranieters-p and p 2 .  The con- 

t inuous,  two-dimexisional ensemblc of t h e s e  t r i a d s  M x 'y 'z ' is what w e  s h a l l  

c a l l  a defomabZe surface. 

L e t  us a t t a c h  an  or thogonal  t r i a d  t o  each p o i n t  Mo of 
P 2 '  

0' 

1 
0 0  0 0 

L e t  us impart  a displacement M M t o  a poin t  M and l e t  x, y ,  z be t h e  

coord ina tes  of t h e  poin t  M w i th  r e spec t  t o  t h e  f.ixed axes O x ,  Oy, Oz. 
l e t  us sub jec t  t he  t r i a d  M x 'y ' z  ' t o  a r o t a t i o n  which w i l l  f i n a l l y  make its 0 0  0 0 
axes coinc ide  with those  of a t r i a d  Nx'y'z' which w e  w i l l  a t t a c h  t o  t h e  p o i n t  
M. We s h a l l  de f ine  t h i s  r o t a t i o n  by spec i fy ing  t h e  d i r e c t i o n  cos ines  a ,  a ' ,  
a"; B ,  B ' ,  8"; y, y ' ,  y" of t h e  axes  Kx, My', Mz' with  r e spec t  t o  t h e  f ixed  
axes Ox, Oy, Oz. The continuous., two-dimensional ensemble of t r i a d s  Mx'y'z' is 

0 0 
Alsa, 

( l )  Gaston Darboux. Lecons sur Za Thgorie C&n&raZe des Surfcces (Lessons on 
the  Genera2 Theory of S w f a c e s ) ,  4 Volumes, P a i r s ,  1887-1896; 5esons sup 
Zes SystBmes Orthogoncw et Zes CoordonnBes Curvilignes (Lessons on @rth- 
ogona2 Systems and Curnilinear Coordinates), Volume I ,  P a r i s ,  1898. 

68 



what we s h a l l  c a l l  the deformed s ta te  of the  deformable surf?,ce under  conwider- 
a t ion-which,  in i t s  i n i t i a l  s t a t e ,   illb be ca l l ed  t h e  natural s t a t e ,  

31. Kinematic Elenients f o r  t he  States of t h e  Deformable Surface.  Let 
us c a l l  6 Tu), ni( 0 ) ,  ~ ~ ( 0 )  the colnponents of t-he vezoci ty  of the or ig in  M~ of 

i 
the axes MOxO', MOyO', MozOt aZang these m e s ,  when pi on22 .i-s v a d e d  and pZayr, 
the  part of t h e .  Also, l e t  pi(", qi(0),  ri(0) be  t h e  q u a n t i t i e s  which d e f i n e  

the pro jec t ions  of the  instantaneous r o t a t i o n  of the  t r i a d  M O ~ O ' y O ' ~ O '  on these- 

axes f o r  the parameter p 

q u a n t i t i e s  f o r  t h e  t r i a d  Mx'y'z', when i t  is r e f e r r e d  t o  the  f ixed  t r i a d  Oxyz, 
a s  was done f o r  t h e  t r i a d  M x 'y ''- ' 

We w i l l .  c a l l  G i ,  ni, 5, and p i ,  qi,  ri t h e  arialogous i' 

0 0  0 "0 

The l i n e a r  elements ds  and d s  of t he  su r face ,  in t h e  n a t u r a l  and deformed /67 0 
state ,  are def ined by t he  equations: 

a4 = E,+: i- + : p ~ j ,  'is: = &aF: + 2i~+,+ + (pp. 
i n  which E , J , % ,  a r e  ca lcu la ted  by the  double equations: 

and where E o,.S o, 5 
L e t  x ' ,  y ' ,  z"be t h e  p ro jec t ions  of t he  segment OM on t h e  axes Fit, My', 

M Z '  such t h a t  t he  coora ina tes  of t h e  f ixed  point 0 wi th  respect to t h e s e  axes 
w i l l  be -x'  , -y' , -2'. We ob ta in  t h e  known equations: 

are ca lcu la t ed  by analogous equations.  

a2 ti--_ -gf + 
hi  

P f + Q $ " O ,  ri- -- 
(33) = 0, 7,i - - 'f - rd + p ' = o ,  

a?, 3?i 1 4% 
which r e s u l t  i n  new expressions f o r  c,, nip si. 

of the Triad f o r  t he  Deformed S ta t e .  
32. Expressions f o r t h e  Var ia t ions  of t he  Rate of Trans la t ion  and R o t a t i .  

L e t  us assume t h a t  w e  impart an 
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infinitesimally small displacement t o  each of t he  t r i a d s  oP t h e  deformed s t a t e  
i n  a continuous way, 
t h e  r e spec t ive  v a r i a t i o n s  of x ,  y ,  z; x ' ,  y ' ,  2 ' ;  a ,  a ' ,  ... y", 
tians & a ,  & u t ,  ... 6y can be expressed by equat ions of the following type: 

Let us c a l l  6x, 6y., Gz: 6x ' ,  6 y 1 ,  6& 6a, ha',  I..6y'' 
The v a r h -  

( 3 4 )  6 Z  a PZK' - $J', 

i n  terms of t h r e e  auxil-lary q u a n t i t i e s  6 ', 
components al.ong Mx' , My', Mz' of the instantaneous r o t a t i o n  assoc ia ted  with the 
in f  h i t e s i m a l l y  small  displacement under cons idera t ion  .. The v a r i a t i a n s  6x, b y ,  
6z a r e  the pros ecr ions  of the I n f i n i t e l y  small displacement experienced by the 
po in t  M along Ox, Oy,. Oz. The p ro jec t ions  ti':<, 6 'y,  6'2 of t h i s  displacement 

I 6j', which are t h e  well known 

along Mx', My', Mz' be  dcr lved immediately and have t h e  fol lowing values:  

(35) 
= k?! I.- YZJ' - fsb', S(r = 81' + &Kt - $&I, 

a'= =: a i  +. y'&t - &,'. 
Let us  a t tempt  t o  determine t h e  v a r i a t i o n s  &Ei, tini, 6Ci, 6pi, 6qis  6ri 

experienced, r e spec t ive ly ,  by Si, oir Ci, pi, qi, ri. 
have 

From equat lons (31) we /68 

L e t  u s  replace 6a by i t s a a l u e  66K' - y6.J' and 6 a ' ,  ... 6y" by t h e i r  
analogous values .  We have 

baa' - I -pi$K' = 'i" 
b?d 

Equations (33) r e s u l t  i n  t h r e e  equat ions as ve l l ,  and t h e  f i r s t  one is: 
W + 9,~zf  r3f + +i fZri ; agi = - 

Let  us  rep lace  6p 6qi ,  6r by t h e i r  va lues  given by equat ions (36 ) .  We have: 

st, = ?,qh' - ts,' -+ E? + q , ~ z  - rJj 

i' i 

O h  

1 61;, = C , . I l S , "  - * ? "h + 9 f r("i'r p p z ,  (37) i .  z?c, 

2;, = :,?J' - *.,:.I' f- e! + p,?: - @c, i t e?. 

i n  which w e  have i n t r o l u c e e ,  i n  order  t o  abbrevia te  t h e  no ta t ion ,  t h e  t h r e e  
symbols 6'x, 6'y.lf'z dy'iried by equat ions (35). 

33. Euclidian.b:.tion of Deformation f o r  a Deformable Surface.  Let us 
consider  a func t iun  
Mx'y'z', i . e . ,  a func t ion  of p l ,  p 2  of x, y,  z,  a ,  a ' ;  ... y" and t h e i r  f i r s t  

of two i n f in i t e shaZZy  cZose pos-itionr; of t h e  t r i a d  
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d e r i v a t i v e s  i d t h  respec t  t o  p1 and p Z .  Let us 
by set tin,^: 

Let u s  attempt t o  determine the  form of W such 

extended over an a r b i t r a r y  p a r t  of t he  su r face  

use the  n o t a t i o n  of 

t h a t  t h e  integral  

Sect ion  31 

(M ) has  a zero v a r i a t i o n  when /69 0 
t h e  ensemble of a l l  t h e  t r i a d s  of t h e  deformable su r face ,  taken i n  i t s  de- 
forme4 s t a t e ,  i s  subjected t o  the  same infinitesimaZ, arbitrary transformation 
of t h e  group of EucZidian displacements. 

Elore p rec i se ly ,  we must determine W i n  such a way t h a t  
a\\. = 0, 

when, on t h e  one hand, t he  o r i g i n  N of t h e  t r i a d  Nx'y'z' is subjecteci t o  an 
i n f i n i t e s i m a l l y  displacement whose p ro jec t ions  6x, 6y, 6z on t h e  axes Ox, Oy, 
0% are 

t2.E (a, -i- W2z - w) 
;y = (08 -k w*r - w) M . (38)  
81 = (a1 -t ~ 1 7  - ut.) a* 

and, on t h e  o the r  hand, when t h i s  t r i a d  Mx'y'z' is subjec ted  t o  an  i n f i n i t e s i -  
mally sml l  r o t a t i o n  whose components on t h e  axes Ox, Oy, Oz are 

. . _- 

@$I, b&, bDJk3 

al, a2, a3, wl, w,, w3 a r e  s i x  a r b i t r a r y  cons tan ts  and b t  is  an i n f i n i t e s i m a l l y  

1' P2' smal l  quan t i ty  independent of p 

We should no te  t h a t  i n  t h e  present. case t h e  v a r i a t i o n s  S t i ,  6ni, 6c1, &pi, 

6qi ,  6ri; 6C2, E n 2 ,  5C2, 6p2, 6 q 2 $  6r2 of t h e  twelve express ions  E.,, ni, ci, pi ,  

qi, r E , ,  n 2 ,  c 2 ,  p2 ,  q2, r2 a r e  zero ,  which follows from the well-known 
theory of t h e  mobile t r i a d .  
t i o n s  ( 3 6 )  and ( 3 7 )  by rep lac ing  6'x,  6 ' y ,  S ' z ;  61', 6J', 6K' by t h e i r  p re sen t  
va lues .  As a result we ob ta in  a s o l u t i o n  of t he  ques t ion  by tak ing  W t o  be an  
a r b i t r a r y  func t ion  of pl, p2 and of t h e  twelve expressions Si, ni, Si, pi,  qi, 

ri ,;  E , ,  n2, c2,- P,' q 2 ,  r2- 
so lu t ion (2 )  of t he  problem we have posed ourse lves  i n  th i s  way. 

i' 
This  can inmediately be v e r i f i e d  by means o f  equa- 

We w i l l  now show t h a t  w e  can o b t a i n  t h e  gene ra l  

I n  t h i s  regard w e  should no te  t h a t  the r e l a t i o n s h i p s  (31) allow us, by 

(2) I n  the  following w e  w i l l  asstme t h a t  t h e  defomabte surface can carry 
out a21 possible deformations and t h a t ,  consequently,  the deformed s t a t e  
cax be chosen compZeteZ~~ arbitrarily. 
w e  say t h a t  the surface id free. 

We a r e  express ing  t h i s  f a c t  when 
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means of we l l  known equat ions,  t o  express t h e  f i r s t  d e r i v a t i v e s  of  t h e  n i n e  co- 
s ines  a ,  a' ,., y" w1.th respec t  t o  p1 and p 

41, r l ,  p2, q2, r 2 ,  On the o the r  hand, l e t  us note  t h a t  equat ions (30) make! it 
poss ib l e  t o  imagine t h a t  w e  can express  the. n ine  cosines  a ,  a ' ,  ... y" by means 
of F,, o,, q1 and t h e  f i r s t  der ivat . ives  of x,  y, z with respect t o  p I k  o r  

i n  terms of t 2 ,  n2, c2 and t h e  f i r s t  d e r i v a t i v e s  of x,  y ,  z wi th  r e spec t  t o  p 2 .  

I n  t h e  l a t t e r  case,  i t  Is t he re fo re  u s e l e s s  to make a hypothesis  regarding t h e  
method of  so lu t ion ,  because i t  i s  c l e a r  t h a t  w e  w i l l  not  ob ta in  a more gene ra l  
form than the  one we s t a r t e d  from, assuming f i n a l l y  t h a t  t h e  func t lon  W which 
we a r e  locking f o r  i s  an a r b i t r a r y  func t ion  of pl, p 2  and of x, y, z and t h e i r  

by means of t hese  cos ines  and c 9  p., ,~ 2 

f i r s t  de r iva t ives  wi th  respec t  t o  p,, p 2 ,  and f i n a l l y  of cl, ql, c,, pl, ql, 

r19; C,, n2, C2, p2,  q2, r2. 
/70 

Ue i n d i c a t e  t h i s  f a c t  -by wr i t ing :  

The v a r i a t i o n s  6C1, ... 6rl, 6t2, ... 6r are zero  i n  t h e  p re sen t  case, as 2 
w e  noted a skort time ago, and weneed -only s t a t e  t h a t  t h e  new form o f  W is 

due t o  equat ions (38) and no matter what a 1' 9' a39 W 1 '  W.2' w3 may be. 

L e t  u s  rep lace  6x, 8y, 6z by t h e i r  va lues  (38) and 6 - ax 
a pi 

by va lues  t h a t  a r e  obtained by d i f f e r e n t i a t i o n .  L e t  us  set t h e  c o e f f i c i e n t s  
of al ,  a2, a3, ml, u2, w3 equal  t o  zero .  We ob ta in  t h e  s i x  fol lowing condi t ions:  

which are i d e n t i t i e s  i f  w e  assume t h a t  t h e  expressions w5ich occur  i n  W have 
been reduced t o  a minimum. 

As could have e a s i l y  been p red ic t ed ,  t h e  f i r s t  t h r e e  show US t h a t  W is 
independent of x,  y ,  z. The l a t t e r  t h r e e  express  t h e  f a c t  t h a t  W only depends 
on t h e  f i r s t  d e r i v a t i v e s  of x, y,  z through t h e  intermediary of t h e  q u a n t i t i e s  
&,7, $ We f i n a l l y  ob ta in  the  r e s u l t  t h a t  t h e  
desired function W has the  unusuaZ form: 

def ined by equat ions (32) .  
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which i s  analogous t o  t h a t  encountered previously f a r  t h e  deformable l i n e .  

Let us  c a l l  A the  quant i ty  nna!ogous t o  A and def ined by t h e  equation: 0 - 
s & - c. 

I f  we mult iply W by t h e  a rea  element do = A dp dp 0 0 1 2  of t h e  s u r f a c e  (Mo), 
t h e  product WA dp dp i s ,  f o r  the  group of Eucl idian displacements,  an in- 0 1 2  
v a r i a n t  analogous t o  t h e  sur face  element of t h e  surfecc.  (M).  
the-value of t h e  i n t e g r a l  

I n  t h e  same way, L7L 

taken over the  i n t e r i o r  of a contour Co of the  s u r f a c e  (Mo) ,  o r  t h e  carrespond- 

ing  contour C of t he  su r face  ( M ) ,  r ep resen t s  the area of the reg ion  l imi t ed  by 
C on (M).  I n  t h e  same way, i f  w e  t h ink  of the concept of a c t i o n  f o r  t h e  erans- 
fonnat ion from t h e  n a t u r a l  s t a t e  (Mo) t o  t he  deformed s t a t e  (?I), we may re la te  
t h e  func t ion  W t o  t h e  elements which de f ine  t h e  deformable sur face .  We w i i i  
say t h a t  t h e  i n t e g r a l :  

is the defomat ion  action along t h e  deformed su r face ,  i n  t h e  i n t e r i o r  of the 
contour C. 

On t h e  o ther  hand, w e  w i l l  say t h a t  W is t h e  density of t h e  deformation 
a c t j o n  a t  a point  of t he  deformcd su r face  r e f e r r e d  t o  a u n i t  of a r e a  of t h e  non- 
deformed sur face .  W - A0 w i l l  h e  t h i s  dens i ty  a t  a po in t  r e f e r r e d  t o  a u n i t  of 

a r e a  of t he  deformed sur face .  
n 

3 4 .  External  Fcrce and Moment; External  S t ress  and Moment of  Deformation; 
Stress and Moment of Deformation a t  a Point  of a Deformed Surface.  L e t  u s  con- 
s ide r  an arbitrary v a r i a t i o n  of t h e  deformation a c t i o n  i n  t h e  i n t e r i o r  of a 
contour C of t he  su r face  ( M ) ,  i . e , :  

We may write t h i s  as fol lows,  due t o  equat ions (36) arid (37) of Sectior? 32: 
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The c u r v i l i n e a r  i n t e g r a l  which appears  i n  the  preceding formula must be  de- 
f ined  more n rec i se ly  by s t a t i n g  t h e  d i r e c t i o n  i n  which i t  i s  t raversed .  
known, t h i s  d i r e c t i o n  i s  defined by t h e  r o t a t i o n  which b r ings  t h e  pa i t i v e  p a r t  
of t h e  curve (p,) -- i .e . ,  t h e  p a r t  which corresponds t o  t h e  d i r e c t i o n  i n  which 
the  coordinate  p i nc reases  and which v a r i e s  along t h i s  curve --- t o  t h e  s i d e  of 

t he  p o s i t i v e  part of t h e  curve ( p l ) .  

p r e c i s e  meaning t o  t h i s  c u r v i l i n e z r  i n t e g r a l ,  following t b s ?  ExaTple of Beltrami, 
by giving i; t h e  form r e s u l t i n g  from t h e  a p p l i c a t i o a  ,~f ihe equations: 

As is 

1 
It i s  the re fo re  p o s s i l l e  t o  g ive  a more 

where dso is t h e  abso lu te  va lue  of t h e  l i n e a r  1' p 2 ,  where Q i s  a func t ion  of p 

element of t h e  curve (C,) and xhere n 0 
the  contour (Co) drawn i n  t h e  p lane  tangent  t o  t h e  su r face  (Mo) arid d i r ec t ed  

towards t h e  e x t e r i o r  of t h e  reg ion  de l imi ted  by t h i s  contour.  
ob ta in  t h e  new fnnn of the  c u r v i l i n e a r  i n t e g r a l ,  i t  is s u f f i c i e n t  t o  r ep lace  
dpl and dp2 under t h e  i r . tegrat ion s i g n  i n  t he  f i r s t  form obtained by t h e  

ind ica t e s  t h e  d i r e c t i o n  of t h e  normal t o  

In  order  t o  
/73 
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followinn values:  

If A o ' ,  uo',  y o 1  a r e  the d i r e c t i o n  cosines of the  e x t e r n a l  normal of-the 

contour Co with r e spec t  t o  the  t r i a d  MOxO'yO'zO' j u s t  considered,  the two pre- 

ced ingexpres s ions ,  which must be  s u b s t i t u t e d  f o r  dpl and dp2, can be given In 
the-following forms (3) : 

(39) - (>.;E'!' 3- P:T,(:) -k V:f':)) l i s  - , o p  (,.o'{[f' + pit,':' i- v i < ( f ) )  d5,  
& AD 

This i s  because equations: 

d e t e r m h e  X o ' ,  u p q ,  uo I , 
0 

I f  dso  is the  abso lg te  va lue  of the a r c  element of t h e  contour C drawn 0 
on t h e  su r face  (Mo) ,  l e t  us set: 

i n  which the  s igns  of dpl and do2 a r e  determined by t h e  d i r e c t i o n  i n  which t h e  

c u r v i l i n e a r  i n t e g r a l  ind ica ted  above i s  t raversed .  I n  add i t ion ,  the values  of 
dpl and dp2 a r e  those j u s t  i nd ica t ed  and which conta in  the  ex te rna l  normal t o  

t h e  contour C In add i t ion ,  l e t  u s  set: loca ted  in-the p lane  tangent t o  (Mo). 0 

- 
(3)  Nat*iral ly ,  analogous equat ions are obtained by fntroducing t h e  d i r e c t i o n  

cos ines  A ' ,  u', v ' ,  with  r e spec t  t o  the  triad Mx'y'z', of t?ie ex^mnal 
normal t o  the contour C which corresponds t o  Co. 
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We have : /74 

We w i l l  f i r s t  consider  t h e  double i n t e g r a l  which appears ia t h e  express ion  
and which w e  w i l l  c a l l  externaZ force and excerwZ moment f o r  6 

a t  the point M referred t o  the unit of area of the non-defomed surface.  
segments have t h e i r  o r i g i n  a t  M and t h e i r - p r o j e c t i o n s  along t h e  axes Mx', My', 
Mz' a r e  X o ' ,  Yo', Zo' and Lo ' ,  M o t ,  NO', respec t ive ly .  

t h e  c u r v i l i n e a r  i n t e g r a l  which appews  i n  6 11 
externaZ stress and extawai! moment of  defomatzon a t  the point M o f  the contour 
C of  the deformed surface referred t o  the un i t  of Zength of the  contour Co t h e  

segments emanating from t h e  po in t  M and whose p ro jec t ions  along the-axes Mx' , My', 
Mz' a r e  -For ,  - G o ' ,  - Ho' and - Io ' ,  - J o t ,  - KO1, r e spec t ive ly .  

only depend OD t he  d i r e c t i o n  of t h e  e x t e r i o r  normal t o  t h e  curve C 

t h e  poin t  Mo i n  the  plane tangent  t o  @lo). 

ing t h e  region of (M ) under cons idera t ion ,  t h i s  d i r e c t i o n  of t h e  e x t e r n a l  0 
normal does no t  change, and they change s i g n  i f  t h i s  d i r e c t i o n  is rep laced  by 
t h e  oppos i te  d i r ec t ton .  

WA dp dp  co 0 1 2  
The 

We w i l l  then  cons ider  

WAodpldp2 and we w i l l  c a l l  
cQ 

As w e  have seen,  t hese  s i x  l a t t e r  q u a n r i t i e s  at a s p e c i f i c  p o i n t M  o f  C 
l ead ing  t o  0 

They remain I n v a r i a b l e  if,whell-vary- 

L e t  us assume t h a t ,  i n  t h e  i n t e r i o r  of t h e  deformed s u r f a c e  l i m i t e d  by t h e  
cantour  C,  a l i n e  C is  drawn which circumscribes e i t h e r  a lone  or with  a p a r t  of 
t h e  contour C a p a r t  (A) of t h e  su r face .  L e t  (B) des igna te  t h e  remainder of 
the  s u r f a c e  ou t s ide  t h e  part (A) .  L e t  C 

t o  t h e  curve C of ( M ) .  

pond t o  the  regions (A) and (B) of (M). I n  our th inking  l e t  u s  s e p s r a t e  t h e  
two par t s  (A) and ( B ) .  We may regard-the two segments (- Fat, - G o ' ,  - a0') 

Io , - Jo t ,  - K ' ) ,determined f o r  t h e  poin t  M and for the d i r e c t t o n  of an? (- ' 
t h e  normal d i r ec t ed  tawards Z 

(Ao) ,  as t h e  ex te rna l  stress and moment of deformation a t  the p o i n t  M of t h e  

contour I: of t h e  region. ( A ) .  
(FO' ,  G o ' :  Hot) and (Io', J ', K ' ) a s  t h e  ex te rna l  stress and moment of de- 

formation a t  t h e  point  M of t h e  contour  C of the  reg ion  (B). Due t o  t h i s  re- 
mark, w e  w i l l  say t h a t  - FO'., - G o ' ,  - Ho', - Hot and - Io', - Jot, - KO' are 
t h e  components along the axes Mx', My', Mz' of the stress and mment of de- 

EO', Io', Jot, KO' a r e  t h e  components along t h e  axes Mx', My', Mz' of the s t r e s s  
and momnt of defomation a e r t e d  a t  M bg the portCon (B) of  the surface ( M ) .  

be  the  curve of (Mo) which corresponds 0 
L e t  (A ) and (Bo) be  t h e  reg ions  of (I4 ) which cor res -  0 0 

0 
i n  t he  p lane  tangent t o  (Mo) and e x t e r i o r  t o  0 

I n  t h i s  same way, we may regard  t h e  two segments 

0 0  

f o m a t i o n  exerted a t  M on the  porkion (A) o f  the surface (M) and t h a t  Fo', GO' , 



The observat ion made ai: t h e  end of Sec t ion  9 regarding t h e  replacement of 
t h e  t r i a d  Mx'y'z' by a t r i a d  whish i s  inva r l ab ly  a s soc ia t ed  with i t  can be re- 
pcafed without modif icat ion 'here. 

35. Various Repuirements Placed on the  S t r e s s  and Moment of Deformation. / ! - -  
L e t  us  set:  

Mx', My', Mz' of the stress and moillent of deformation, r e s p e c t i v e l y ,  which are 
exer ted  a t  t h e  point  M of n curve-which has  t h e  same tangent  a s  pl. = cons t .  

This  stress and moment of deformation a r e  referred t o  the  ?Anit of length of 
t k e  non-deformed contour. 
formation have the  fol lowing p ro jec t ions  

Regarding p = cons t . ,  t h e  stress and moment of de- 
2 1  1 I I 8 - W e  -- Q1', -= Ab. -7 Bi, 

~ o c ~ a n d f i o  d8@ d60 V€# 

The new stresses and new moments-of deformation which w e  have j u s t  de- 
fined a r e  r e l a t e d  t o  t h e  elements introduced i n  t h e  preceding s e c t i o n  by the 
following r e l a t ionsh ips :  

where, i f  des i r ed ,  dpl and dp2 may be replaced by t h e  va lues  (39) i n  t h e  equa- 

t i o n s  on t h e  r i g h t .  

Let  us  consider t h e  t ransformation of t hese  r e l a t i o n s h i p s  i n  a way which 

These r e l a t i o n s h i p s  hold f o r  t h e  segments attached 
is  independent of t h e  va lues  of t h e  q u a n t i t i e s  contained i n  them, which were 
ca l cu la t ed  by m a n s  of W. 
t o  the  poin t  M and which w e  have named. 
by t h e i r  p ro j ec t ions  along Mx', My', Mz', we may a l s o  ciefine them by their pro- 
j e c t i o n s  along o ther  axes .  
sh ips  which a r e  the  t ransforms of t he  preceding ones. 

Instead of  de f in ing  these  segments 

These l a t t e r  projectSons will be  r e l a t e d  by r e l a t i o n -  

tL- 



The transformed r e l a t i o n s h i p s  can immediately be obta ined  i f  one no te s  
t h a t  t he  bas i c  equat ions have simple ,and obvious i n t ~ r p r e t a t i o n s ( 4 )  i f  one 
assoc ia t e s  axes p a r a l l e l  t o  t h e  moving axes through t r  r? poin t  0 wi th  t h e  moving 
axes 

1. 

0 

Let us f i r s t  consider  f ixed  axes Ox, Oy, Oz. L e t  Xo, Yo, Z 0 and Lo, 
No,  N be the proj.ections of t he  e x t e r n a l  fo rce  and e x t e r n a l  moment on t h e s e  

axes at an a r b i t r a r y  polnu M of t h e  deformed medium. L e t  Po, Go$ Ho and Io¶ 

Jo, K 
d i r e c t i o n  (dpl, dp2) of t h e  tangent t o  a curve C and r e f e r r e d  t o  t h e  u n i t  of 

length of t h e  non-deformed curve Co, which was def ined previously.  Le t  Ai, 

Bi, Ci and Pi, Qi, Ri be the  p ro jec t ions  of t h e  stress (Ai', Bit, Cit) and t h e  

moment of idefonnat ion  (Pi', Qi ' ,  Ri'). 
t i onsh ips  are obviously: 

be the  p ro jec t ions  of the  s t r e s s  and moment of deformation taken i n  t h e  0 

The t ransforms of t h e  preceding rela- 

where X o ,  po ,  vo a r e  t h e  d i r e c t i o n  cos ines  with r e s p e c t . t o  f ixed  axes of t h e  
e x t e r n a l  normal t o  Co. A ,  p ,  v are those  of t h e  e x t e r n a l  normal t o  C ,  

I n  p a r t i c u l a r  t hese  equat ions  r e s u l t  i n  t h e  equat ions  f o r  t h e  inf in i te8 . i -  
mally small deformation o f  a plane surface which was used by Lord Kelvin and 
T a i t  

( 4 )  An i n t e r e s t i n g  i n t e r p r e t a t i o n  i s  analogous t o  t h e  one given by Varignon 
i n  t h e  case  of stat.ics and by P.  Saint-Guilhem i n  t h e  case  of dynamics. 

( 5 )  Treatise on Natural Philosophy, Volume I, P a r t  11, Sect ion  644, p .  186- 
188, 
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2.. 
a ne\j form. 
a u x i l i a r y  q u a n t i t i e s .  

The equations wi th  respect t o  t h e  f ixed  axes Ox, Oy, O z  can be gtvea 
We can express t h e  n i n e  cosines a, a', ... y" i n  t e rne  of the t h r e e u  

Let XI, X2, X g  be the t h r e e  a u x i l i a r y  q u a n t i t i e s .  Let us 

and w e  have: d 
b?l ' a?6 bp1 
*al ,ax d + +-$ + 7a'gs 

. ri = ,?@A +08P%,  ' h?i b?6 = bP1 

p ,  = P; bX( + m i  + 2, 

Qi= ~ t '  

L e t  u s  c a l l  Gi, xi ,  ui t h e  p ro jec t ions  on fixed axes Ox,  Q y ,  Oz of t h e  seg- 

ment whose p ro jec t ions  on t h e  axes Mx', My', Mz' are ai', xi', ui'. We will 

(6? These equat ions can be used to d i r e c t l y  d e f i n e  t h e  func t ions  mi, Xi, ai 
and can be s u b s t i t u t e d  for 

I I .  = m[ + pxi + Jti 
' xi - a'=,' + pxi' + y'e: Q = I, a. 3) 

mi c ab; + Fxi' $. fd. 
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and two similar equat ions.  I f  we note  t h a t  t h e  func t ions  C,, n i ,  Si' P i '  qi' 

a h l  a i 2  

35 
bx, 
a 5  +GI *3.- ./,'E, = 0. a, ' 

ri, of h l y  A * ,  X -- , ___ , 3 
3 a p i  api  a P i  

g ive  rise t o  t h e  equat ions:  

- 1  

a31 
28 A- + qIu; - riXE(. + - = 0. 

91 = KXL + rp; - pi.;, 
ax, WA 
9 
ax, && 

+ <5'ti - = 0, 

bo' 1 + pix; - gipll, 

which a r e  the r e s u l t  of the  def in ing  r e l a t i o n s h i p s  f o r  t h e  func t ions  Q i ' B Xi', /79 
(J ' and t h e  nine i d e n t i t i e s  which they s a t i s f y ,  t h e  preceding system can then i 
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be wr i t ten  i n  t he  new form: 

and two anal.ogous equations.  

3 .  Instead of r e f e r r i n g  the  elements f o r  t he  poin t  M with respect t o  t h e  
f ixed  axes Ox, Oy, Oz, l e t  us consider  an orthogonal t r i a d  Mx ' y  ' z  ' i n  
motion with M and whose a x i s  Mz ' 1s normal t o  t h e  su r face  (M) a t  M. For t h e  
d e f i n i t i o n  of t h i s  t r i ad  Elxl'yl'zl', l e t  us  r e l a t e  i t  t o  the  t r i a d  Mx'y'z'. 

With respec t  t o  the  axes of t he  l a t t e r ,  l e t  2, Z', 2'' be t h e  d i r e c t i o n  cos ines  
of Mxl'; m ,  m ' ,  m" -- those of My1'; and n ,  n ' ,  n" -- those of Mel(. 

i i i  

1 

We w i l l  def ine  the  cosines  n ,  n ' ,  n" i n  a r igorous  way by means of t h e  
equat ions : 

1 I I = g (q& - qtq,  = & (<,E, - C&J. n' = (E,<" - er3,)* 

We w i l l  l e t  t h e  t r i a d  Mxl'yl1z1' have t h e  same conf igura t ion  as t h e  o t h e r s ,  

and f o r  t h e  time being w e  w i l l  not  make any s p e c i a l  hypotheses regarding t h e  
o the r  cosines. 

L e t  ((i), q ( l ) ,  <(I) be  t h e  components of speed of t h e  o r i g i n  M of t h e  

i s  va r i ed  and p l ays  t h e  
i i 

axes Mxll, Myl', Mel' along these  axes when only  p 

r o l e  of time. 

of t h e  instantaneous r o t a t i o n  of the  t r i a d  Mx 'y 'z ' corresponding t o  the  para- 1 1  
meter p 

t h e  f ixed  t r i a d  Oxyz.  
== 

i 
Also, l e t  p('), q ( f ) ,  r(;) be t h e  p ro jec t ions  along t h e s e  axes 

i 1 1 

In  these  def in i t ions ,  t he  t r i a d  Mxl'yl'zl' is n a t u r a l l y  r e f e r r e d  t o  i' 
We w i l l  have: 
+ rq, + T;,, q!;) mIi 4 m'q, + m"f, <[;) = &-t n'pi + n?i=o,- __. _ _  

and t h r e e  equat ions of 

where t h e  t r i a d s  under 

L e t  Xof',  Yo", Zo" 

. .  
t he  following type: 

p ~ : ) = ~ p , + r q ~ i - r r ~ + . ~ ~  am -. 
vi 

cons idera t ion  h a w  the  same conf iguraticrn. 

and Lo1', M o l t ,  NO", r e spec t ive ly ,  be  t h e  p ro jec t ions  on 

Mxl ' ,  M > L 1 ,  MzlP of t he  ex te rna l  f o r c e  and e x t e r n a l  moment a t  an  a r b i t r a r y  

poin t  M of t h e  deformed su r face  referred t o  a u n i t  o f - a r e a  of t h e  non-deformed 
sur face .  L e t  FoO, Gut', H0"-and Lo1', J0", KOf' he  t h e  p ro jec t ions  along t h e  

sme axes of the  stress (F L e t  Ail', 

Bit'-, Cif' and Pi'', Q,", Rig' be the  p ro jec t ions  of t h e  stress (Ail, Bit, Ci') 
and t h e  moment (F i t ,  Q,' , Ri') defined above. 

Go,  H ) and the  moment (Io, Jo, KO). 0' 0. 

The t ransformations of the preceding r e l a t i o n s h i p s  (or of t he  i n i t i a l  - /ao 

8 3. 



r e l a t ionsh ips )  a r eobv ious ly (7 i  . . _. : 

Instead of . replacing dp dp by t h e  values  (39) i n  t h e  equat ions on t h e  I' 2 
r i g h t  o r  by analogous ones f o r  ( M ) ,  we may take t h e  following va lues ,  where 
( A " ,  
t ou r  C with respect  to the  t r i a d  Mxl'yl'zp': 

0) designate  the  d i r e c t i o n  cosines  of t h e  e x t e r n a l  normal t o  t h z  con- 

These equations lead t o  the s u b s t i t u t i o n  of twelve new a u x i l i a r y  q u a n t i t i e s  
I1 I1 f o r  the  twelve a u x i l i a r y  q u a n t i t i e s  Ai1', Bi , Cil', Pi , Qi", Rill, which are the 

c o e f f i c i e n t s  of A "  and pV1 i n  t h e  p-receding expressions f o r  t h e  sti:esses and mo- 
ments r e f e r r e d t o  a u n i t  of l eng th  of C, o r  whi-ch w i l l  be r e l a t e d  t o  t h e s e  co- 
e f f i c i e n t s  i n  a simple way. .. We w i l l  set :  

%IilBI8 + rj(!)B ' --_. -2 - = T +. St, - NI - A  A 
dw: + - tq)C,' -+ [':IC: - L A- - . s t .  - SI, A 

In  tbe /81 s3" by introducing six f i r s t  a u x i l i a r y  q u a n t i t i e s  N1? Npl T,  S1, S2, 

('' It is  s u f f i c i e n t  t o  r ep lace  Si, ... A i ' ,  ... by Si('), 
take i n t o  account the  hypotheses ~ ( 1 )  = 0 .  

an apex M ,  the  c a l c u l a t i o n s  would be t t e  same. 

A i l ' ,  ... and t o  
For a n a r b i t r a r y  t r i a d  wi th  

i 
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Y2' Y y  by introducing the  s i x  o the r  a u x i l i a r y  q u a n t i t i e s Q l ,  R2, Z, Y,, 

The twelve equat ions which we have wr i t t en  down can be solved immediately 
with respec t  t o  the  f i r s t  a u x i l i a r y  q u a n t i t i e s  Ail', Bill, Cil', Pi1', Q,", Rill-. 

Let us note  t h a t  due t o  t h e  hypothesis  made regarding t h e  common conf igura t ion  
af t h e s e  t r i a d s ,  we have: 

and the  equat ions def in ing  5(1), ~ ( 1 )  i i are therefore ,  

and six analogous equat ions for  pi",^,", Ri"-, with i t a l i c  let ters i n  the 

second terms. 
w e  w i l l  ob t a in  equat ions f o r  t h e  stresses and moments of deformation and f o r  t h e  . 
e x t e r n a l  fo rces  and moments i n  t h e  form they assume 
q u a n t i t i e s  a r e  used @). 

deformation i n  a way s i m i l a r  t o  t h e  onesused f o r  the  deformable l ine .  
may c a l l  t h e  components N1, N 

nen t s  T - Sg, T + S 

formed sur face ;  t h e  components S S are t h e  shear s t resses  normal t o  t h e  de- 

formed sur face .  I n  the  same way, t h e  components 

tormation can be  regarded as tors ion  moments; the components Z- 9 3,  % + V 3  

have the  cha rac t e r  o€ flexure moments; t h e  components 8' e2 nay be c a l l e d  

geodesic f 2 e m r s  rioments 

Introducing these  va lues  i n t o  the  r e l a t i o n s h i p s  ( 4 0 )  and (41), 

when t h e  new a u x i l i a r y  

Obviously w e  may des igna te  t h e  components of t h e  stress and moment of 
Thus, we 

of t h e  stress the  t ens i ze  stresses; t h e  compo- 2 
are the shear stresszs i n  the plane tangent  t o  the de- 3 

l' 2 
R,, ?L of t h e  moment of de- - 2 

36. Remarks Concerning t h e  Components S1., S?, Sq and s' lA Y 3,  Y ? .  For 

S1, S2, Si3 and t h e  analogous q u a n t i t i e s  91, Y,, $'3, l e t  U S  e x p l i c i t l y  make 

-- ---- 
@ '  It. should be noted t h a t  t h e  c o e f f i c i e n t  of S3 i n  t h e  t h i r d  of these  equa- 

t i ons  i s  zero. 
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the  s ta tements  ued-above f o r  wr i t i ng  down the  transformed equaf-!.one. 

L e t  us consider ,  i n  a genera l  way, a segment whose projectiov.9 a long  Ox, & 
OY, Oz are 

considering t h i s  segment as t h e  moment of a vec tor  (A 

point  (-- ax a~- ). We sec  t h a t  i ts p r o j e c t i o n s  a long  klx', My', Mz' w i l l  

be  

Bi, Cd.) a p p l k d  at  t h e  1' 

a p i  a p i  a a~~ 

rfitG' - Z'J&'" (,A,' - F,C,', t,B/ - TjA{, 

It follows from t h i s  t h a t  t h e  segment whose p ro jec t ions  along Ox, Oy, Oz 
are 

wil l -have t h e  following p ro jec t ions  on Mx', My', Mz', 

From t h i s  i t  follows t h a t  t h e  c o n d i t i o n s k  

s i = O ,  S&=Q. ! $ e 0  

l ead  t o  : 

and t h a t  t h e  condi t ions:  

91 1 0 ,  92 "0 ,  gr = o  
can be reduced t o  

I n  the  two ca5es one a r r i v e s  a t  a system of two condi t ions  which do ngt depend 
on the  choice of t h e  t r i a d  Mx ' y  'z '. 1 1 1  

I f  t h e  condi t ions  S1 = 0, S2 = 0, S3 = 0 are conditions wh;ch resuzt frm /83 
the  form of W ,  then W s a t i s f i e s  t he  t h r e e  p a r t i a l  d i f f e r e n t i a l  equations: 
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which means tha t  W only depends on cis riis t, 

expressions 

through the  intermediary of t h e  i 

6 [: -+ r: + t:, = + r , l t t  + c t c 2 ,  $ = t! -t- \! -1- 

I f  t he  conditions a r e  Y1 = 0 ,  Y2 .I 0, y3 = 0 are. conditions which result 
from the  form of W ,  then W s a t l s f i e s - t h e  th ree  p a r t i a l  d i f f e r e n t i a l  equations: 

qi, ri thrclugh t h e  intermediary of t h e  is which means tha t  W on ly  depends on p 

t?ircc expressions : 
p , ~ ,  -+-yIv, 4r,t,.. p;:s+g,r ,a+r, l ; , i -pJt  -t-~t+ra:i* P A + Q a T r + r J r *  

2 which a rc  expressfuns which are reduced t o  the c o e f f i c i e n t s  o€ dpl , dpl, dp2 

and of dp2 i n  the  equation f o r  the  l i n e s  of curvature  of ( M ) ,  f o r  c1 = c 2  = 0. 2 

Let u s  a lso n o t e  t h a t  i f  we simply assume t h e  Conditions: 

SI =:o, S*=o, 

t h i s  i s  the  same as s t a t i n g  chat t he  segment whose p ro jec t ions  along ?big, My', 
Mz' have values i d e n t i c a l  t o  those indicated on the  preceding page is paral le l  
t d z l ' ,  o r  t h a t  i t  i s  simultaneously perpendicular t o  the  t w o  v e c t o r s  (els n is  
<,I, which r e s u l t s  i n  the  conditions:  

El - t8BL) + 41 (:yAd - E$*') 4 Ti (&By( - TJ;) = 01 
F, (q,C,' - tIB,') -I. *,,(:,A," - FIG,') 4 Ca (EIB,' - q,A,3 = os 

which can h e  w r i t t e n  as 

In  t h i s  form, they s t a t e  t h a t  t h e  vectors(hl ' ,  Bl', CI') and (A2', B 2 ' ,  C2')  

a r e  perpendicular t o  the  normal Mz I n  t h i s  way w e  f i n d  t t lo co .d i t ions  which - 
are  independent of the  choice of the t r i a d  Mxifyl'zl', and which can immediately 

be v e r i f i e d  a pos ter ior i ,  by r e f e r r i n g  t o  the  meaning of t h e  shear  stresses S 

S2. 
of W ,  then W w i l l  s a t i s f y  the  two par t ia l  d i f f e r e n t i a l  equat ions 

' 
1 "  

1' 
= 0 are condi t ions which result  from ths  form Tf the  condi t ions S = 0, S 1 2 

bW aW 
( 7 , ~ ~  -- C ~ S J  + (clt# - E,LI + (E, 9; - qrfa) 8; 0. 

-- /84 
which means t h a t  W is a funct ion which only depends o e i ,  ci, c i  through t h e  
intermediary of t he  three  expr-essions & , 7 , S , 

The same reasoning proves t h a t  t he  condi t ions:  
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itl = 0, !#, - 0  

m o u a t  t o  two condi t ions independent of the  choice of t he  t r i a d  Mxl'yl'zl' an& 

which may be  wr i t t en  i n  t h e  f i n a l  form 1. 

(T,l:2 - p: + (:,[, - ~ , C J  Q: + (c,.;, - ? , E J h '  = 0, 

(ti:, .- fjr,,)D: + ( ( I & - -  Elt,)Q: + ( t i t la %IE,)n;= 0- 

I f  t.be condi t ions Y1 = 0,  

W, then W s a t i s f i e s  t he  following two p a r t i a l  d i f f e r e n t i a l  equations: 

y 2  = 0 are condi t ions  which resu2t from the fom of 

which means t h a t  iJ i s  a funct ion which does not  depend on pi,  qi, ri except 

through t h e  intermediary of t h e  fou r  expressions 
P A + g ~ q t + r i G *  ~ i t r + ~ : ~ t + r ~ ? ~ .  -1-g,+,1 +rat,# pItr+~i+la+-r:~,. 

L e t  us consider  t h e  same condi t ion  

. sa-0; 

'IC expresses t h e  f a c t  t h a t  t he  seg;ment whose p ro jec t ions  along Mx', My', Mz' 
have va lues  i d e n t i c a l  t o  those given on page 1034 is perpendicular  t o  Mz, L ,  

whicb r e s u l t s  i n  t h e  condition: 

which does no t  depend on rrhe choice of the t r tadAxlsy l ' z l ' ,  and which 

a p a r t i a l  d i f f e r e n t i a l  equat jon s a t i s f i e d  by W when the  condi t ion  S3 

r e s u l t  of t he  form of W. This equat ion is: 

A. 

l eads  t o  
0 is a 

which may be e a s i l y  in t eg ra t ed ,  because i t  has p a r t i c u l a r  i n t e g r a l s  formed wi th  
& , a ?  $ 0  

The same reasuning may be  appl ied t o  the  condi t ion  

3# = 0, 

which ais0 corresponds t o  a condition independent of the  zhoice of the  tr+iad 
rIx ' y  ? 2  ' 
when it is  a r e s u l t  of the form of W 

/85 
and which l eads  t o  t h e  following p a r t i a l  d i f f e r e n t i a l  equat ion ' L 1 1 '  
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whose i n t e g r a t i o n  is ntraightforward.  

37. Equations Obtained, Following t h e  Example of Poisson,  by In t roduc ing  
t h e  Coordinates x ,  y as Independent Variables  i n  the Place  of p i ,  0 7  . Let us 
at tempt  t o  formulate equat ions s i m i l a r  t o  those of Sec t ion  35 following a 
c e r t a i n  analogy with wh5t w e  d i d  f o r  t he  three-dimensional,  deformable medium, 
but  in-which -the independent vaxiab les  a r e  x, y. 

I n  order  t o  abbrevia te  t he  no ta t ion ,  l e t  us des igna te  by xo', y o', Z o l ,  

$ o l ,  Ao', % 
t h e  time being, i . 2 . )  let  us set:  

t he  f i r s t  te'ms of the  r e l a t i o n s h i p s  t o  be transformed f a r  0- 

and 

We may again cons ider  t h e  twelve r e l a t i o n s h i p s  of Sec t ion  35 i n  which t h u l e -  
ments were r e f e r r e d  t o  f ixed  axes, We have: 

where XI, X 2 ,  Xg, ul ,  p2, p3 a r e  a r b i t r a r y  func t ions  and where t h e  i n t e g r a l s  

are taken over t h e  curve Co of t h e s u r f a c e  (Mo) and t h e  reg ion  l imi t ed  by it. 

fol lowing one: 
Let us apply Green's formula,  The preceding r e l a t i o n s h i p  becomes the /86 
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L e t  us f i n d  the  transform of t h i s  l a t t e r  r e l a t ionsh ip ,  when the  new 
var i ab le s  are taken t o  be func t ions  x ,  y of p l ,  p 2 .  

c t i o n  of p l ,  p 2 ,  which means i t  i s  a funct ion of x,  y,  t h e  elementary equat ions 

f o r  t h e  change of va r i ab le s  a r e  given by: 

I f  0 is  an a r b i t r a r y  fun- 

L e t  us apply these  equat ions t o  t h e  func t ions  X 1' x2, A g r  u p  9, P'3" C 

i s  s t i l l  the  curve of (M) which corresponds t o  t h e  curvd (Co) of (MI)). 
add i t ion ,  l e t  us des igna te  by X ,  Y ,  2, L, M ,  N t h e  p ro jec t ions  on Ox, Oy, Oz of 
t h e  e x t e r n a l  fo rce  and moment appl ied t o  the  po in t  M and r e f e r r e d  t o  t h e  are8 
u n i t  of t he  deformed su r face  (M).  
Ox, Oy, Oz of t h e  stress and moment of deformation which are appl ied  t o  t h e  
po in t  M on C ,  rezcr red  t o  t h e  u n i t  of length  of C. F i n a l l y ,  l e t  u s  in t roduce  
twelve new a u x i l i a r y  q u a n t i t i e s  A(:) ,~(1) , ~ ( 1 )  ; ~(1). ~ ( 1 1 ,  ~ ( 1 )  ; ~ ( 1 1 ,  QW,  

R(:), P';! Q'B! R(:! by means of t he  equations: 

In 

L e t  F,  G ,  H, I, J ,  K be  the  p ro jec t ions  along 

1 1 2 2 2 1 1 

Al w i l l  be  t h e  quant i ty  analogous t o  A .  We w i l l  thus set ----- 

We thus ob ta in  t h e  transfoimed r e l a t i o n s h i p  
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where t h e  i n t e g r a l s  are taken over t h e  curve C of t h e  surface (M) and over t h e  
region l imi t ed  by i t ,  and where ds  des igna tes the  a r c  element of C. 

These formulas can b e  derived a posteriori Srom those  given previously.  
For example, l e t  us  consider  those on t h e  right.- .We saw previously (Sect ion 
35, 1) t h a t  F, G ,  H can' be  obtained-by rep lac ing ,  i n  t h e  expressions 

/88 

d p l  dp:! by t he  terms - , - 
d s  ds 

r e spec t ive ly ,  where A ,  p ,  v a r e  the  d i r e c t i o n  cos ines  of t h e  ex te rna l  normal t o  
C. Th i s  r e s u l t s  :In 

and f.n t h e  same way 
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which is . t he  same as saying t h a t  we have: 

Thus these l a t t e r  r e l a t i o n s h i p s  mean t h a t  the  equations: 
ax 

' dz+ dy I ~ + P ~ = o ,  dz=-  ax & dy dz 
I)r 

have as-a consequence 

The s i g n  of the l a t t e r  r a t i o  corresponds t o  the  d i r e c t i o n  i n  which C is tra- 
versed,  which is-contained i n  the  r u l e  f o r  applying Green's equation. 

38. 
axid t h e  TanRents to the  Curve% 

and (p&. I n  Section 35, 3, we considered an orthogonal t r i a d  Mx. 'y ' 1 1  

Introduct ion of New Auxiliary Q u m t i t i e s  Obtained from t h e  Considera- 189 

3- 
t i o n  of Non-Orthogonal Triads Formed from Mz' 

zl' whose axis Mz ' is normal t o  (M). The equations f o r  F0", GO'', HO", Io'@ 1 1 
JO",- KO" l e d  us t o  introduce new a u x i l i a r y  q u a n t i t i e s .  

consider t h e  i n d e f i n i t e  equations and r e f e r  them t o  t h e  triad, which is no 
longer orthogonal i n  general ,  and which is  formed by the  axis Mzl' and by 

t h e  tangents  t o  t h e  curves ( P ~ )  and (p2). can he r e a d i l y  done by using 

t h e  ca l cu la t ions  a l r e a d y  ca r r i ed  out  with t h e  intermediary of Mxl'y,'zl'. It 

is  s u f f i c i e n t  t o  s ta r t  with 
o b t a i n  expressions f o r  t h e  conbinations: 

llowever, w e  may a l s o  

This  

the equations obta ined  wi th  t h e  l a t t e r  and t o  

S',,Y;)i- &,"7,i;}, L,ff;)+ 31: +;), L,C py+]l;,,ip. 

L e t u s  set 

.GI. = E$' A< 4 B1', a: = ti;) A; + st;) 9:. 
W,' = &) A,' + q(:i $5; = &I A; + w:, 

and four analogous equations for f ' I ,  21'1, $<$ 22'1- We derive from them: 1 

w r i t t e n  



In thase 
symbols : 

9 €I2, 0 designate the six 3 Christof fel 

and A2 0 A2D' A2Dr' designate the three determinants defined by the iden- /90 
tity(9) : 

In the preceding calculations we have employed the relationships: 

pf;) = E c p '  - &)sa, 
= Eyg" - mg', 

e,:, -+ rr:2c-- 5 - T,;lrl = % - +rrr2 = ectr 4 rh, 

q(') = $;W - +;w, 
q(;) =. 7#9'- &W, 

* $  

. 4 L iilr, a h  &?I . 
39 - q2rt = e,:, i- z$* 

211 + tirl = el,,,.+ ~ , z 1 ~ .  -5 + ~ z r ,  =-+ t,r* =em+ ~ m .  
a?: 

a+,, 
L a?, 911 dpI 

+ ~ ~ 7 ~ .  
air 3% + E,r, = 

39.  External Virtual Work. Theorem Analogous to the One of Varignon and 

We will employ ezternaZ virtua2 work over the deformed surface (M) 
Saint-Guilhem. 
Sections. 
for an arbitrary virtual deformation 

Remarks on the Auxmary Quantities Introduced in the Preceding 

to designate the expression: 

- 

(9) As we will state again later on, by A2b, 
quantities which M. Darbow designated by D, D', D". 

A2D', A2D " we designate the 
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be, = -L,(FJatz +- GJ2y +- IldS'r +- I,);:' + Jib' -t- I;;~K')~J@ 

+Jl(]i.'i'. f Yi8'y f &'a', + Ldh' f !&'SJ' 3. m,)ad) A0 dp, dp,. 

This  equat ion may be given i n  o the r  forms by introducing d i f f e r e n t  elements. 
For example, l e t  u4 assume t h a t  w e  have introduced t h e  expressions Xo,  Yo, Z0, 

Lo, M o ,  N o ;  Fo, Go,  Ho, Io, Jo, KO. For t h i s  purpose, l e t  us  des igna te  by 6 1 ,  

6J, d K  t h e  p ro jec t ions  on f ixed  axes of t h e  segment whose p ro jec t ions  along Mx', 
My', Mz' a r e  61', 6J', 6K', i n  such B way t h a t ,  f o r  example, w e  have 

- 61 =z R " W  + B"qY + fay = - (aw $- p'sg + +fl. 
where w e  have always assumed axes wi th  t h e  same configurat ion.  We thus  obta in :  

' $6, -L (F& + G$y +- H& f 10% f JpBJ -4- wk) d80 

+jL(s& -+ Y$y + Z,Zr 3- Lo& 4- a!& 4- N&) Ad?&- 

The fo rce  (Xo', Yo', Zo')  o r  (Xo, Yo, Z,), t h e  moment (Lo' ,  M o l ,  pg)) or /91 
(Lo, Mo, No) are r e f e r r e d  to- t he  u n i t  of a r e a  of t h e  non-deformed sur face .  

stress (F ', G o ' ,  H o t )  o r  (Fo, Go, H ) and t h e  moment of deformation (IO'L 
KO?) o r  (IcJo, KO) are r e f e r r e d  t o  the  u n i t  a f l e n g t h  of t he  non-deformed 
contour C L e t  u s  begin wi th  t h e  equation: 

The 

JO' 0 0 

ol- 
5 (\\'Ao)d?,d?2 = - %', SSL 

app l i ed  b a n  a r b i t r a r y  p a r t  of t he  deformable su r face  l imi t ed  by a contour  Co. 

d(WA ) must be  i d e n t i c a l l y  zero  due t o  the  invar iance  of W and of A f o r  
0 0 

t h e  group of Eucl id ian  displacements,and when the  v a r i a t i o n s  dx, 6y, 6z axe---- 
given by equat ions (9), page 960, i.e.: 

8x = (a, + o,r - WJ)al,- 
4 = (a2 f w$t - W,z)ar, 

E =(us + w$y --)it, * 

31 = u$f, i;r = w,:n. a, = &if, 

and when 6 1 ,  6 J ,  6K are given by 

no matter what t h e  va lue  of t h e  cons tan ts  al, a2, a3, w I p  w2, w3 may be. 

t h e  preceding express ion  f o r  6% w e  may conclude t h a t  we have: 

From 

e 
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and two analogous equat ions.  - 

These s i x  equat ions may be e a s i l y  der ived from tho which a r e  usua l ly  
w r i t t e n  down employing t h e  p r inc ip l e  of s o l i d i f i c a t i o n  d'). We mag therefore 
s ta t e  tha t  the  contour C .is variabZe i n  t-he preceding equations. 0 

The a u x i l i a r y  q u a n t i t i e s  introduced i n  the  preceding s e c t i o n s  a r e  no t  the 
I f  w e  l i m i t  ourse lves  t o  t h e  cons idera t ion  of these,  only ones w e  may consider .  

we would Pike t o  nake some sinple remarks. 

I n  e f f e c t  w e  have introduced two systems of stresses and moments of deform- 
a t i o n  f o r  a po in t  M of t h e  deformed su r face .  
appl ied  t o  t h e  curves (p,) and ( ~ 2 ) .  
curves which have an  a r b i t r a r y  d e f i n i t i o n  and must be spec i f i ed  more p r e c i s e l y ,  
and whose tangents  Mx ', My,' have a r b i t r a r y ,  rec tangular  d i r e c t i o n s  i n  t h e  1 
plane tangent  t o  (M) a t  M, arid which must be  def ined more p rec i se ly .  

The f i r s t -  a r e  those  which are 
The o t h e r s  a r e  those which are or thogonal  /92 

The equat ions  w e  have ind ica t ed  g ive  t h e  la t ter  elements i n  terms of 
t h e  former, and, conversely,  t h e  former elements i n  terms of t h e  l a t t e r  ones. 

L e t  us now assume t h a t  w e  have introduced t h e  func t ion  W. The f i r s t  stress- 
es and moments of deformation correspond t o  t h e  expressions a l r eady  ind ica t ed ,  
and w e  may immediately o b t a i n  expressions f o r  t h e  second ones. 
t h e  c a l c u l a t i o n s  it is  p o s s i b l e  to make t h e  func t ions  e x p l i c i t  which must be 
i s o l a t e d  depending on t h e  na tu re  of t he  problem, f o r  example, which could be 
x,  y,  z and t h r e e  pa rame te r s ( l l ?  XI, X 2 ,  X g  which are used t o  d e f i n e  a ,  a ' ,  ... 

However, i n  

y" . 
h 2 ,  X I f  w e  in t roduce  x, y ,  z ,  XI, and i f  w e  cont inue t o  let W des igna te  

t h e  f i r s t  de r iva t ives  of x, y,  z wi th  r e s p e c t -  
3 

1' p 2 '  
t h e  func t ion  conta in ing  p 

t o  pl, p 2 ,  and X1, X2, A g  and t h e i r  f i r s t  de r iva t ives  with r e spec t  to pl, p 2 ,  

obtained by r ep lac ing  t h e  var ious  q u a n t i t i e s  Ci, ni, Ci ,  pi, qi, ri i n  t h e  func- 

t i o n  W(pi, Si, ni, ci, pi, qi, r 
(311, we w i l l  then have: 

by t h e i r  va lues  given by equat ions  (301. and i 

( l o )  The t r a n s i t i o n  from t h e  elements r e fe r r ed  t o  a u n i t  of a r e a  of (M") and a 
u n i t  of l eng th  of CO t o  e l emen t s re fe r r ed  t o  a u n i t  of a r e a  of (M) and u n i t  
of length  of C i s  immediately poss ib le .  
l i m i t  oursel.ves t o  t h e  f i r s t  case, as we s h a l l  do. 

For example, _the t h r e e  a u x i l i a r y  q u a n t i t i e s  A, 
b e  che components of r o t a t i o n  which make t h e  axes O x ,  Oy, Oz becomc para l -  
l e l  t o  Mx', My', Mz', respec t ive ly .  

Therefcre ,  i t  i s  s u f f i c i e n t  t o  

(11) A2, A 3  may be  chosen t o  -. 
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40. 
Surface.  

l i m i t e d  by the  contours C and C. 
s t a t e s  beginning with (Mo) and ending i n  (M). 

t o  consider  func t ions  x, y ,  x ,  a ,  a ' ,  .,. y" of pl, p2 and of a v a r i a b l e  h such 

r e spec t ive ly ,  and f o r  t h e  va lue  h of they become the va lues  x, y 9  2 ,  a ,  a ' ,  . . . .y" f o r  (M) r e spec t ive ly .  

Concept of t he  Energy of Deformation. 
L e t  us consider  twc s t a t e s  (Mo) and (M) of t he  deformable su r face  

L e t  us consider  an a r b i t r a r y  sequence of 

Natural  S t a t e  of t h e  Deformable 

0 
For t h l s  purpose i t  is s u f f i c i e n t  

t h a t ,  f o r  the  va lue  0 of t h e  v a r i a b l e  h they become xo9 yo, z o .  ao9 a o ' ,  . . .yo 'I , 

I f  w e  l e t  t h e  parameter h vary continuously fmm 0 t o  h ,  w e  w i l l  o b t a i n  a 
continuous deformation passing from t h e  s ta te  (M ) t o  t h e  s t a t e  (M). For t h i s  

continuous deformation, l e t  us consj-der t he  t o t a l  work perfomed by t h e  e x t e r n a l  
f o r c e s  and moments appl ied  t o  t h e  var ious  sur face  elements and by t h e  stresses 
and moments of deformation appl ied  t o  t h e  var ious  e l encn t s  of the-contour .  I n  
o rde r  t o  ob ta in  t h i s  t o t a l  work, i t  i s  s u f f i c i e n t  t o  i n t e g r a t e  t h e  t o t a l  d i f f -  
e ren t ia l  ob ta ined , s t a r t i ng  wi th  one of the-expressions f o r  6'1; of the  precezing 

sect ion,  from 0 to h. It is  necessary t o  s u b s t i t u t e  f o r  t h e  v a r i a t i o n s  of IC-, y, 
z ,  a ,  a ' ,  ... y" t he  p a r t i a l  d e r i v a t i v e s  which correspond t o  an inc rease  dh of 
h .  The equat ion 

0 

e 

r e s u l t s  i n  t h e  expression - a(wAo) dhjpldP2 f o r  t h e  present  va lue  of - /93 =o ah 
6Te. We thus ob ta in  t h e  fol lowing for - the  t o t a l  work 

The work cons idered  is  independent of t he  intermediary s t a t e s  and only 
depends on the  extreme states considered (M ) and (M). 0 

This l eads  t o  t h e  in t roduc t ion  of t h e  concept of t h e  energy of defomati.on 
which should be d i s t ingu i shed  from t h a t  of t he  a c t i o n  considered previously.  
We w i l l  say  t h a t  -W i s  t h e  density of the anergy of deformaSion r e f e r r e d  t o  t h e  
u n i t  of a r e a  of t h e  nondeformed sur face .  

These cons idera t ions  are only t h e  r e p e t i t i o n  of those we presented previous- 
l y  i n  Sect ion 12. 
natura2 s t a t e  of t h e  deformable l i n e .  which can be repeated €o r  t h e  deformable 
s u r f a c e  and which were the  sub jec t  of Sect ion 13. 

This  is  a l s o  t r u e  f o r  the  observat ions we made regarding t h e  

41.  Concept of t he  Concealed Triad and the_Concea l t?G?.  I n  the  s tudy of 
t h e  deformable su r face , a s  i n  the  case of the  deformable l i n e ,  i t  is n a t u r a l  t o  
focus one's a t t e n t i o n  on t h e  geometr ical  sur face  descr ibed by t h e  deformable 
s u r f a c e  i n  a s p e c i a l  way, This  amounts t o  considering x, y,  z and a ,  a ' ,  ,,, Y" 
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a s  simple a u x i l i a r y  q u a n t i t i e s .  We may a l s o  express t h i s  by s t a t i n g  t h a t  we 
w i l l  ignore t h e  ex is tence  of t r i a d s  vhich determine the  deformable su r face  and 
f o r  which \,e know only t h e  apexes of these  t r i a d s .  I f  we take  t h i s  po in t  of 
view,in order  t o  d iscuss  t h e  p a r t i a l  d i f f e r e n t i a l  equat ions t o  which one is l ed  
depending on the  case  a t  hand, w e  may introduce the  concept of the  concea2ed 
t r i ad , and  we are l e d  t o  a c l a s s i f i c a t i o n  according to  the  d i f f e r e n t  circumstances 
which can occur i n  t h e  e l imina t ion  of a ,  a ' ,  ... y". 

I 

L e t  us f i r s t  study t h e  reduct ions  which can occur iil t h e  e l imina t ion  of 
a ,  a ' ,  . * .  y". , In- t h e  corresponding s p e c i a l  cases where one almost exc lus ive ly  
cons iders  t h e  poin t  su r f ace  t r aced  out  by t h e  deformed su r face  ( M ) ,  it i s  even 
sometimes poss ib le  t o  make an abs t r ac t ion  of ( M o ) ,  and, consequently,  of t h e  

deformation which allows t h e  t r a n s i t i o n  from (Mo) t o  ( M ) .  

view is  asstmed i n  t h e  d iscuss ion  of the  su r face  which i s  c a l l e d  f l e x i b l e  and 
jncx tens ib l e  by the  geometricians-, 

This l a t t e r  po in t  of 

The t r i a d  can be used i n  another  way. We may make s p e c i a l  hyEotheses 
regard ing  i t ,  which i s  a l s o  t h e  case f o r  (M).  This a l l  amounts t o  consider ing 
s p e c i a l  deformations of t h e  deformable, f r e e  surface.  I f  t h e  r e l a t i o n s h i p s  
which we assume are  simple r e l a t i o n s h i p s  between Si, ni, Cis pip qi,-r 

be  t h e  case  i n  the  app l i ca t ions  which we w i l l  s tudy,  we w i l l  t ake  t h e s e  r e l a t i o n -  
s h i p s  i n t o  account i n  t h e  c a l c u l a t i o n  of W and w i l l  de r ive  more s p e c i a l  func t ions  
from W. 
duc t ion  of s p e c i a l  forms and t h e  assumption t h a t  the genera l  func t ion  W is  
concealed,wh€ch w i l l  be  used as t h e  point  of departure .  
special theory for the  particuZar deformations specif ied by reZationships be- 

as will i' 

The i n t e r e s t i n g  ques t ion  which poses i t s e l f  w i l l  be  t h e  simple i n t r o -  

We w i l l  thus  ob ta in  a /94 

i' _-- tlJeen C i ,  rli, si, Pi, qi, r 

We t h e r e f o r e  see t h a t  i t  is  poss ib l e ,  using t h e  theory of t h e  f r e e  deform- 
a b l e  su r face ,  t o  ob ta in  by means of  s p e c i a l  cases and t o  d e r i v e  from a common 
o r i g i n  t h e  equat ions resul t inp;  from s p e c i a l  problems which cou1.d previously only 
be  attempted up t o  the  present .  I n  these  l a t t e r  cases, one sometimes attempts 
t o  avoid t h e  cons idera t ion  of t he  deformations,  In  rea l i t -y ,  t hese  should be 
t r e a t e d .  This may c a r r i e d  out  i n  p r a c t i c e  by considering t h e  i n f i n i t e s i m a l l y  
smal l  deformation. 

Le t  us consider  t h e  case where t h e  ex te rna l  fo rce  and mgment a t  t h e  most 
conta in  

second d e r i v a t i v e s  of t hese  unknowns w i l l  only be  introduced i n  t h e  p a r t i a l  
d i f f e r e n t i a l  equat ions by means of W. Thus, t he  de r iva t ives  of x ,  y ,  z only  

We appear i n  5 
t h e r e f o r e  see  t h a t  i f  W only depends on Ci, ni ,  Si, o r  only depends on p 

qi, ri, t h e  o rde r s  of t he  d e r i v a t i v e s  en ter ing  into t h e  system of p a r t i a l  d i f -  

f e r e n t i a l  equat ions w i l l  be  reduced. 
two cases. 

t h e  f i r s t  d e r i v a t i v e s  of. t h e  unknowrsx, y, a and h l ,  A 2 ,  Xg. The 

and those of X1, X 2 ,  X only occur i n  pi,- qi, r 
i s  n i ,  C i '  3 i' 

i' 

We w i l l  f i r s t  consider  t h e  f i r s t  of these 

42. The 
Surface  which, i n  the  Case of I n f i n i t e s i m a l l y  Small Deformations, Leads t o  t h e  

Case i n  which W only Depends on P I ,  P 2~ & ~ l d 2 ~ L l 2 ~ & '  
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Membrane Studied bv Poisson  and LamtS. 
Case Includes the  Surface Considered by Lairange, Poisson and M .  D U I I .  
assume t h a t  W o n l y  depends on the  q u a n t i t i e s  pi ,  Ci, nl, L i  and not on pi ,  ql, 

ri. 

The Fluid Surface, which a s  n Specia l  
Lee 11s 

The equat ions can be reduced t o  t h e  fo1lr;wing: 

They i n d i c a t e  az - 9 X I ,  h2' X 3 '  
ax 

ap2 
1' P 2 '  a p 2  ' . * *  

ax a2 

ap2 

- i n  which W on:Ly depends on p 

t h a t ,  i f  we consider  t he  s imple case where Xo, Yo, Zo, go, a0, no are given 

, XI, X2, X 3  , t h e  t h r e e  equa- , ... - f i rsct ions (I2) of P1¶ P2, x, y, 2, -- 
t i o n s  on the  r i g h t  can be solved wi th  r e spec t  t o  XI, X2, Xg. 
t a i n s  t h r e e  p a r t i a l  d i f f e r e n t i a l  equat ions which, using our hypotheses,  on ly  
c o n t a h  pl, p 2 ,  x, y ,  z and t h e i r  f i r s t  and second de r iva t ives .  

One f i n a l l y  cb- 

Let us l i m i t  ourse lves  t o  t h e  s p e c i a l  case i n  which t h e  given func t ions  195 
x,, A ~ ,  n o  are zero.  This  would a l s o  b e  t r u e  f o r  t he  corresponding va lues  

of the func t ions  of any one of the-systems (Lo, Mo, No), (Lo', M o t ,  N o ' ) ,  (Lot', 

Mot ' ,  NO"). A s  a r e s u l t  w e  f i n d  t h a t  t h e  equat ions 
aw .ax = 0 s  aht 

bW . a w  x - = 0, 

imply e i t h e r  

or 
s, 10, s,= 0, Sa=% * 

i n  such a way t h a t  t h e  stress a t  a po in t  of an n r i b t r a r y  curve i s  i n  t h e  plane 
cangent t o  the  deformed su r face  and t h e  s h e a r s U e s s e s  appl ied along two rec- 
tangular  d i r e c t i o n s  are equal .  

With these  assumptions,  l e t  us n o t e  t h a t  if w e  begin with two pos i t i ons  

(I2) We assume t h a t  Xo,  Yo, Zo,  $ O, ?L do not  contain the  d e r i v a t i v e s  
of AI, h 2 ,  13 i n  order  t o  s impl i fy  t h e  de r iva t ion  and i n  order  t o  make 
b'ir poin t  moie e a s i l y ,  

96 



and (M) assumed t a  be given and If w e  d e r i v e  t h e  func t ions  .d l  o, u?L0, rb ~ 

from them, a s  was done in Sections 34 and 35, it day happen t h a t  i n  the case 
'nkare t he  th ree  func t ions  a r e  zero  t h e  r e s u l t  i s  obtained by acc ident ,  
i .e . ,  f o r  a c e r t a i n  ensemble of s p e c i a l  deformat?.ons. However, i t  may happen 
t h a t  t h i s  r e s u l t  i s  obtained no ma t t e r  what: t h e  deformation (M) may be, wlicthel: 
it i s  a consequence of t h e  na tu re  of ( M ) ,  i.e., of the form of W. 

Let us consider  t h e  l a t t e r  case which is  of s p e c i a l  i n t e r e s t .  W i s  then 
a simple func t ion( l3)  of pl,  p2 ,  E , L C )  , where t h e  t h r e e  l a t t e r  q u a n t i t i e s  

arc def ined by equat ions (32) of Sec t ion .31 .  The equat ions derived i n  Sect ions 
34 arid 35 a r e  reduced t o  e i t h e r :  

where w e  have : 

or 

where we have 

----- I 

(13) The t r i a d  is completely concealed. 
simple poin t  sur face .  

We may also assume t h a t  w e  have a 
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or : 

where w e  have: 

where we have: /97 

In t h i s  way we  have s t a t e d  t‘nat the stress is  i n  t h e  plane tangent  to t h e  
are normal stresses, i . e . , t e n s i l e  o r  compression deformed sur face .  

stresses. T is a stress tangent  t o  t h e  l i n e a r  element along which i t  acts, 
i . e . ,  a shear ing  stress. 

N1 and N 2 

By cons ider ing  an i n f i n i t e s i m a l l y  small deformation appl ied t o  t h e  preced- 
ing  su- face,  we may-find aga in  t h e  s u r f a c e  o r  membrane s tud ied  by Poisson and 
Lam6 (4. 
1-. 

(I4) Poisson. 
Motion of EZastic Bod?:ns!, 
I n s t i t u t e ) ,  Volume V I I S ,  1829; G. Lam6, Lecons sur Za Th&orie Mathdmatique 
de l ’EZast ic i t6  des Corps SoZides (Lessons on the MathematicaZ Theory of 
Elas t i c i t y  of So l id  Bodies), 2nd Edi t ion ,  1866, 9 th  and 10th  Lessons. 

M&mo.l:re sur l e  Mouvemznt des Corps f l s s t i q u e s  (Memoir on the 
Page 480 f f . ,  Id&. de Z ’Inst. (Memoirs of the 
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L e t  u s  no te  t h a t  i n  add i t ion  t o  t he  formula !specifying A which has  a l ready  
been used, we have t h e  following: , 

6 E;3 (tq99 + (T(py,  5 = ! ( ~ I ~ ( A I  + T J ~ ~ T , ~ ~ ~ ,  G e (~1V)9 -I- (r,i?)'* 
1 

from which it fc!liows t h a t  N1, T,* N2 may be considered a s  l i m i t i n g  func t ions  of 

and of  g(1) ,  , q(l), n(1) , 
PI, p2. 1 1 2 

A n  i n t e r e s t i n g  s p e c i a l  case which w e  w i l l  c a l l  t h e  case  of t h e  fZuid SUP-  
face, i s  obtained by assuming t h a t  w e  have 

' T = o ,  . & ~ h ' r *  
where w e  take  i n t o  account t he  t h r e e  func t ions  def ined i n  t h i s  way. 

I f  we no te  t h a t  we have the i d e n t i t i e s ( l 5 ) :  

(;(:))a 9 I p t(j)ili) 3 + ($(:I)* 6 = A*, 
' t ( ~ ~ ~ ( ~ ) ~  - (EI:)%(~) + [(i)q(j)) 5 + E(;)Q'~' 8 = 01 

(7,(:))9 Q - 2 ?(;Iq($ 3 f (54;9' 8 A** - 
which r e s u l t  from t h e  va lues  : 

& = (&99 + (,($)** Q ;I;)[(;) -+ $')?(') 4 4 8 8 -  %= (~'~')'4(%'~1' 
of t h e  expressions E ,g, 9 def ined  by equat ion (32) ,  i t  can b e  seen t h a t  t h e  
two condi t ions  which w e  have imposed amount t o  t h e  following: 

aW 

which means t h a t  W only dt;-nds on E , 7 , $ through the intermediary of the /98 
quan t i ty  A = d € 9  - 9 2  , and consequently i t  is a func t ion  of p p 2  and of 

A 
~r = - - I. I f  w e  cont inue t o  le t  W des igna te  t h e  expression f o r  W i n  terms- 

AO 

It is  easy t o  o b t a i n  t h e  spectal form which t h e  va r ious  systems of  equa- 
t i o n s  t ake  on and which a172 only combinations o r  simple consequences of one of 
them. In  p a r t i c u l a r ,  t h e  system-on pa e 1048 t akes  on t h e  fol lowing form, due 
t o  t h e  cquat ions which t h e  5(1),  , . . rT1) s a t i s f y  and where N des igna tes  t h e  

expression - : aw 1 i 
au - 3Y ax - 2.- - Qq) - - b,x; w1 air 

- 
'I5) Due t o  t h e  second of t hese  i d e n t i t i e s ,  i f  T = 0, no matter what tke Zin- 

ear element may be, w e  are l e d  t o  t h e  condi t ions  which follow and con- 
sequent ly  t o  N1 = Ng. We may be s a t i s f i e d  i n  s e t t i n g  T = 0 .  
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where we have used t h e  equation: 

i n  which the  p r inc ipa l  r a d i i  of curva ture  % 
(M) appear.  

and 8, o f - t h e  deformed su r face  1 

I f  we consider  t h e  s p e c i a l  case  i n  which W only depends on p D  i n  which 
( M o l  does not  occur e x p l i c i t l y ,  we f i n d  the  su r face  considered by Lagrange(l6) 

and which was l a t e r  s tud ied  by M. Duhem(l7). 
ogous remarks t o  those  which we presented €or t he  f l e x i b l e  and ex tens ib l e  
ehread of Lagrange. 

docs no t  appear e x p l i c i t l y ,  t h e  s u r f a c e  (Mo) only appears  through t h e  quan t i ty  

p *  I f  w e  assume t h a t  t h e  
ft inction W i s  gizren, f o r  t h e  term p, which w e  may in t roduce  as an a u x i l i a r y  UIP 

known i n  t h e  usua l  problems, w e  may s u b s t i t u t e  the-unknown N. I f  t h e  func t ion  
F? i s  concealed, N becomes an a u x i l i a r y  unknown i n  add i t ion ,  bu t  t h e  knowledge 
of i t  w i l l  say  nothing wi th  respect t o  (Mo). 

W e  should make completely anal- 

I f ,  a s  Lagrange and M. Duhem assumed, t h e  su r face  (Mo) 

I C s  e x i s t e n c s  i s  only manifested by t h i s  quan t i t i y .  

In  t h e  case where t h e  s u r f a c e  (M ) only appears through t h e  quan t i ty  v, we 0 
.may take  t w a o t h e r  a r b i t r a r y  v a r i a b l e s  i n  t h e  p lace  of p l ,  p 2 ,  f o r  example, x, y, 
and i f  W i s  given,  we have two unknowns and t h r e e  equat ions.  
cea led ,  p would not  b e  present  i n  W and we arrive a t  t h e  same case. 
f i r s t  case, t h e  remark made by Poisson w a s  repudiated by M. Duhem(l8). 
ca r ry  out  an e x p l i c i t  development of t h i s  remark by w r i t i n g  t h e  equat ions i n  
t h e  form given by Lagrange and given more e x p l i c i t l y  by Poisson and M. D ~ h e m ( ~ ~ ) .  

I f  W were con- 
In t h e  

L e t  us /09 

L e t  us  so lve  t h e  preceding eqca t ions  with r e spec t  t o  - a N  and wi th  respec t  
a p ,  

bwever ,  by in t roducing  f o r  a moment t h e  d i r e c t i o n  cos ines  Z, Z’, 2‘‘ of Hxl’, 

m ,  m ’ ,  mrl of Ny ’, n ,  n’ ,  n” of Mzl’ wi th  respec t  t o  f ixed  axes, we have: 1 

‘16)Lagrange. 

(” ) P  . Duhem. Hydrodynamique,, EZasticitg,  Acoustique (Hydrodynamics, E las t ic i ty ,  

Mbcanique Analytique (AnaZytCcaZ MecJzanics) , 1st P a r t ,  Sec t ion  V, 
Chapter 111, Sect ion  11, Nos. 44-45, p. 158-162 of t h e  4 th  Edi t ion.  

Acoustics),  Volume 11, p.  78. f f .  

P .  Duhem. Ib id ,  Volume II, p. 92, a t  t h e  top of t h e  ?age. 0 8  1 
(19)P. Duhem. I b i d ,  Volume 11, p. 86 .and 91. __ 
100 



and 

The preceding system can be  w r i t t e n  as: 

which i s  the one t o  be found on page 86 of Volume I1 of the  already c i t e d  work 
of  M.  Duhem, except f o r  the  no ta t ion  (only the d i r e c t i o n  of t h e  noma1  t o  (M) 
is  changed). 

Let us introduce t h e  v a r i a b l e s  x,  y i n  p l ace  of p L ,  p2 .  L e t  u s  no te  t h a t  

t hese  two r e l a t i o n s h i p s ,  which contain t h e  d e r i v a t i v e s  of N can be summzrized 
as follows: 

which corresponds t o  t h e  remark made by M. Duhem on t h e  top of page 90 of Vol- 
ume I f  of h i s  work f o r  t h e  spec ia l  case where only N appears. 

I f  x ,  y are taken as v a r i a b l e s  w e  have t h e  s y 3 t m  /a00 

which is nothing e l s e  than the  system cons i s t ing  of equations (31) and (32) of 
M .  Duhem, except f o r  t h e  n o t a t i o n  and a convenient convention f o r  t h e  d i r e c t i o n  
ol' the  normal. 

Along with  Poisson and M. Duhem, let-us constder t h e  case where - A0 
A ' 0 '  

4) A0 
Yo, Zo are given func t ions  of x, y,  z (ve can even assume d e r i v a t i v e s  

A 
of z ) .  Wethen o b t a i n  t h r e e  equa t ions rcmta in ing  two unknowns N, z. 

In  t h e  special .  case where t h e  given func t ions  of x, y, z which we have. j u s t  

discussed a r e  such t h a t  % (X dx + Y dy f Zndz) i s  t h e  t o t a l  d i f f e r e n t i a l  of a 

funct ion V, the  system of t h r e e  equat ions,  which can be  w r i t t e n  as fol lows 
according t o  what w e  have said, 

0 0 A 
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becomes t h e  following: 
i 
N - V C o d .  E C, 

N i s  ca l cu la t ed  from t h e  equat ion  

N ='V -I- C, 
and the--surface (M) s a t i s f i e s  t he  equatfon(20):  

4 3 .  The FlexibLe and Inex tens ib l e  Surface of t h e  Geometricizns. The In- 
compressible F lu id  Surface.  The Surface of  M. Daniele. We have considered the /lo1 
s p e c i a l  case where W does no t  depend on pi, qi, ri as x e l l  as va r ious  s p e c i a l  

v a r i a n t s  of t h i s  case. 
we may ob ta in  su r faces  a l r eady  considered by o the r  au tho r s ,  a t  least  i n  p a r t .  

We w i l l  now show how,by s tudying s p e c i a l  deformations,  

L e t  us f i r s t  cons ider  t h e  s i m p l e  c a s e  i n  which t h e  t r i a d  is concealed, 
i . e . ,  more precisely,we are consider ing a s i m p l e  po in t  s u r f a c e  and w e  assume 
t h e  gene ra l  case i n  which W is an  a r b i t r a r y  func t ion  of pl ,  p 2 , € , g  , S e 

t i o n s  of t h e  s u r f a c e  f o r  which w e  have: 
1. We may cons ider  t h e  case where w e  focus our  a t t e n t i o n  only  on deforma- 

8 s u r  tF=s,,. $=5v 
I n  t h e  d e f i n i t i o n s  f o r  t h e  f o r c e s ,  e tc . ,  it i s  s u f f i c i e n t  t o  in t roduce  t h e s e  
hypotheses.  I f  t h e  f o r c e s ,  etc.  are g iven ,  i t  is s u f f i c i e n t  t o  in t roduce  
these  t h r e e  condi t ions .  I n  t h e  l a t t e r  case ,  t h e  usua l  problems i n  which t h e  
func t ion  W is  given o r  i n  t h e  gene ra l  ca se  where E - Eo,  7 - yo, 9 - S o  
are no t  zero cannot occur  un le s s  t he  given q u a n t i t i e s  are of a s p e c i a l  type.  

Let us  now-assume that: only t h e  func t ion  W ob ta ined  by s e t t i n g  & = & o, 0' 
% =  Yo, 
do no t  know t h e  va lues  of t h e  d e r i v a t i v e s  of W wi th  r e spec t  t o  e ,  r, 9 f o r  

E = & o, 7 = 7 o, 
t h a t  N1, T ,  N2 become t h r e e  a u x i l i a r y  q u a n t i t i e s  which must be added t o  x,  y, z 

(20) 

9 = So i n  W (p,., p2,  E , 7 , 92 i s  given. Also,  w e  assume t h a t  we 

Cj = $ L ~ .  Thus, =e assume t h a t  W i s  concealed. We see 

See Duhem, EZasticitd (EZasticity), etc., Volume 11, p. 92, which was 
insp i r ed  by pages 179-181 of Poisson,  Mdnoire sur Zes Surfaces Elastiques 
(Memoir on EZastic Surfaces); read  August 1, 1814, publ ished as a n  ex- 
c e r p t  i n  t h e  May 1815 i s s u e  of Volume I11 of t h e  Correspondance SUP 
Z 'Ec0Z.e PoZytechnique (Correspondence of the Polytechnic School), p a  154- 
159, and then  i n  M6moires de Z'Institut de France (Memoirs of the I s t i -  
tute of France), year  1812, Second P a r t ,  which appeared i n  1816. 
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i n  such a way that,  i n  t h e  case  where the  fo rces  a c t i n g  on t h e  su r face  elements 
a r e  given,  w e  have s i x  p a r t i a l  d i f f e r e n t i a l  equat ions with six unknowns, 
on ly  ob ta in  a de te rmin i s t i c  problem i f  w e  add a d d i t i o n a l  condi t ions ,  
deformed f i g u r e  i s  s p e c i f i e d  a priori, we have t h r e e  equat ions  f o r  t h e  unknown 
functions-N1, T, N2. 

f l e x i b l e  and inex tens ib l e  s u r f a c e  of t he  geometricfans.  

We 
I f  t h e  

The equat ions which we have j u s t  discussed are those  which defin.e t h e  

2.  We may assume t h a t  w e  a r e  a t tempting t o  de f ine  a deformable s u r f a c e  
sui generis, f o r  which the definition alreadg takes into account t h e  condi t ions  

6 =8,,  ~ . = S @ V  9 ==!% 

N O t  For t h e  d e f i n i t i o n  of t h e  new su r face ,  we w i l l  a l s o  de f ine  F o t ,  G o ' .  ... 
by t h e  following i d e n t i t y ,  

$$ E(WA,)d,a,dp, =L(F,'?z 3- Go%? + ... + ~ ~ ~ ~ d ' u  
4 .  

where w e  a r e  using t h e  same ideas  as before .  
be  s a t i s f i e d  f o r  t he  equat ions:  

However, t h i s  i d e n t i t y  need only 

s=s,, $ 3 9 . )  q=$# . 
and o the r  terms. 
by adding a posteriori  condi t ions  & =  

€-,?, 9 ) of t h e  a u x i l i a r y  func t ions  pl, u2, p of a func t ion  W ( p l ,  p 2 ,  

p , ,  P,. For t h i s  purpose we w i l l  use  t h e  i d e n t i t y :  

We w i l l  cons ider  a s u r f a c e  f o r  which t h e  theory w i l l  r e s u l t  
3' = go, 9 = S o  t o  t h e  knowledge 

0' 
of /PO2 3 

A L  

This i s  t h e  same a s  r ep lac ing  W by W1 = W + pn( - EO) + u2(?- go) + u2 
(9 -  so> i n  t h e  preceding gene ra l  theory,and then l e t t i n g  E = eo, 7 = Yo,$=  %*. 

It can be  seen t h a t  w e  aga in  o b t a i n  t h e  theory of f l e x i b l e  s u r f a c e  cor res -  
p 2 ,  E ,  7 , 5 , i n  which w e  l i m i t  ou r se lves  t o  ponding t o  Lhe- func t ion  W 1  of p 

studying def.ormati.ons corresponding t o  = E o, 2 = yo, 9 = so. 
If w e  consider  t h e  case  o f - the  concealed W1,assuming t h a t  w e  on ly  h o w  t h e  

va lue  W0(p1, p2),uhich W and W 

q =  9 o, w e  aga in  a r r i v e  a t  t h d a s s i c a l  theory of t h e  f l e x i b l e  and inextens-  

i b l e  surface, .  .- _. 

simultaneously.have f o r  6 = E,, 7 = go, 1 
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L e t  11s note. t h a t  i f ,  i n  order  t o  e s t a b l i s h  t h e  f l e x i b l e  and i nex tens ib l e  
% =So i n  w i n t o  account surface,we t ake  t h e  condi t ions  3 = E o, 7 

a priori by a change i n  t h e  a u x i l i a r y  q u a n t i t i e s ,  we are l e d  t o  r ep lace  
ul( E - Go) 3- p2( 7 -yo)  + p g (  $ - Po) i n  t h e  ca i cu la t ions  f o r  t h e  g e n e r a l  
deformable su r face ,  and we ob ta in  t h e  equat ions which l ead  t o  t h e  study of 
a f l e x i b l e  su r face  r e s t r i c t e d  t o  deformations which correspond t o  
E =  Eo, 
again l ead  us  t o  t h e  f l e x i b l e  and inex tens ib l e  su r face  of t he  geometr ic ians .  
From t h i s  po in t  of view w e  i d e n t i c a l l y  ob ta in  t h e  d e r i v a t i o n  given by Beltrami 
i n  Sec t ion  2 of h i s  w e l l  knownsnemoir. We- should note  t h a t ,  i n  t h e  case 
where Xo, Yo, Zo, expressed i n  terms of equat ions,  a r e  t h e  p a r t i a l  

d e r i v a t i v e s  of a f u n c t h n  4 of p l ,  p 2 ,  x ,  y,  z wi th  r e spec t  t o  x, y ' ,  2, t hen  

Yo, Z appear a r e  nothing e lse  than t h e  equat ions  the  equat ions i n  which Xo, 

f o r  t h e  extremals  of t h e  problem of t h e  ca l cu lus  of  v a r i a t i o n s  which c o n s i s t s  
of determining an extremum of t h e  i n t e g r a l  

F0, 
W by 

=Yo, % =  so. Assuming_rhat pl, p2, p 3  a r e  not  known, these-equat ions 

0 

f o r  t h e  condi t ions  
s = I,, a= so, 9 =eo. 

L e t  u s  consider  t he  case where-the su r face  (M ) is  not  one of t he  knowns 0 
and does  no t  e n t e r  t h e  problem. 

coordinates  t o  which t h e  su r face  i s  re ferzed .  I f  these  v a r i a b l e s  are n o t  among 
t h e  knowns, i t  i s  poss ib l e  t o  a r b i t r a r i l y  introduce two o ther  v a r i a b l e s  i n  t h e i r  - 
place .  Taking t h i s  approach., which i s  t h e  one t h a t  i s - g e n e r a l l y  taken, t h e  
eqiiations w r i t t e n  down above r e s u l t  i n  t he  var ious  known equat ions s tud ied  by 
the  au thors  by v i r t u e  of special  cases.  
few b ib l iog raph ica l  e n t r i e s  i n  t h e  fol lowing sec t ion .  

The va r i ab le s  pl, p 2  appear as a system of 

We w i l l  l i m i t  ourse lves  t o  g iv ing  a /103 

L e t  us assume t h a t  we-star t  with a su r face  formed by means of a func t ion  W 

of pl, g 2 ,  A ,  or ,  i f  w e  wish ,A,,, p 2  and of p = - * - 1. Let  us-assume t h a t  A, 
U 

w e  focus our a t t e n t i o n  only (21) on the  deformations of t he  sur face ,  f o r  which 
w e  have : 

B = 0 .  

We a r e  the re fo re  
It i s  s u f f i c i e n t  t o  introduce t h i s  hypothesis  i n  t h e  d e f i n i t i o n s  of t h e  f o r c e s ,  
e t c . ,  and, if these  fo rces  a r e  given,  t o  impose t h i s  condi t icn.  I n  t h e  l a t te r  
case , the  usua l  problems corresponding t o  spec i fy ing  the  func t ion  W and cor res -  
ponding t o  the  gene ra l  case where p i s  n o t  zero r e q u i r e  t h a t  t h e  knowns be of 
a s p e c i a l  type. 

(21) It seems t h a t  t h i s  is  t h e  po in t  of view t h a t  M. Duhem took in  h i s  work: 
Hgdrodynamique ( H y d r u d p m i c s ) ,  etc.;  see  P. 91 of Volume 11, the fou r  
l a s t  l i n e s ,  and p .  92 a t  t h e  end of Sect ion 5 .  

dea l ing  with t h e  case of t he  incumpressibZe fZuid surface. 

- 
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I f  we assume t h a t  onZy the  func t ion  W,, obtained by l e t t i n g  u = 0 in - U 

W(P1, p2, p ) ,  is given,  and t h a t  we do not  know the  va lue  of au f o r  u = 0 ,  

and t h a t  t he re fo re  W is concealed, we can s e e  t h a t  the  expression N becomes an 
a u x i l i a r y  quan t i ty  which w e  m u s t  add t o  x ,  y ,  z i n  such a way t h a t  i n  t h e  case 
cf given fo rces  we have fou r  equat ions and four  unknowns. 

We may a l s o  s t a r t  w i th  a func t ion  W which may conta in  t h e  5,. ni ,  Ci as 
w e l l  a s  t he  p 

t h a t  the s t r e s s  a c t i n g  on an a r b i t r a r y  l i n e a r  element i s  normal to i t  and, i n  ad- 
d i t i on ,  t h a t  i t  i s  i n  the  p lane  tangent t o  ( M ) .  
t h a t  W does n o t  depend on ci, nip 5 

expression A = ? v z  . 

qi ,  ri and may attempt t o  f ind  ... t he  form which i t  must have such 

It i s  necessary and s u f f i c i e n t  
except through t h e  intermediary of t h e  i 

We would a l s o  l i k e  t o  mention the  case where the  s u r f a c e  i s  der ived  from 
p 2 ,  & , $,3) by adding condi t ions  E = vo, 9 = so. a func t ion  ( p  

case where W does no t  depend OILY, we ob ta in  a s u r f a c e  whose 
s t a r t e d  by Daniele(22) .  
an  i n t e r e s t i n g  way depending on the  way t h i s  i s  done f o r  t h e  f l e x i b l e  and in-  
ex tens ib l e  sur face .  It seems as though t h i s  l a t t e r  one corresponds b e t t e r  t o  
what one c a l l s  t h e  r e in fo rced  su r faces ,  o r  t o  coverings such as those  f o r  
bal loons made of an e las t ic  m a t e r i a l ,  which has  inex tens ib l e  th reads  imbedded 
i n  i t .  

I n  t h e  

s tudy  w a s  
The case  where W depends on '3 may be  approximated i n  

44 .  Some Bib l iog raph ica l  E n t r i e s  f o r  t h e  F l e x i b l e  and Inex tens ib l e  Sur- 
- face of t he  Geometricians. The f l e x i b l e  and i n e x t e n s i b l e  s u r f a c e  of t h e  geo- 
met r ic ians  has  given rise t o  a l a r g e  number of works i n  t h e  area of mechanics. 
It seems u s e f u l  t o  g i v e  t h e  following b ib l iog raph ica l  e n t r i e s  which d e a l  with--.- 
t h i s  sur face .  

Lagrange. Mdcanique Analytique (Analytical Mechanic,s!. 3rd  Edi t ion ,  1st P a r t ,  
Sect ion V, Chapter 111, Sect ion 2,  p. 138-143; Note of J. Bertrand,  p.  140; 
4th  Edi t ion ,  Volume XI of t h e  OEuvres de Lagrange (Works of Lagrange), 1st / lo4  
P a r t ,  Sect ion V,  Chapter 111, Sect ton 2, p. 156-162; Note of M. Darhoux, 
p.  160. 

Poisson. Report on EZastic Surfaces; read August 14, 1814; included i n  t h e  
Mdmoires de 2a CSasse des Sciences Math6matiyues e t  Physique& de I ' I n s t i t u t  
de France (Idemoirs of the Mathematics and Physics Science Class of the French 
I n s t i t u t e ) ,  year  1812, 2nd P a r t ,  p. 167-225. 

Considerations of the Equilibewn of FlexfbZe and InmtensibZe 
Surfaces (idemorie deZ2a R. Accademia deZ2e Sc.?:enze di Topino),  Volume XXILI, 
Parr 1, p. 259-294, 1818). 

deZZa Societh ItaZianu de l le  Scienze, r e s i d e n t  i n  MOdena, 19, F. 155-186, 
1821) ; Memorie de l l '  I .  R. I s t i t u t o  Lombard0 d i  Scienze, Lettere ed A r t ; ,  

Cisa d e  Gr6sy. 

Bordoni. Abstract Equi l ibrim o f  Rotation (j4emorie d i  Matgmatica e d i  Fisida 

- -  -- 
(22) E,. Daniele. 

PaZenno, 13, p .  28-85, 1899. 
EquiZibrim of Threads, Rend. del Circolo Matematico di 
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9, P. 126-142, 1863; S t a b i l i t y  and Eqfiil.ibrium of an h b a n h e n t  (Memorie d i  
Matematica e t  d i  Fisica deZla Societ; ItaZiana de l l e  Scienae, r e s i d e n t  i n  
MoJena, 24, p .  75-112, 1850); Ppobikms of Cumm i n  Roads (Memorie de22' 
I .  R. I s t i t u t o  Lombard0 d i  Scienae. 

Leaionf di Meceanica Raaionale (Lessons i~; Rational Mechanics) , .F i r -  
enze, 1851. 

Rcgarding Certain Points uJ" the Thecry of Surfaces (Anna$$ di Tor- 
t o l i n i ,  3, p .  293-321, 1852). 

On the Properties o f  InextensibZe Surf#zces (Transactions of the Royal 
Irish Academy, 22, p. 343-378, l S S 3 ) .  

(Gior- 
Maze d e l l '  I .  R. I s t i t u t o  Lombardo d i  Scienxe, Letteiae ed A r t ; ,  8, p. 304- 
308, 1556). 

p. 809-812, 1880; Journal de Z'EcoZc PoZYteoh.ni:pe, 46th Chapter,  p. 1-109. 
loco,  
Academia de l le  Scienze d e l l  F- I n s t i t u t o  d i  BoZognal, S e r i e s  4,3, p. 217-265,1882. 

Halle, February 6, 1883. Applicat ion of Abel Functioiis t o  B Problem of the 
S t a t i c s  of F l ex ib l e ,  Inex tens ib l e  su r faces  (JozlmcrZ j%r &e Rehe  und Ange- 
wandte Itlathematik, 103, p. 44-74, 1888). 

The EquiZibriwn. of FZexible and Inextensible Surfaces ( A t t i  de l la  Reale 
Accademin dei Lincei,  Transuxti, S e r i e s  3, 7, p. 268-270, 18,83). 

The EquiZibriza of Flexible and InextensibZe Surfaces. Note I and 
Note I1 ( A t t i  deZZa R.-Acc. dei  Lincei.  Transunti, S e r i e s  3, 8 ,  p. 214-217, 
244-246, 1884) ; The Defamation of FZexibZe and Inextensible  Surfaces ( A t t i  
de l la  R. Accad. de; Lincei,  Rendiconti, Ser i e s  4, I, p. 274-278, 1035). 

R. I s t i t u t o  Lombardo d i  Scienze ed Let tere ,  Ser i e s  2, 17, p. 683-694, 1884).. 

Note I and Note 11 ( A t t i  de l la  R. Ace. de i  Li-ncei, Rendiconti, Series 4, 1, 

Pennacchie t t i .  The Equilib.riwn of FlexibZe and Inextensible Surfaces (Palerrno 
Rend., 9 ,  p .  87-95, 1895). The Equations of Equilibriwn of Flexible and 
Inextensible  Surfaces ( A t t i  Ace. Gioenia ( 4 ) ,  8, 1895), The Integration of 
the Equations of-Equilibrium of  FlexibZe and InextensihZe Surfaces (Ah% Ace. 
Gioenia, (4), 8, 1895). 

Rakhmaninov. Equilibrium of a Flexible InextensibZe Surface ( In  Russian). (Rec- 
u e i l  de la  Soc. Math. de Moscou, 19, p. 110-181, 1895). 

Lecornu. The Equilibriwn of an EZlipsoidal Envelope (Cumptes Rendus, 122, p. 
218-220, 1896; AnnaZes de Z'Ecole Nomale Supgrieure (3), 17, p .  501-539, 
1900. 

Inextensible Surface. 
12, 1905. 

Lettere ed A n t i ,  9, p. 143-154, 1863), 
Mossot t i  

Rr ioschi ,  

J e l l e t .  

Flainardi a Note on Several Arguments of RationaZ and Applied Mechanics 

Lccornu. The Equi Zibriwn of FlcxiSk arid TnaxtmioLbZc Suz2faces. C .  K., 91, 

Reltraxi . 
Ktitter. 

The EquiZib2-izun of FZexibZe and InextensibZe Surfaces (Memork de l la  

Equi Zibriwn of Flexible,  InextensibZe Surfaces, Inaugural Dissertation, 

Morera. 

Vol te r ra .  

Maggi. The EQui Zibrium of FlexibZe and Inextensible Surfaces (Rendiconti del  

Padova.. Researches on the Equi Zibz+m of FZexibZe and InextensibZe Su?vfaces, 

p. 269-274, 306-309, 1885). 

D e  Francesco. The Motion of a Thread and the Equilibriwn of a FZexibZe and - I105 
NapoZi Rend., (31, 9, p2 227, 1903; Napoli A t t i  (2), 

45. Deformable Surface Obtained Assumirig t h a t  Mz' is Normal t o  t h e  Sur- 

We may do t h i s  by e i t h e r  depar t ing  from me defornablt s u r f a c e  
f a c e  (N), We will at tempt  t o  in t roduce  t h e  condi t ion  t h a t  Mz' i s  normal t o  t h e  
surfac,~! ( M ) .  
descr ibed above and by studying only deformatiomof t h i s  su r f ace  which s a t i s f y  



t he  cond i t ions  
c, =o, :, = 0, 

J (42) 
o r  by de f in ing  a new deformable s u r f a c e  f o r  which we w i l l  develop a theory 
analogous t o - t h a t  of the  f irst  one but  taking condi t ions (42) i n t o  account a 

L e t  us assume t h e  former c a s e  and l e t  us s tudy the  deformations of (M) 
which s a t i s f y  (42). A l s o ,  l e t  us assgme t ha t (23 )  we have c ( 0 )  5 ( 0 )  - 0 ,  

which comes from the  study of in f in i tes i r r ia l ly  small deformations,  i n  o rde r  t o  
have n continuous scqucncc of su r faces  beginning with (Mo). 

1 2 

It i s  s u f f i c i e n t  t o  introduce hypotheses (42 )  i n  t h e  equat ions of Sec t ions  
34 and following i n  order  t o  ob ta in  cxprcssions f o r  t he  va r ious  elements which 
occur i n  t h i s  theory. Conversely, if, by way of an exampl w e  s p e c i f y  t h e  
e x t e r n a l  fo rces  and moments w e  must add the-..-two equat ions (42) t o  t h e  s i x  equa- 
t i o n s  w h i c k x e s u l t  from t h i s  s p e c i f  i c a t i o a ,  which shows t h a t  if the function W 
uhieh eerves as the point of departure i r ;  g i v e n ,  it  is  no t  p o s s i b l e  t o  a r b i -  
trar. t ly s p e c i f y  t h e  e x t e r n a l  fo rces  and moments. 

However, l e t  u s  n o t e  t h a t  by l imiz ing  ourselves  t o  t h e  s tudy of deforma- 
t i o n s  which s a t i s f y  (42),  we are p r imar i ly  i n t e r e s t e d  i n  e s t a b l i s h i n g  a s p e c i a l  
su r f ace .  
1. 

deformations which are s p e c i f i e d  by and c o n s t i t u t e  the e s s e n t i a l  elements of 
these deformations; 2. The func t ion  W remains coneeaZed, ( i .e . ,  i t  is  no t  
given);  w e  know t h e  r e l a t i o n s h i p s  ( d i f f e r e n t i a l  r e l a t i o n s h i p s ,  f o r  example), 
which re la te  Wo and t h e  o u t l i n e s  o f  t h e  funct ion W ( t h r e e  func t ions  i n ' t h i s  

case); 3 ,  The funct ion W always remains concealed; we p a r t i a l l y  or completely 
know t h e  func t ions  which i n d i c a t e  t h e  ex i s t ence  of W-to us .  

We are thus  l e d  t o  d i s t i n g u i s h i n g  t h r e e  cases ,  by following this  idea: 
The func t ion  W i s  concealed,and w e  only know t h e  func t ion  Wo f o r  t h e  s p e c i a l  

L e t  us develop t h i s  f e a t u r e  by ca r ry ing  out the c a l c u l a t b n s  i n  d e t a l l .  
Due t o  cond i t ions  ( 4 2 ) ,  t h e  t r i a d ,  i n s t ead  of depending on t h e  s i x  paraneters 
x, y ,  z ,  XI, X2, h 

where m des igna te s  t h e  angle  def ined by t h e  equation: 

only depends on fou r  p a r m e t e r s ,  for example on x ,  y ,  z~,.m+.-. 3 

which is one of t h e  angles  t h e  axis Mx' makes wi th  t h e  curve- (p2) of (M). 

i d e n t i t y  which w e  have written i n  Sect ion 38, page 90, which only depends on 
the  d e r i v a t k e s  of x, y ,  z and are independent Gf m and i t s  d e r i v a t i v e s ,  L e t  
u s  a l s o  reca l l  t h e  equations of t h e  same paragraph ( C h r i s t o f f e l  symbols): 

L e t  u s  des igna te  by A 2  3, b 2 2 ' ,  A2D" t h e  determinants def ined by t h e  

?S ?5 a -. & - + a &  - - 9 - 
E?, @ I  a%, 

1 A' 

The condi t ions ~ ( 0 )  = ~ ( 0 )  = 0 can be  omitted i n  our  p re sen t  d e r i v a t i o n  

and do not  appear i n  t h e  s tudy of t h e  i n f i n i t e s i m a l l y  small deformation. 

f, = - 
(23) 

1 2 
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and, from t h e  usudl  conventions,  .- 

A = Ftr,x - €*?I* 

We ob ta in  t h e  following f o r  detcrmining t h e  r o t a t i o n s  p l ,  

i. 

8 

The t r a n s l a t i o n s  can h e  calcul.ctad beforehand by t h e  system 

2 c tg m, E: 4 VI: = E, E& 4- r,,r,, == n, E! 3- 4 = $- 
I t  can be seen t h a t  t he  t r a n s l a t i o n s  a r e  expressed i n  terms of m m d  f i r s t  

de r iva t ives  with respect t o  x,  y ,  2 .  The r o t a t i o n s  p 1' 41' P2' 92 ars exI.=ssed 

i n  terms of m and . the  f i r s t  and second d e r i v a t i v e s  of x, yI- z .  
r o t a t i o n s  r 

and-second d e r i v a t i v e s  of x, y, 2. 

F i n a l l y ,  the 
x2 a r e  expressed i n  terms of the d e r i v a t i v e s  of m and t h e  f i r s t  1' 

I f  we in t roduce  these  va lues  i n t o  t h e  func t ion  obtained by set t i .ng 6 = 

= c2 = 0 i n  W ,  a func t ion  which we w i l l  c a l l  Wo i n  o rde r  t o  avoid confusion, 

w e  ob ta in  t h e  func t ion  Wo of p 1' P 2 '  m, - 
and second d e r i v a t i v e s ,  which consequently depends on t h e  q u a n t i t i e s  m, - I 

a p 1  - 

1 

am am - of x, y ,  z and of t h e i r  f i r s t  
3 0 1  ' 802 

am 
0 '  

.. through t h e  intermediary of t h e  n ine  independent expressions:  

m, E. 3, s, n, r2* 9, J* g'* 

1' o r ,  which amounts t o  t h e  same th ing ,  of t h e  n ine  independent express ions  6 

9 * c2,  n2, rl, 5 ' y  3 Y a', E>".  

L e t  u s  des igna te  by W ' t h e  func t ion  of t hese  n ine  l a t t e r  q u a n t i t i e s  which 0 
r e s u l t s  i n  Wo when t h e i r  va lues  a r e  s u b s t i t u t e d .  

s u b s t i t u t i o n  of p l ,  ql, p2,  q2. 

Wo' r e s u l t s  from Eo by t h e  

We have a func t ion  W ' which i n  add i t ion  t o  pl, p 2  con ta ins  t h e  nine argu- 

2 

0 
ments-whiilL-!!ave j u s t  been enumerated, whereas W ,  i n  add i t ion  t o  pl, p2,  cl, 5 

(24) M. Darbowc. Lecons (Lessons), Volume 11, p .  363 ,  p .  378-379, Nos.  4 9 5  
and 503 give i d e n t i c a l  o r  equiva lan t  equat ions.  By A2D AZD', A2D'' 
we will des igna te  the q u a n t i t i e s  which M. Dar.boux designated by D, D' , 
D" . 
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contains  the ten argments E,, rlIw E,, q2,  p l D  q l ,  r1' P p ,  q 2 8  r2* 

treatment of one of t he  equat ions  which M. Darboux des igna ted  AS equat ions of 
Codazzi ,  %.e., p1n2 - q1E2 - p 0 + q2S1 = 0. 
s t a t i c s  of t he  deformable s u r f w e  i n  t h e  present  case. 

L e t  us pause here  and cons ider  t h i s  important po in t  which r e s u l t s  from t h e  /107 
Let us s tudy  t h e  equat ions  of 2 1  

The funct ion No' i s  der ived f,roni Wo by t h e  s u b s t i t u t i o n  of t h e  va lues  pl, 

41' P2' 42 
p1 = -- [@, q1 E r;ll[v - r#&i.$ 
I)r =: Erg' - 9: = t l g  - T,a'n', 

and w e  f l c d  t h a t  

g* a\\'; - ?\I:" + $!y 9, ($., ?!I:( - a\\'* s\\'o a - all-@ .- 

?!!x= ..- +.- . __ 9' + _ _  
-- 
& a:, ap, itp: a:* a:; apt fir2 

g"t a51 31,l 591 ait  ar,z a7,a 361 " 9 2  

all. * a\\'@ aW * SW .-.E- = - 
nr, arI ' i r 2  3P* 

a W  a W  aW ' -k=- 

a\v ' aM'0 a w  .>y 9, ---% = I_ - -- 9 - a\\'O a w  

3 w  
4- tcc--s 

a W  . 

ail- ' sIl.0 - ,a = f, -- 
a 9  y % a s  34: 

-- - [; -- I tz bm: + q, --- - 
[z - - 52. 

'Is --• 
aW; - a\!'@ aIY0 
a9' apr 3p.t ' qt . 3qt 

We cantiniie t o  des igna te  by Wo t h e  r e s u l t  of t he  s u b s t i t u t i o n  of p 1 9  P2' Q 1 Y  92' 

L e t  us  assume t h a t e  have introduced t h e  express ions  f o r  t h e  q u a n t i t i e a  
am i n t o  these  equat ions by means of m, - , ... , and t h a t  w e  have taken  (42) 

i n t o  account. 
% 

We should note  t h a t  t h e  equat ions  

do not  a.llow us  ro c a l c u l a t e  Clr, C2' i f  W i s  concealed, because i t  is  necessary  

t o  take  ( 4 2 )  i n t o  account. However, t h e  o t h e r  equat ions w i l l  f u r n i s h  t h e  o t h e r  
expressions A ' ..., i n  terms of the  va lues  of t he  d e r i v a t i v e s  of @. ke 1 '  
have, f o r  example: 

The n ine  equat ions which w e  have j u s t  w r i t t e n  down now r e s u l t  fn: 
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where we write Wo i n s t ead  of Wo' t o  i n d i c a t e  chat  t he  arguments E , ,  ..... 9'' 
must  be replaced by their  values  a s  a func t ion  of m - /108 

, ... am 
a p l  

For t h e  c a l c u l a t i o n  of t he  t e n  a u x i l i a r y  q u a n t i t i e s  A,', . . C  i n  a d d l t i o n -  

t o  C1', C2', w e  only have n i n e  equations i f  t he  func t ion  Wo-is only known. 

when Wo alone is knom, t h e r e  remain t h r e e  a r b i t r a r y  q u a n t i t i e s .  

su r f ace ,  l e t  u s  app1.y t h e  equations for t h e  t r i a d  Mxl'yl'zl' t o  t h e  t r i a d  Mx'y'z', 

i n  which-the following a u x i l i a r y  q u a n t i t i e s  appear and are defined by t h e  equa- 
t i o n s  : 

Thus, 

In  o rde r  t o  s tudy t h e  system of equatioiis f o r  t h e  s ta t ics  of the deformable 

.Bi = + T,~B~', ab: = &A,' + qrB:r 
SI' = Elh,' i- 5rB''. &' = E J :  + uB;, 

and by fou r  analogous ones f o r  p l l ,  21', ?2', 22 'a  The n i n e  preceding - 
equations can be written as: - 
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noting t h a t  t he  equat ions of Codazzi are as fol lows,  f o r  t h e  formation of t h e  
th ree  f i r s t  equat ions and using-the present  notation(25) 

rn'-99Y'=3& 

a?* 

a?1 a?2 

b9)-F+,3D-aqg+2,g=o,  

39' - - - c e$ - a et9' + 9,9" = 0, 

X des igna tes  the  expression formed only wi th  E , 3y 9 and t h e i r  f i r s t  and 
second derivat ives ,and r ep resen t s  t h e  t o t a l  curva ture  of t h e  sur face .  
should a l s o  note  t h a t  

. .  

We 

*A- - - e, *- s, a log A - 
d h  - 8, + 4, 

aPl 

and, consequently, s e t t i n g  t h e  two va lues  of a210n A equal t o  each o t h e r ,  
a p p 2  

where 

'2s) These equat ions a r e  immediate1.y der ived from those g iven  i n  Volume 1x1, 
p .  246, 248 of the  Lecons (Lessons) of M. Darboux, by c a E y i n g  o u t  t h e  
change i n  no ta t ion  and not ing  t h a t  

bM = 81 + 2,. a%.& = e, .+ 
DPI Wr 
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4 6 .  ; ieductian of t he  system .-- i n  t h e  Preceding Sect ion t o  a Form Analogous /110 
t o  the  One which I s  Obtained i n A h e  Calculus of Var ia t lons .  
ca l cu la t ion  ii fol lows that,when t h e  expressions f o r  t h e  e x t e r n a l  f o r c e s  and 
moments have been given s p e c i f i c  forms, t h e  a u x i l i a r y  q u a n t i t i e s  AI’ I . . . , o r ,  

which i s  the  same th ing ,  the  a u x i l i a r y  q u a n t i t i e s  kit, ... a r e  all. e l imina ted  

even though t h e i r  number i s  higher  than t h e  number of equat ions by one. This  
is a l s o  a a pr ior i  cmsequencg of t h e  usua l  assumptions made i n  the  c a l c u l u s  of 
va r i a t ions .  

From t h e  preceding 

We w i l l  now wri te  t he  equations r e s u l t i n g  from t h i s  e l imina t ion  iir t h e  form 
which may be der ived from the  ca lcu lus  of v a r i a t i o n s ,  i n  t h e  case where t h e  
expressions f o r  the  external. fo rces  and-moments are given i n  a s p e c i f i c  way. 

L e t  us begin by rep lac ing  i n  Wo t h e  arguments E,, v1, C,, n2 a s  a func t ion  

by t h e i r  expi:essions der ived from t h e  equat ions :  of t he  arguments m ,  E , 7 ,  
‘I - t; m, E: + = E. i- ~ t * ~ 2  = 5, E: -I- 15 = G, 5;- 

€I%.--“ E431 = A. 

t o  which we w i l l  add t h e  equat ion a l ready  used: 

2’ ‘72* which only determines the  s i g n  of 5 

From t h i s  we der ive :  

3 A tt = - sin m + - cos m, = \/E sin an, 

des igna tes  a determinat ion of t h e  roo t .  
6 46 

where tK 

I f ,  f o r  a moment,we l e t  [ W  I des igna te  t h e  func t ion  of p l ,  i? and of m i  E ,  0 2 
3, Cj rl , r 2 ,  D , f; ’ , a ’‘ obcained i n  t h i s  way, w e  o b t a i n  t h e  r e l a t i o n -  

sh ips  : 
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from which we dc.rive t h e  following expressions for t h e  d e r i v a t i v e s  of <WoA4): /111 

which al lows us  t o  c a l c u l a t e  the  var ious  combinations formed wi th  t h e  d e r i v a -  
t ives of (WoAo) ,  i n  terms of  a l l ,  b l ' ,  a21,-b2'. We thus  obta in :  

q u a n t i t i e s  o the r  than C ' ' a r e  def ined by t h e  nine equat ions:  1 ' c2 

L e t  us d4:fine t h e  d i r e c t i o n  cosines  y ,  y ' ,  ytt of the  normal Mz' t o  (M) by 
t h e  equat ions : 

We thus  obta in  the  following i d e n t i t y  in which w e  in t roduce  t h e  no ta t ion  /112 - 
0 w e  have j u s t  ind ica ted  i n  the  p l a c e  of the  d e r i v a t i v e s  of W 
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which, when solved, result  i n  the  v a l u e s  f o r  t h e  C h r i s t o f f e l  symbols Z1, C2,  C3, 
el, e2,  e 3  , o r ,  conversely,  the values  of the s i x  d e r i v a t i v e s  of 6 ,  3 ,  9 , 
These allow us t o  e l imina te  these d e r i v a t i v e s  oE E , 7 ,  5 . 
t h e  r e l a t i o n s h i p s  (27) : 

We also have used 1113 

3r - ax az 
a?; 3?l 3?1 

$2 a? 32 

- - el - + E, - 4- 2&* 

- e: + r, + PA?, 
= e, -- + s, - f m y .  

-- 
a,: lib& &?I 

atz sp a a z  
a?I *?S 

(26' 

(27' Darboux. Lecons (Lessons), Voltnne 111, No. 702, p .  251. 

We have also continued t o  use b j ~ g ~  =@, + zi, 91 - r el -+ sa. 
$1 
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which allows us t o  e l imina te  t h e  second de r iva t ives  of x ,  y ,  z and which give 
rise t o  two s e r i e s  of analogous equat ions obtained by rep lac ing  x, y by y, y '  
and z, y". 
derived by c y c l i c  permutation of those for-y. 

The d i r e c t i o n  cos ines  y' ,  y" are def ined by equat ians  which can be 

L e t  us consider t he  var ious  expressions which occurred i n  t h e  preceding 
ca l cu la t ion .  

L e t  us set 

On the  o the r  hand, we have 

from which it  r e s u l t s  t h a t :  

I n  the  same way we have: /114 -- 

but  on the  o the r  hand 
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from which i t  follows t h a t  

We a l s o  have: 

a AS? 
arc- E --- _-._- 

ax az  ax a -  a -  a-- 
d?, 8r b?* 

L e i  LIS modify the i d e n t i t y  which we  have obtained,and w e  should n o t e  t h a t  w e  
a l s o  ob ta in  two analogous ones by replacing x,  y by y,  y', and then by z, y". 

/115 - 
We w i l l  now develop the parentheses i n  such a tray a s  t o  i s o l a t e  t h e  f i r s t  

members of t h e  equat ions of s t a t i c s  of the  deformable surface.  The a b s t r a c t i o n  
f o r  t he  Eorces has been carried o u t ,  
r e l a t ionsh ips (28)  : 

For t h i s  purpose, we w i l l  employ the 

- - 
(28' Darbow, Lecons (Lessons), Volume 111, No. 698, p.  244-245. 
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which g ive  rise t o  
and then..by 2 ,  y" 

i .e . ,  

two analogous systcms-obtained by rep lac ing  x ,  y by Y,Y I . 
This means t h a t :  

We t he re fo re  a r r i v e  a t  t h e  r e s u l t  t h a t , i f  U U1, V , V  des igna te  t h e  f i r s t  

terms of t h e  equat ions of s t a t i c s  of t h e  deformable su r face ,  the expression w e  
have j u s t  t r e a t e d  conta ins  a l l  t he  terms independent of t h e  e x t e r n a l  f o r c e s  
and moments which appear i n :  

2 '  

Two analogous r e s u l t s  are obtained by changing x, y i n t o  y ,  y ' ,  and then  i n t o  
2, Yl'. 

On the  o ther  hand, t h e  equation 0 can be- w r i t t e n  as: 

It i s  the re fo re  seen t h a t  i f  we  set: 

and two enalogous equat ions obtained by rep lac ing  X 0' XQ' x, Y by yo, yo, 
ax y ,  y' ,  r e spec t ive ly ,  and then by Z0, Z0, z ,  y" (ou t s ide  of L -- 

0 a~~ + ... and 

ax + ...), t he  equat ions of s t a t i c s  of t he  deformable su.rface can be Lo ap1 
summarized as fol lcws(29)  : 

This r e l a r i o n s h i p  i s  analogous t o  t h e  equat ion I t l  (6T -t U)dt = 0 which (2 9) 

t O  

/116 - 

Tisserand gives  on p .  4 of Volume I of h i s  Trait4 de I44canique C'EZeute 
(Treatise o? CeZesLiaZ ,'4echatzi:cs), f o r  Hamilton's p r i n c i p l e .  
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where we have 
t e g t a l  s i g n ,  

only taken terms i n t o  account which occur under t h e  

The preceding r e s u l t  can be general ized.  Let us assume t h a t  

n,, i s  expressed a s  a functioil  o f  m, E , a ,  9 by t h e  equations.  - 

where u designates 
l'he e t iua t im  W =  0 

an a r b i t r a r y  funct ion of only the  q u a n t i t i e s  
can then be written as: 

& , 3, 3 

By forming the  combination 

and two analogous equations obtained by replacing x, y '  by y ,  y',  then by z, y",/l17 
w e  ob ta in  three  equations the  f irst  of which is: 

S e t t i n g  : 

w e  can summarize the  four  eq,uations as follows 

where w e  only take i n t o  cons ide ra t ion  terms which are present  under t h e  double 
inte.gr:i'. s ign,  

The- srimnarized form we have jus t  obtained and which must  be d e a l t  with 
according t o  the r u l e s  of t h e  ca l cu lus  of v a r i a t i o n s  is  p a r t i c u l a r l y  convenient 



f o r  performing changes I n  va r i ab le s ,  

Assuming t h a t  t he  expressions X o, Zo, No' have a s p e c i f i c  form, 

we w i l l  ob t a in  the equat ions f o r  the extremals of a problem of t h e  ca lcu lus  of 
v a r i a t i o n s ,  

L e t  us consider  t he  p a r t i c u l a r  case(30) where W A does no t  depend on rl, 
r2  and only depends on 6 1, C,, ql ,  n2 through the  intermediary of 
This i s  the  same as s t a t i n g  t h a t  t h e f i n a l  expression f o r  WOAO does n o t  depend 

on m ,  -- 

0 0  
, 7 , 9 

am am - and is a func t ion  of p 1, p 2  and the  s i x  func t ions  
2P1 ' a P 2  

8 , 5 ,  Q, 9, w, P 
of the  s i x  f i r s t  and second derziuatives of x ,  y, z .  

L e t  us  a l s o  assume t h a t  No' = 0. I f  9co, yo ,  Z did  n o t  depend on m, 0 
th ree  equations-in terms of x ,  y ,  z which can be sua- w e  would f i n a l l y  obta in  

marized by the  equation: 

~ ~ , s ( n . . A 0 ) 4 t S , ~  + Ao(fCoBr + %Jo8y + S&)d?,d?,= 0. 

I f  w e  l e t  U des igna te  a func t ion  of p p 2  and of x, y, 2, Y = - I ? h A L  f118 
A. "9 3) '- 

y ' ,  y", i n  t h e  p a r t i c u l a r  case where 

w e  then have: 

and two analogous equat ions,  and w e  ob ta in  the  th ree  equat ions of t he  extremals  
of t h e  i n t e g r a l :  

(30) The fol lowing can a l s o  be appl ied  t o  the  case where WoAo i s  a r b i t r a r y .  

The e s s e n t i a l  hypothesis  is t h e  one made f o r  Lo, '?lo, Nom-- We may cons ider  

the  case  where WoAo is  of t h e  f i rs t  degree with r e spec t  t o  rl, f2 and the  

c c e f f i c i e n t s  of t h e  l a t te r  q u a n t i t i e s  a r e  constant or,-mQre genera l ly ,  in- 
dependent of 0 2  and 01, r e spec t lve ly .  
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L..i:d the-preccdlng equat ions amount t o  s e t t i n g :  

A 1 1  t h i s  r e s u l t s  from the  f a c t  t h a t  y ,  y ' ,  y" s a t i s f y  the  following systems 
az which def ine  a func t ion  F of - ax 2L # ... - .  

aP1 a P l  ap2 ' 

aF aF 9 - - -- aF aF aF 
L- - c_ 
a -  az 'Y a d =  a- ax a . 9  a E  

a?, a ik: - a?, at92 a?*- a?: 
- =-?--7- 7 - r'- - -7'-' Y 

--- 
An-interest ing s p e c i a l  case of t h e  preceding one i s  t h a t  i n  which t h  term 

'owe , takiiig x and y a s  va r i ab le s ,  only deperds,  i n  add i t ion  t o  x, y, on a l l  

t h e  d e r i v a t i v e s  of z with respec t  t o  x, y. 

Let us note  t h a t  the two expressions 

A 
It i s  easy t o  f i n d  t h e  form of W 

0' 

&a dya + d:** - (d7& + ar'd' 3- ar'd=) 
can be w r i t t e n  as 

t+: i- a5d?,dT2 + $+;, AiTJ;; + a9'd?,iQf + 5Sd?j)* 

from which i t  r e s u l t s  t h a t ,  due t o  the e w t i o n s :  

we f i n d  t h e  i d e n t i t i e s  

From t he  theory of i n v a r i a n t s  of quadra t ic  forms, w e  have 

and consequently,  making use of the  absolu te  inva r i an t s ,  
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$? 3- P l y 2  = ('*-q?p-:plqs-+(: + P'&* 
11 +- 1,: L '1')' 

We f i n d  the two wel l  known expressions of t he  t o t a l  curva ture  and mean 
The case which we wish t o  consider i s  the  one where AoWo curvature .  

funct ion 9 of p 1, p 2  and the  two expressions: 

i a  a - 
A 

where R l  and %2 

su r face  can b e  w r i t t e n  a s  fol lows,  taking x,  y as var i ab le s :  

a r e  the  princLpa1 r a d i i  of curvature .  

The equations which summarize the  equations of s t a t i c s  of t he  deformable 

The funct ion u n d e r  the  If s ign  in the  second i c t e g r a l  is: 

/120 - and consequently t h e  equat ions of t he  problem will be  as follows, because 4 
does no t  contain the  de r iva t ives  of pl, p 2 ,  

a ay AO - (p 41 i- p2 + qa) BPI 

a 
+ (.. f?Jo ;$) A- dr + p2 + q2 = 0, 

As a s p e c i a l  casz,  l e t  us assume t h a t $  does not  depend on pl, p 2  and only 

We obtain the  equations: I and - I depends on -- 
2l +f?2 %a2 

\ 
We may write: 

We may combine t h e  two equat ions X = 6, 9 = 0 with those of the preced- 0 
ing  case.  
combination yr + ~ ' $ 1 ~  + y''ZU, s e t t i n g :  

For example, we can rearrange in such a way t h a t  we in t roduce  t h e  

0 
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I f  the knowns a r e  S u i t a b l e  i n  the  equat ion which wc. have j u s t  w r i t t e n  or  
i n  such a combination t h a t  p 

of t h e  preceding equat ion,  an equat ion f a r  t he  surface.. 

pzcan no lcnger  appear,  we Obtain,  making use 

The equat ions  

%=Pot 1Jo-0 
def ine  pl,, p 2  a s  a func t ion  of x,  y (or vice versa)  and can be s e t  a s i d e  if we 
d is regard  t h e  naturi;: s tate.  

Let us consider  t h e  s p e c i a l  cale i n  which t h e  func t ion  $I is a l l n e a x  func- 

, i.e., I + L ) 2  arid wl th  constant  c o e f f i c i e n t s  with r e spec t  t o  (- I t i o n  
Rl 3 2  %.I 3 2  

a func t ion  of t h e  fonn 

where A, E ,  C are cons tan ts .  The constant  B disappears  fol lowing a remark f i r s t  
made by Poisson i n  h i s  memoir on e l a s t i c  s u r f a c e s 0 1 )  and which was subsequently /la1 
genera l ized  by Olinde Rodrigues(32 1. 
are zero ,  we ic.iy :>ummarize the  equat ion a s  follows 

I n  t h e  case where a l l  t h e  e x t e r n a l  forces 

which is  the  conclusion which Poisson a r r ived  a t  i n  h i s  i nves t iga t ions .  

F i n a l l y ,  w e  should observe t h a t  t he  genera l  developments of t h i s  system 
e a s i l y  l ead  t o  t h e  t h e o r i e s  of Thomson and Tai t (33)  and Lord Rayleigh.04) by 
consider ing i n f i n i t e s i m a l l y  small  deformations. 
comparison t o  t h e  reac?er, and l e t  him study t h e  case they t reated(35)  

We w i l l  leave the work of t h i s  
i n  d e t a i l .  

Poisson. Memoir on Elas t ic  Surfaces, read August 1, 1814. M6noires d e  la 
Classe d e s  Sciences mathematiques e t  physiques de 1 ' I n s t i t u t  de  France 
(Memoirs of t h e  Mathematical and Phys ica l  Science Class of t h e  French I n s t i -  
t u t e ) ,  year  1812, 2nd P a r t ,  p .  167-225). An excerpt  from t h i s  memoir f i r s t  
appeared i n  t h e  Bu l l e t in  of t h e  Phi lomatic  Society and then  i n  t h e  Corres- 
pondance s u r  1 'Ecole Polytechnique, Volume 111, p.  154-159, 1815. 

de Courbure des Surfaces e t  sur Za Transformation d'une CZasse d'InL4graZes 
DoubZes, qui ont un Rapport Diyect avec Zes F o m Z e s  de cet te  !l%eorie 
(Researches on the AnaZyticaZ Theory of Lines and the Radii of Curvature 
of Surfaces and on the Transformation of a CZass of DoubZe IntegraZs, whick 
are Directly related t i i th  the  FomZas of this Theory). Correspondance sur 
1'Ecole  Polytechnique (Correspondance of t h e  Polytechnic  School, Volume 111, 
p. 162-182, 1815. I n  p a r t i c u l a r ,  see p.  173 and following. 

(31) 

(32'Rodrigues. Recherches SUP Za Thgorie AnaZytique des Lignes e t  des Rayons 

(33'Thomson-and T a i t .  

(34)Lord Rayleigh. 

(35)We are dealing with  an  i n f i n i t e s i m a l l y  small deformation of an  o r i g i n a l l y  
p lane  su r face ,  

TrtQfcise, Part 11, No. 644, 
Theory of Sound, Vo1:~me I, 2nd Edi t ion ,  p.  352, 1894, 
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47. a n a m i c s  of t h e  Ds.formable Lin_e,, The dynamics of the  deformable l i n e  

We t'kus o b t a i n  a 
can Le r e l a t e d - t o  the  preceding d i scuss ion ,  where i t  i s  s u f f i c i e n t  PO look 
upon one of t h e  parameters , p 2  for  example, as t h e  time t .  

simultaneous a c t i o n  o f d e f o r m a t i o n  and of motion. 
of a p o i n t  of  t h e  deformable l i n e  e n t e r s  i n t o  W by means of the  t h r e e  arguments 
5 2 8  q2,  c 2  and w e  o b t a i n  the  concept of k,irretic anisotropy a l r eady  corisidered 

by Rankine and which has  been introduced i n  seve ra l  t h e o r i e s  of physics,  i n  t h e  
theory of double r e f r a c t i o n  and i h a t  of r o t a r y  p o l a r i z a t i o n ,  f o r  example, Even 
if W i s  independent of t h e  r o t a t i o n s  and r e s u l t s  i n  zero ex tcrna lmoments ,  t h e  
argument of pure deformation 52 4- nz -t 62 and the  argument c2 + r12 + 
-t <; a r e  i n  gene ra l  accompanied by t h e  argument C; 5 
type of argument is  nothlng new i n  mechanics, and occurs e s p e c i a l l y  i n  t h e  theory 
of d i s t a n t  f o r c e s ,  as w e  w i l l  show later on. 

Due t o  t h e  t r i a d ,  t h E s p e e d  

1 1 1 2 2 + olo2 + c1c2. This  1 2  

When W does n o t  contain t h e  mixed argument clC2 + qlv2 f SIC2 , i t  i s  

i n  general  necessary t o  consider t h e  s t a t e  of deformation and of motion i n f i -  
n i t e s i m a l l y  ad jacen t  t o  t h e  n a t u r a l  s t a t e  i n  o rde r  t o  d e a l  wi th  the  case of 
c l a s s i c a l  mechanics w3ere the  act ion of defonnation i s  compZeteZy separated 
from the k ine t i c  act ion.  
t h a t  the  e x t e r n a l  f o r c e  and t h e  external. moment are zero,  i..e.., expressing t h e  
f a c t  t h a t  the  de fo rmab le - l ine  is not  sub jec t ed  t o  any a c t i o n  Dom t h e  o u t s i d e  
world, and lntroducing the  fundamental concept of an i so ta ted  sgf)tem, which 
w e  discussed a t  t h e  beginning of this art icle.  

One then ob ta ins  the D '  Alembert pr. inciple assuming 

The dynamics of t h e  de fo rmab lesu r face  can be  e s t a b l i s h e d  i n  t h e  same 
manner using the  theory of the  three-dimensional, deformable medium, which w e  
w i l l  now descr ibe.  

I V  S t a t i c s  and Dynamics of t h e  Ceformable Medium 

4 8 .  Deformable Medium. Natural  S t a t e  and Deformed S t a t e .  The t h e o r i e s  
of t h e  deformable l i n e  and the deformable s u r f a c e  which we have j u s t  d i scussed  
l ead  u s ,  i n  a very  gene ra l  way, t o  t h e  considerat ion of a deformable medium 
which is more gene ra l  than is usua l ly  cons ide red . in  the  theory of e l a s t i c i t y .  
It seems t o  us t h a t  t h i s  w a s  the goa l  t h a t  Lord Kelvin and Helmholtz had i n  
mind i n  the  t h e o r i e s  of l i ght  and magnetism. 

L e t  us consider  a space (M ) descr ibed  by po in t  Mo whose coordinates  are 0 
xo, yo, zo with  r e s p e c t  t o  t h r e e  r ec t angu la r  f ixed  axes O x ,  Oy, 02. 

regard these  coordinates  as func t ions  of t h r e e  parameters P ~ ,  p2, P 

an a r b i t r a r y  way. 
t hese  coordinates  are taken t o  be independent v a r i a b l e s .  
gonal t r i a d  t o  each po in t  M of t h e  space (Mo) whose axes Moxvo, MOyqO, 0 
MOzIO have the  d i r e c t i o n  cosines  ao, a v o ,  alto; Bo, B v o ,  B"o; yo, y v 0 ,  y"o 

r e s p e c t i v e l y ,  wi.th r e s p e c t  t o  the  axes Ox, Oy, 02, and which are func t ions  of 

We may 

chosen i n  3 

L e t  a t t a c h  an or tho-  
However, f o r  s i m p l i f i c a t i o n  purposes we w i l l  assume t h a t  

- I122  
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t h e  independent v a r i a b l e s  x 0s Y o *  2 0 9  

The continuous 1) three-dinensional  ensemble of these  t r  Lads MOxO'yO' zo' I s  

what we s h a l l  c a l l a  defomabte mediwn. 

Let u s l m p a r t  a displacement M M t o  t h e  poin t  Mo. 0 
coord ina tes  of t h e  po in t  M with respect t o  t h e  f i x e d  t r i a d  Qxyz. Also,  let us 
impart  a r o t a t i o n  t o  the  t r i a d  M x 'y  ' z  ', which b r ings  i t s  axes i n t o  co inc l -  

dence with those of a t r i a d  Mx'y'z' which w e  w i l l  a t t a c h  t o  t h e  poin t  M. 
w i l l  de f ine  t h i s  r o t a t i o n  by spec i fy ing  t h e  d i r e c t i o n  cos ines  a ,  a ' ,  a"; 6, R ' ,  
6"; y ,  y ' ,  y" of t h e  axes Mx', My', Mz' with r e spec t  t o  f ixed  axes Ox, Oy, 02. 

Let  x ,  y ,  z h P h e  

0 0  0 0 
We 

The continuous,  th ree-d inens iona l  ensemble of t h e  t r i a d s  Mx'y'z' is what 
w e  s h a l l  c a l l  the deformed s t a t e  of t h e  deformable medium under cons idera t ion ,  
which, i n  i t s  i n i t i a l  s ta te ,  w i l l  be  ca l l ed  t h e  natura2 s ta te .  

49. Kinematic Elements f o r  t he  States of t h e  Deform&le Medium. For 
convenience i n  w r i t i n g  and n o t a t i o n ,  w e  w i l l  sometimes in t ioduce  t h e  let ters 
pl, P ~ ,  p 3  i n  p lace  of x 

ven ien t  change i n  t h e  no ta t ion ,  expressed by t h e  equations: 

i n  t h e  fol lowing,  which amounts t o  a con- 0' YO' zo 

4 = pa, yo '= pn. 50 = Pb* 
which should be  borne i n  mind. 

L e t  us des igna te  by g ( o ) ,  n ( o ) ,  ~ ( 0 )  t he  components of t h e  v e l o c i t y  of 
i i 

MOzO' along these  axes,  when only pi is /123 of t h e  axes Moxto9 MOyO', 
i 

t h e  o r i g i n  M 

v a r i e d  and p lays  t h e  r o l e  of t i m e .  
t i o n s  along these  same axes of t h e  instantaneous r o t a t i o n  of t he  t r i a d  M X 'y '  z' 

0 
Also, le t  p(O) ,  q(O), r(O) b e  t h e  projec- 

i i i 
06) 0 0 

wi th  respect t o  the parameter p i' We w i l l  use E,, ni, Ci and p i' 91, =i t o  
des igna te  the  analogous q u a n t i t i e s  f o r  the  t r i a d  Mx'y'z' when it  is r e f e r r e d  t o  
the  f ixed  t r i a d  Oxyz, a s  was done f o r  t h e  t r i a d  MoxO'yol~O'.  

way; i n  p a r t i c u l a r  w e  have: 
The elements which w e  have j u s t  introduced are ca lc r i la ted  i U . h e  ord inary  

The l i n e a r  element of  t h e  deformed medium (M) r e f e r r e d  t o  t h e  Pndependent 
zo is defined by the  equation: 0' Yos v a r i a b l e s  x 
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where e e 2 #  c 3 ,  yl, y2, yg a r e  ca l cu lc t ed  by the  following double equatlone: 

(44 ' 

L e t  x ' ,  y ' ,  2' desig1:ate t h e  p ro jec t ions  of the  segment OM on t h e  axes 
Mx' , My' , Mz', such t h a t  t h e  coordinates  of the f ixed  po in t  0 w i l l  b e  - X I ,  -y ' ,  
-2 '  with r e spec t  t o  t h e s e  axes, We w i l l  have the  following known equations: 

qi+ry~=o, TI- a t  -rz'-+p?=o, c-- a i '  - - py'+qz'=o, a d  
El- - - (46) 

a?r &?a a?& 
which g i v e  new expressions fdr  6 f l  n p  5 1 '  

50. Expressions f o r  t h e  Var i a t ions  of the Rates of T rans l a t ion  and Rota- 
t i o n  of t h e  Triad f o r  t h e  Deformed S t a t e .  
i n f i n i t e s i m a l l y  small displacement t o  each of t h e  t r i a d s  of t he  deformed s t a t e  
i n  a coiitinuous way with r e spec t  t o  t h e s e  t r i a d s .  L e t  6x, 6y, 62; 6x' ,  by', /124 
62'; 6cr, 6 a s ,  ..., 6y" des igna te  t h e  r e spec t ive  v a r i a t i o n s  of x, y ,  2 ;  IC', y', 
2'; a ,  a ' ,  ..., y", 
of equat ions such as the  following: 

L e t  us assume t h a t  w e  impart an 

-- 
The v a r i a t i o n s  6a, 6 a ' ,  ..., By" are expressed by means 

(47) a, - $J', 

Fn terms of t h r e e  a u x i l i a r y  q u a n t i t i e s  61', 6J', 6K' which are the w e l l  known 
components of t he  instantaneous r o t a t i o n  along M x ' ,  My', Mz' connected with t h e  
i n f i n i t e l y  smll  displacement under considerat ion.  The v a r i a t i o n s  k ,  6y, 6z 
are t h e  p ro jec t ions  of the  i n f i n i t e l y  small displacement experienced by the 
po in t  M along O x ,  Oy, Oz. The p ro jec t ions  6'x, S'y, 6 ' 2  of t h i s  displacement 
along Mx', My', Mz' are immediately der ived from them and have t h e  following 
v a l u e s  : 

;,r,;t~+zr;,v-yf~n', a~=$y'+~'Z~'-~'&', ;':=~?-@l'-de'arr. 
(48) 

L e t  us attmept t o  determine the  var ia t ions  66 6nj-, 6Ci, &pi, 6qi,  6ri 1. ' 
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L e t  us rep lace  6a by i t s  value B6K' - yf3J ' ,  and 6 a ' ,  
values .  We have 

, 6y" by t h e i r  nimilar 

Equations ( 4 6 )  a l s o  g ive  us th ree  eea t ions , -e  f i r s t  of which is: 

a W  
' a?t 

26, =; - -+ qsi - r&j' + s'Sqd - y'bi : 
l e t  us  rep lace  6p i, 6qi, 6ri by t h e i r  va lues  given by equat ions ( 4 9 ) .  We have: 

bS'2 a& = ?$Pi' - tiid 4 -- + qiy2 - rJy, 

(5a) 6qi= ($1' - (,s.&' + aVy --- + $> 1 &':'Z, 

apl 
i c i  = t,?J' - t,,?lf + ?6'f -+p8'r -- Oc8's, 

b?i 

i n  which w e  have introduced the  t h r e e  symbols 6'x, 6'y, 6 ' 2  defined by equat ions 
( 4 8 )  t o  shor ten  the  nota t ion .  

51. Eucl idian Action of Deformation f o r  a Deformable Medium. Let us /125 
r e t a i n  the  no ta t ions  of Sect ion 49 and in t roduce  the  known quant i ty  A ,  defined 
by t h e  equation: 

L:.. 

The square  of i t ,  which i s  formed by t h e  r u l e  of mul t ip l i ca t ion  of determinants ,  
can be  expressed a s  fol lows a s  a func t ion  of E ~ ,  e2,  c3, yl, y g r  y3: 

1. I -!- pr, 7, TI  

71 71 f i- at$, 
L e t  us consider  a func t ion  W of two i n f i n i t e z y  c?Zose posi t ions of t h e  t r i a d  

A'=l ys -k 71 

Mx'y'z', i . e . ,  a func t ion  .of x o$ yo, zO5 of x, Y ,  2, a $  6, Y, a ' ,  B ' ,  Y', a", 

B", y" and t h e i r  f i r s t  de r iva t ives  with r e spec t  t o  xO, yo, zo. 

t o  determine what must be t h e  form of W such t h a t  t h e  i n t e g r a l  

L e t  u s  a t tempt  

~-y\.d.rnd;.. -___^ 

extended over  an a r b i t r a r y  po r t ion  of t h e  space (M ) has  a zero v a r i a t i o n ,  .when 

t h e  ensemble of a l l  t h e  t r i a d s  of t h e  deformable medium, taken i n  i ts  deformed 
s ta te ,  
the group of EucZidian displacements. 

0 

is subjec ted  to the save arbitrary, ininfinitssimaZ transformation of 

More p rec i se ly ,  i t  i s  necessary t o  determine W i n  such a way t h a t  we have: 

it\' == 0 
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when, on the  one hand, t h e  o r i g i n  M of t h e  t r i a d  Mx'y'z' c a r r i e s  cu t  an.in.f:n- 
i t , e ly  small displacement,  whose p ro jec t ions  6x,  dy, 6z on the  axes Ox, Oy, Oz 
are 

I 6: = (a, 4 w a y  - w,z)2t, 

Ex F= ((I, f w,: - w&Yp- 
8.v == (a, -t- t I J p  - q:)?r, (51) 

where "1, a2,  a39 ~ 1 ,  W 2 s  u3 a r e  s i x  a r b i t r a r y  constar:ts and St i s  an i n f i n l t e s i -  

mally small  quan t i ty  independent of x o, yo, zo ,  and when, on the  o t h e r  hand, 

t h i s  t r i a d  Mx'y'z' carries ou t  an i n f i n i t e s i m a l l y  small r o t a t i o n  whose cmpon- 
e n t s  along t h e  axes Ox, Oy, Oz are 

w,a, w;r8 w13r. 

Let us  note  t l i a t I n  t h e  present  case the  v a r i a t i o n s  Sg,, hi' 6Ci; & P i '  
6qi, 6r. of t h e  e ighteen  expressions E,, qi ,  Ci ;  pi ,  qi, ri-are zero ,  which 

resu l t s f rom t h e  wel l  known theorem of t h e  moving t r i a d .  
v e r i f y  i t  by means of equat ions (49)  and (SO),  rep lac ing  d'x, Sly, 6'2; SI', -- /I26 
SJ', 6K' i n  them by t h e i r  p resent  values, It fol lows t h a t  we  ob ta in  a s o l u t i o n  

and of t h e  of the  problem by caking W t o  be an arbitrary func t ion  of x 

eighteen expressions c,, ni, ci; pi, qi, r-.. We w i l l  now show t h a t  we o b t a i n  - 
the  genera l  so lu t ion(1)  of t h e  problem which we have posed ourse lves  i n  t h i s  
way. 

1 
We may a l s o  immediately 

0' YO' 2o 
1 

For t h i s  purpose,  le t  us note  t h a t  r e l a t i o n s h i p s  ( 4 4 )  alov us t o  express  
the  f i r s t  d e r i v a t i v e s  of t h e  n ine  cos ines  a ,  a ' ,  ..., y " w i t h  r e spec t  t o  xo, 

yo, zo i n  terms of -these cos ines  and of p3, q i ,  r using w e l l  known equat ions.  

On the  o t h e r  hand, equat ions ( 4 3 )  alow us  t o  express  t h e  n ine  cos ines  a, a ' ,  .. .., y" i n  terms of C,, qi, Gi  and t h e  f i r s t  der ivat ives  of x ,  y,  z w i t h  respect_ 

t o  xo, i n  terms of C,, n2,  r,* and t h e  f i r s t  d e r i v a t i v e s  of x, y, z wi th  r e spec t  

t o  yo, o r ,  f i n a l l y ,  i n  terms of 5 
with r e spec t  t o  zo. 

hypothesis  regarding t h e  method of so lu t ion .  It is  clear t h a t  w e  w i l l  no t  
ob ta in  a more gene ra l  form than t h e  one w e  have s t a r t e d  wi thassuming f i n a l l y  
t h a t  t h e  func t ion  W which w e  are seeking i s  an a r b i t r a r y  func t ion  of x 

zo and x, y,  z and 05 t h e i r  f i r s t  d e r i v a t i v e s  w i t h  r e spec t  t o  xo, yo, zos and 

finally of s i ,  ni, Ci, Pi, qi, We i n d i c a t e  t h i s  f a c t ,  us ing t h e  n o t a t i o n  
P I  = XOS P 2  = YO' P3 = zo,  by wr i t ing :  

i' 

5 and f i r s t  de r iva t ives  of x, y, z 

It i s  the re fo re  use l e s s ,  i n  t h e  l a t te r  case ,  t o  make a 
3'  q39 3 

0' YO' 

a: I\- = IK+~, c. y. i ,  a? ax 9 .-. €ie xi, st. pis gi, ri). a?{ zipi a;, 

(I) In  t h e  following w e  assume t h a t  &he medium can carry out  aZZ possibZe 
deformations, and t h a t ,  consequently,  the  deformed s t a t e  can be asawned 
comp 1 et e 13 arbitrarizy . 
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Since t h e  v a r i a t i o n s  6 6  & v i ,  & G i g  6pi, 6qi, 6r are zero In  the  present I' 1 
case according to  what w e  have said. above, w e  may f i n a l l y  write t h e  following 
f o r  t h e  new form of W, which is t r u e  due t o  equat ions (51) and no matter what 

a2S a3# '1' w2D may - 3 

Let us r ep lace  6x, 6y, 6% by t h e i r  values  (51) and 6 

va lues  whlch a r e  der:!ved by d i f f e r e n t l a t i o n ,  Let u s  
al, ,a3, a3, wl ,  w 2 ,  w3 equal  t o - w r o .  We ob ta ln  the  

set  t h e  c o e f f i c i e n t s  of 
f :Il.bwing s i x  condi t ions:  

which a r e  i d e n t i t b s  if w e  assume t h a t  t h e  expressions appeiaring i n  W have been /127 
reduced t o  t h e i r  minimum number. 

A s  could have e a s i l y  have been p red ic t ed ,  t h e  f i r s t  t h r e e  show us  t h a t  W 
is independent of  x ,  y ,  z .  
on the  f i r s t  d e r i v a t i v e s  o f . x ,  y ,  z with  r e spec t  t o  xo, yo ,  zo except through 

t h e  intermediary of the  q u a n t i t i e s  E ~ ,  E ~ ,  E ~ ,  yl, y2, y 3 defined by equations 

(45). We f i n a l l y  see t h a t  the  unknom function W has the  folloWing remaPkabZe 

The t h r e e  l a t t e r  ones indicate  t h a t  W does not  depend 

fom : 
\Y(z~ ,  J;, ~ 0 ,  ti, ~ , t s  ti, pi* qi* ri)t 

which i s  analogous t o  the one already encountered f o r  t h e  deformable l i n e  and 
the  deformable surface.  

I f  w e  mult.iply W by the  volume element dxOdyOdzO o f  t h e  space (Mol,  t h e  

product Wdx dy dz 

ment of t h e  medium (M),  f o r  t h e  group of Eucl id ian  displacements.  

thus obtained is an i n v a r i a n t  analogous t o  the volume e l e -  0 0 0  

I n  t h e  same way, the  common va lue  of t h e  i n t e g r a l s :  

taken over the  i n t e r i o r  of a s u r f a c e  S 0 
of the  corresponding su r face  S of t h e  medium (M),  r e s p e c t i v e l y ,  determines t h e  
volume of t h e  region l i m i t e d  by the s u r f a c e  S. I n  t h e  sameway, by a s s o c i a t i n g  
the  concept of a c t i o n  i n  passing from t h e  n a t u r a l  s ta te  W t o  the  deformed s ta te  

of t h e  medium (M,,) and over t h e  i n t e r i o r  
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(M) i n  our  minds, we may connect t h e  function W t o  t h e  elements used- to  de f ine  
the  dcfnr,aable medium. We w i l l  say  t h a t  t h e  i n t e g r a l  

is t h e  action of deformation i n  t he  i n t e r i o r  of t h e  s u r f a c e  S on t h e  deformed __ 
sur f  ace. 

On t h e  o t h e r  hand, w e  w i l l  say t h a t  W is  
deformation a t  a po in t  of t h e  deformed medium 

the non-deformed medium, and t h a t  - is  the  
tal  

t h e  density of the a c t i o n  of 
r e f e r r e d  t o  a u n i t  of volume of 

dens t ty  of t h i s  a c t l o n  a t  a point  

refcrrr.? t o  t h e  u n i t  of voluine of t h e  deformed medium. 

52. Externa l  Force and Moment. External  Stress and Moment of Deformation. 
Let us con- Stress aniMoment of Deformation a t  a Po in t  of t he  Deformed M e d i z .  

sider an a r b i t r a r y  v a r i a t i o n  of t h e  a c t i o n  of deformation a t  t h e  i n t e r i o r  of a 
su r face  S-of t h e  medium ( M ) ,  i , e . :  

e 

We may w r i t e  it as fo l lows ,  due t o  equat ions  (49) and (50) of Sec t ion  50: 

L e t  us apply Green's formula t o  t h e  terms e x p l i c i t l y  containing a deriva-  
t i v e  wi th  respect t o  one of t h e  v a r i a b l e s  pl, p2, p3 .  

where Zo, mo, no des igna te  t h e  d i r e c t i o n  cos ines  with r e spec t  t o  f ixed  axes 
O x ,  Oy, Oz of t h e  e x t e r n a l  normal t o  t h e  su r face  So, which l i m i t s  t h e  medium 

before  t h e  deformation', and where d a  des igna tes  the  area element of t h i s  sur- 

face:  

We ob ta in  t h e  following, 

0 
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point M referred t o  the u n i t  of voZwne of the  non-deformed medium, t h e  scgmente 
having t h e i r  o r i g i n  a t  M and whose pro jec t iona  on the  axes Mx', My', Mz' a r e  
Xol, Yo', Z o '  and La ' ,  Mo' , No' r espec t ive ly .  

I f  we now-cansidcr the  su r face  I n t e g r a l  appearing i n  

$JJ, \Yd*fidJad:), 

we w i l l  des igna te  by ext;ernal stress and externuZ mornenit of defomcntfon a t  ths  
point M of the surface S, which l i m i t s  t h e  deformed medium, referred t o  $he 
unit OJ area of tlzc suryaec So, the  segments cmaneing  from t h i s  po in t  M and 

whose projec,..ions on the  axes Mx' , My', Mz' a r e  - Fo ' , - Go', - Hot  and. - T o ' ,  

- Ja ' ,  - K o ' ,  r espec t ive ly .  A t  a determined point  M of ( S ) ,  these  s i x  l a t t e r  

q u a n t i t i e s  only depend on the  d i r e c t i o n  of t he  e x t e r n a l  normal t o  the  surface. 
(S), They remain inva r i ab le  i f  the l reg ion  of (Mol under cons idera t ion  i s  var ied ,  

i f  t h e  regj.on of t h e  ex te rna l  normal does not  change. They change t h e i r  s i g n  
i f  t h i s  d i r e c t i o n  i s  replaced by the oppos i te  one. L e t  us assuie t h a t  a t  t h e  
i n t e r i o r  of t he  defornied medium l i m i t e d  by t h e  su r face  (S) w e  draw a su r face  
(E) whichcircumsc-ibes  a p a r t  of (A) of the  medium, e i t h e r  with o r  without a 
p a r t  of t he  su r face  (S) .  By (B) l e t  u s  des igna te  t h e  remainder ou t s ide  of t h e  
pa r t  ( A ) ,  

of (M), and l e t  (Ao) and (Bo) be  the  reg.5.m.s of (Mo) which correspond t o  regions 

(A) and (B) of (MI. I n  our  minds l e t  us s e p a r a t e  t h e  two p a r t s  (A) a n d  (B). 
We may regard  the  two segments ( - Fo', - G o ' ,  - Hot) and ( - Io', - .To1, - KO1> 
determined f o r  t he  poin t  M and f o r  t h e  d i r e c t i o n  of t h e  normal d i r ec t ed  from 
( C  ) through the 5 x t e r i c r  of (A ) a s  t h e  e x t e r n a l  stress and moment of deforma- 

J o t ,  K ') as t h e  G o ' ,  Ho') and- (I ', we may regard the two segments (F I ,  

ex te rna l  stress and moment of deformation a t  t h e  po in t  M of t h e  boundary ( C )  of 
t he  region (B). Due t o  t h i s  f a c t  we w i l l  say  t h a t  - Fo', - G G ' ,  - Hot  and - 
- J o l ,  - KO' a r e  the  components along t h e  axes Mx', My', Mz' of the s t r e s s  and 
moment of deformation Gxerted a5 M cn the portion (A) of t he  mediwn (M), and 
t h a t  Fo' ,  G o 1 ,  Hot  and Io', Jo', KO1 a r e  t h e  components along the  axes Mx', 
My' ; Mz' of the  s t r e s s  and moment of deformation exerted a t  M on the portion 
(B) of the  medium (M). 

/I30 

L e t  (C ) be t h e  su r face  of-.-(Mo) which corresponds t o  t h e  su r face  ( C )  0 

0 0 
t i o n  a t .  t he  point  M of t h e  boundary ( C )  of t h e  reg ion  ( A ) .  In t h e  same'way, - 

0 0 0 

IO1 

We may repeat the  observa t ion  made a t  t h e  end a f  Sec t ions  9 and 34 regard- 
ing  t h e  replacement of t h e  triad-Mx'y'z' by a t r i a d  which is i nva r i ab ly  con- 
nected t o  i t ,  without any modif icat ions.  

53. Various Conditions f o r  t h e  Stress and Moment of Deformstion. L e t  us 
set:  
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and Pir, Qi', Ri' ropresent  t h e  p ro jec t ions  on Mx', My', Mz' of 
the  s t r e s s  and moment of deformation which arc appl ied t o  a su r face  a t  point  M 
which, before  dcfomat io i i ,  had an i n t e r i o r  normal a t  t he  poin t  Mo p a r a l l e l  t o  

t h e  coordinate  axes O x ,  Oy, Oz which ccrrespond t o  the index 1. 
t o  r e c a l l  t h a t  w e  have a l ready  found i t  convenient t o  rep lace  xo, y o ,  zo by P i s  

P p  Pg, which-correspond t o  t h e  Indices  1, 2 ,  3 ,  respect iveLy,  according t o  

t h i s  convention. T h i s  s t r e s s  and moment of deformation a r c - r e f e r r e d  t o  t h e  
u n i t  of a r m  of the  non-deformed su r face ,  i t  should be r eca l l ed .  

Ai" Bi 1 D Ci' 

It is s u f f i c i e n t  

The new stresses and new moments of deformation which we have j u s t  defined 
a r e  r e l a t e d  t o  t h e  elements introduced i n  the  preceding s e c t i o n  according t o  
t h e  EoLlowing r e l a t ionsh ips :  

/13& 

L e t u s  attempt t o  t ransform these  r e l a t i o n s h i p s  which we have written 
down i n  a way which is independent of t he  va lues  of the q u a n t i t i e s  which OCCUi 
in. them and which are c a l c u l a t e d  in terms of W. These r e l a t i o n s h i p s  ho?d f o r  
t h e  segments a s soc ia t ed  with t h e  poin t  M and which w e  have named. Ins tead  of. 
def in ing  these  segments by t h e i r  p ro j ec t ions  on Mx', My', Mz', w e  inay j u s t  as 
well de f ine  them by t h e i r  p ro j ec t ions  on z t h e r  axes. 
w i l l  be  relz ' ted by r e l a t i o n s h i p s  t h a t  are t h e  t ransforms of t h e  preceding ones. 

The t r s n s f  ormed re lRs ionships  are immedi;lt:ely obtained by not ing  t h a t  the- 

These l a t te r  p ro jec t ions  

i n i t i a l  equat ions al low simple and immediate  i n t e r p r e t a t i o n i 2 )  by making an 
as soc ia t ion  between t h e  moving axes and axes p a r a l l e l  t o  them and d isp laced  
through the  po in t  0. 

I, Let  us  l i m i t  ou r se lves  t o  t h e  cons idera t ion  of fixed axes Ox, Oy, Qz. 
Let Xo,  Yo, 2 and Lo, Mo, No,respectively,designate t h e  p ro jec t ions  on t h e s e  0 

- 
(2 )  An i n t e r e s t i n g  i n t e r p r e t a t i o n  t o  be noted is analogous t o  t h e  one given by 

P. Saint-Guilhem f o r  t h e  dynamics of a t r i a d .  
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axes of the e x t e r n a l  fo rce  and e x t e r n a l  moment a t  an a r b i t r a r y  point  M of the 
deiurined medium. 

the stress and moment of deformation on a su r face  whose i n t e r n a l  normal has  the- 
d i r e c t i o n  cosines  Z 
b e  the p ro jec t ions  of the stress (A ', B i f ,  C i f )  and t h e  moment of deformation 

(Pif, Q,', Ri'). The transforms of the preceding r e l a t i o n s h i p s  a r e  obviously: 

Let Fo, G o ¶  Ho and Io, .To, Kg des igna te  the p r o j e c t i o n s  of 

Q i B  % mo, no before  deformation. Le t .A i ,  Bis-Ci and Pi, 0' 

i 
1132 

These a r e  three-dimensional g e n e r a l i z a t i o n s  of t h e  equations of Lord Kelvin and 
T a i t  f o r  one and two dimensions. 

2 .  Let US now no te  t h a t  we may express t h e  n ine  cosines  a ,  a ' #  ... y" i n  
terms of t h r e e  a u x i l i a r y  quant i t i .es .  

q u a n t i t i e s .  Let u s  set: 

L e t  XI, X2, X be  t h r e e  such a u x i l i a r y  3 

and w e  have: 
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Let i l i , - x i ,  ai designate  t h e  p ro jec t ions  on f i x e d  axes Ox, Oy, Oz of the  

aegnent whose p ro jec t ions  on tho axes Mx' My', Mz' a r e  Lii' xi '  ui'. We will /133 
have: 

from which i t  follcws t h a t  t h e  new funct ions G1 i, x i ,  uLoE A s ,  A,, A g  satisf? 

the   relationship^(^) : 

We should a l s o  like t o  no te  a f a c t  which w i l l  be of use t o  us l a t e r ,  namely, 
X 2 ,  X which correspond 1' 3 t h a t  i f  6Xi, & A 2 ,  6X des igna te  t h e  v a r i a t i o n s  of A 

t o  the v a r i a t i o n s  6a, & a ' ,  ... 6y" of a ,  a ' ,  ... y", we w i l l  have: 
3 

w = W1'2X1 + o;a, .-I- w;a, 
2f = z;a, 4- x;a.z -+ X{iX1, 
&' = alaA, + a,';?., + u:Ba,. 
ix = a&' -I- fibr + -&* = w,ZX; + w2ix, + w& 

ir = a%' + ~ C J '  + $ 2 ~ '  = e,CX, + + u$x,, 
c'J = ,'atr + $rZJ' + fanr a zl& + i$>, + x&, 

where 6 1 ,  6J, 6K are the  p ro jec t ions  on f i x e d  axes of t h e  segment whose pro- 
j e c t i o n s  on Elx" My', Mz' are &I1, 6J', 6K'. 
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Instead of the  l a t t e r  system where Pi', Q i ' ,  Ri'  o r  Pi, Q,, Ri appear,  we have 1134 

ard two analogous equat ions .  

ri, of A I ,  A 2 ,  X g ,  ap, ahl , -  a A 2  , 
I f  we note  t h a t  the  func t ions  C,, ni, <i, pi ,  qi, 

r e s u l t  i n  the equat ions:  
aPi 3 F i  

x i 1 ,  ai' and t h e  n ine  i d e n t i t i e s  which they s a t f s f y ,  w e  may change t h e  

sys tem i n t o  t h e  new fora: 

and two similar equat ions.  ~ 

3.. The equat ions which w e  have previously introduced c o n s t i t u t e  ' 

gene ra l i za t ion  of those  which we developed i n  an e a r l i e r  work(4),  
form them i n  such a way t h a t  w e  can ob ta in  the  gene ra l i za t ion  of t h e  w e l l  known 
equations of t he  theory of e l a s t i c i t y  expressed i n  terms of t h e  stress. 
t h i s  purpose it is s u f f i c i e n t  t o  use the method already employed i n  the work t o  

which w e  have j u s t  r e f e r r e d .  

We may trans-- 

For 

preceding 

the 

0' I n  order  t o  abbrev ia t e  t he  wr i t i ng ,  l e t  us f o r  a moment des igna te  by x '  
0 t h e  f i r s t  terms of t h e  r e l a t i o n s h i p s  t o  be  t r ans -  Y'*? Z'(), P o ,  fito, 

formed, which r e spec t ive ly  conta in  Xo, Yo, Zo, Lo, Mo, No. 

may summarize t h e  twelve r e l a t i o n s h i p s  w e  have e s t ab l i shed  i n  t h e  fol lowing one: 

L e t  us n o t e  t h a t  we 

( 4 ) E .  2nd F. Cosserat .  First R q o r t  on the Theory of .%ZastCcity; AnnaZes de l a  
FacuZt4 des Sciences de TouZouse (I), 10, p .  I1 - fI l6 ,  1896. 
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where X I ,  h 2 ,  X g ,  v l D  P~~ p 3  are a r b i t r a r y  func t ions  and where t h e  i n t e g r a l s  

a r e  taken over t he  su r face  S 

i t .  I f  we apply Green’s equat ion,  t he  r e l a t i o n s h i p  w e  o b t a i n  fs as follows: 
of the  medium (Mo) and over t h e  region l imi t ed  by 0 

/135 

- Il(FA -+ Go% + 13d.r’ + lapL Joyr + Kop3)d~a 

”1 az ax + B, -- + B, -.:- -I- A, 3 +A? dr +A,- paai+iyod:,,=0. azo byo a-o axo ay, a:# 

L e t  us a t tempt  t o  t ransform t h i s  l a t t e r  r e l a t i o n s h i p  and l e t  us t ake  t h e  
new va r i ab le s  t o  be t h e  func t ions  x, y, z of xo, yo, 

a r b i t r a r y  func t ion  of xo, yo, zo and which thus  becomes a func t ion  of x, y, z ,  

t he  element.ary equat ions f o r  t h e  change of v a r i a b l e s  are given by: 

I f  $ des igna tes  an 

L e t  us apply these  equat ions  to-the func t ions  A1, X 2 ,  X 3 ,  vl,  u2 ,  u3 .  S 
is  s t i l l  used t o  des igna te  t h e  s u r f a c e  of t h e  medium (M) which corresponds t o  
t h e  su r face  So of (Mo). I n  add i t ion ,  l e t  us des igna te  by X ,  Y ,  2, L, M, N t h e  

p ro jec t ions  on Ox, Oy, Oz of t h e  ex te rna l  f o r c e  and e x t e r n a l  moment appl ied  a t  
t h e  po in t  M and r e f e r r e d  t o  t h e  u n i t  of volume of t h e  deformed medium (M). 
L e t  F,  G ,  H ,  I ,  J ,  K des igna te  t h e  p ro jec t ions  on Ox,  Oy, Oz of the  stress and 
moment of deformation which are appl ied  a t  the  poin t  M on S and a r e  r e f -  
erred t o  t h e  u n i t  of area of S. F i n a l l y ,  l e t  us  in t roduce  e ighteen  new a m -  f136 
i l i a r y  q u a n t i t i e s  p xx’ Pyx’ PZX’ pxy , Pzy’ Pyy’ pxz pyz * pzz  ’ 9xx ’ ’31x * qzx’ 

qxy, 4yy’ qzy, qxz, qyz, qzz, by means of t h e  equations: 
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and by analogous ones obtained by rep lac ing:  

JJJ 

where t h e  i n t e g r a l s  a r e  taken over t h e  s u r f a c e  S of t h e  medium (M) and over  t h e  
region l imi t ed  by i t .  d(; des igna te s  t h e  area element of 5 .  

L e t  us again  apply Green’s formula t o  t h e  terms conta in ing  t h e  deriva- 
L e t  u s  des igna te  by t i v e s  of xl, A2’ A 3 ,  lJ19 P2, 1 1 ~  u i t h z e s p e c t  t o  x ,  y ,  z .  

2 ,  m ,  n t h e  d i r e c t i o n  cos ines  of t h e  e x t e r i o r  normal t o  t h e  su r face  S with re- 
spec t  t o  f ixed  axes. 

/137 
Since XI, X2, Xg, pl, p 2 ,  u 3  a r e  a r b i t r a r y ,  w e  have 

F =  Ip,, + nv,, I- np,,, 1 = 4 1117~~ -I- n7=, 
G = Ip,, + mp,, -t tipzr.- -I = I7,# -i- my2, 4- rig:#, 
11 = Ip,: 3- nipvs -I- np,,, li = 4~ + 1 t q g s  + q,,, 
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The meaning of the eighteen new auxiliary quantities I ) ~ ~ ,  ..., qxx, .., 
immediately resultsfrom the relationships we have just found. 

of -in the expressions for F, G, H represent the the coefficients p 
projections on Ox, Oy, Oz o f  the stress applied at the point M on a surface 
whose interior nor11131 is parallel to Ox, and that the coefficients qxx, qxy, q,, 

of Z in the expressions for I, J, K are the projections on O:u,Oy,Oz of the moment 
of deformation at M with respect to this same surface. The coefficients of 01 

and of n give rise to a similar interpretation regarding surfaces whose interior 
normals are parallel to Oy and O z .  The auxiliary quantities which we have just 
introduced and the equations rclat.ing them d,o not seem to have been treated up 
to the present in such a general form. A s  far as we know, they have only been 
treated in thL particular case where the nine quantities qxx, ..., q,, are zero, 
and the first work which treats this question seems to be that of M. 

It is clear that 
xx’ Pxy’ pxz 

( 5 )  Voigt . 
Finally, let us note that if we carry out a change of variables in the 1138 

equations which contain X, Y, 2, F, G, H in such a way as to introduce the orig- 
inaluariables xo, yo, zo ,  we immediately find equations, the first three of 
which represent thegeneralization of the equations established by M. Boussinesq. 

(5) Waldemar Voigt . Theoretical Studies of the Elas t ic i ty  Bzhavior of CrystaZs, 
I, 11, Abhandlungen der kBniglichen Gesellschaft der Wissenschaften zu Gattin- 
gen (Transactions of the Royal Association of Scientists in Gottirigen), Vol. 
34, 1887. The first section entitled: Derivation of the Fundamental 
Equations for the Assumption of Molecules with Polarity, has 49 pages (3-52); 
the second one entitled: Investigation of the Elastic Behavior of a Cylinder 
Made of a Crystalline Substance Whose Outer Surface is Subjected to No 
Forces and When t h e  Stresses Acting Along the Cyiinder Axis are Constant in 
Its Interior, contains 48 pages (53-100). One could also consult the work 
of M. Voigt: The Present State of Our Knowledge of the Elasticity of Crys- 
tals (Report presented at the International Congress of Physics held in 
Paris in 1900, Volume I, pp. 277-347) where the paper by Poisson, Memoires 
de Z’Acadamie (Memoirs of the  Academy) Volume XVIII , p. 3 ,  1842 (see page 
289). Also see Larmor, On the Propagation of a Disturbance in a Gyrostat- 
icaZZy Loaded Medim (Proc. Lond. Math. SOC., Nov., 1891) ; Love, Treat ise  
on the MathematicaZ Theory of EZastic{ty (Camb. University Press, First 
Edition, 1892, Second Edition, 1906); Combebiac, The General Equations of 
Elasticity, Bull. de la SOC. Math. de France, Volume XXX, pp. 108-110 and 
pp. 242-247, 1.902. 
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54, Virtual External Work: Theorem Analogous to T E  of VariRnonA 
Saint-Guilhem. Remarks Regarding the Auxiliary Quantities Introduced in the 
Preceding Sections. For an. arbitrary vbtual deforrnatioq we will give the 
name of external v&rtztal! work for the deformed medium (M) t o  the expression 

Let us refer to 
the projections 

the notation of Section 50 and let us designate by 
on fixed axes of the segment whose projectionsnn Mx', My', Mz' 

dJ, hK 

are 6 J 1 ,  6 K l .  Thus, we have, for example, 

assuming that the axes under consideration have the same configuration. 
- sx = daa '  + p p '  3 y2y = - (&" 3- pB" + y ' v h  

With this, let us assume that in Section 53 we attribute the meaning de- 
fined by the following equations to the arbitrary quantities X1, h 2 ,  X 3 ,  l ~ ~ ,  l ~ ~ ,  

1, = sr, a, E 4, a$ = s:, r, = ti, p2 = ar, tr, = &L 
lJ3 : 0 

We thus see that the relationships obtained previonsly,between the new auxil- 
iary quantities introduced only express the following condition: 

No matter what the virtual displacements of Section 50 imposed on the de- 
formed medium may be, the external virtual work 6 ' 2  is given either by the r(?- 

e 
lationship: 

aiz a8y a%y a& 
a+ + Pw z-j- -t- Fav b' 

where the integrals are extended over the deformed.medium, or by the relation- /139 

139 



where t he  int,egrals are extendcd over the non-deformed medium, 
t ion - "- 

(E':?:, -E G,'2'y -t. 11,lZly + Io'21' + JiW 4 Zi,'h')ds. 

because the equa- 

Yo, ... No, Fo, Go, ... K due to the meaning of Xo, Also we have 
0' 

due to the meaning of X, Y, ... N, F, G ,  ... K. 
Let us start from the-equation: 

applied to an arbitrary part of the rr.z:dium llmited by a surface So. 

Since 6W must be identically zero, due to the invariance of W for the group 
of Euclidian displacements, where the variations 6x, S y ,  62 are given by equa- 
tion (51), i.e., 

2r 7G (a, + w3: - w&t, 

E: ,= (aa + wIq- wp);t. 
-J = (ad, -+ a;,%-- w&% 

and 61, 6J, 6K bj' 
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which holds no matter  what t h e  va lues  of t he  cons tan ts  all  a2,  a3, wl, w 2 #  w3are, 
w t  conclude t h a t  -- using t h e  expressions for &E2;, w e  are imposing here(b)--  

and fou r  analogous equat ions.  These s i x  equat ions a r e  e a s i l y  der ived from those 
which a r e  usua l ly  w r i t t e n  down using the  p r i n c i p l e  of s o l i d i f i c a t i o n .  

In these equations it is conceivabZe tha t  the boundary So is variable. 

The aux i l i a ry  q u a n t i t i e s  introduced i n  t he  preceding paragraphs a r e  no t  
t he  only poss ib le  ones. 
them,we would l i k e  t o  add some simple remarks. 

Since w e  a r e  l i m i t i n g  ourselves  t o  a cons idera t ion  of 

Spec i f i ca l ly  we have introduced two systems of s t r e s s e s  and moments of 
defcrmation f o r  a po in t  M of t h e  deformed medium. 
a r e  appl ied t o  su r faces  which, be fo re  deformation, have normals p a r a l l e l  t o  one 
of t he  f ixed axes Ox, Oy, 02. The second ones a r e  those which a r e  appl ied  t o  
su r faces  whose normals are p a r a l l e l  t o  one of t he  same f ixed  axes OX, OY, 02. 

The f i r s t  are those  which 

The equat ions w e  have ind ica ted  g ive  the l a t t e r  elements i n  terms of t h e  
foimer. 
dwell upon, w e  conversely ob ta in  t h e  f i r s t  elements i n  terms of t h e  second ones. 

However, by cqrrying out  a s t ra ight forward  s o l u t i o n  which we w i l l  n o t  

L e t  us  now assume t h a t  we have introduced the func t ion  W. The f i r s t  
stresses and moments of deformation have t h e  expressions a l r eady  given, and 
from them we may immediately de r ive  expressions f o r  t he  second ones. However, 
i n  these ca l cu la t ions ,  we may e x p l i c i t e l y  write t h e  func t ions  i n  terms of which 
w e  d e s i r e  t o  hav-e the  so lu t ion .  Depending on the  problem, t h e s e  w i l l  be ,  f o r  if41 

A2, X i n  terms of  example,^, y ,  z o r  x ' ,  y ' ,  z '  and t h r e e  parameters(7) XI, 
which a ,  a' ... y" are expressed. 

3 

L e t  us in t roduce  x ,  y ,  z ,  X1, X 2 , .  X 3  and continue t o  des igna te  by W t he  

funct ion containing x o, yo, zo,  t h e  f i r s t  de r lva t ives  of x ,  y,  z with  respect 

t o  xo, yo, z o ,  A1, A 2 ,  X and t h e f r  f i r s t  de r iva t ives  with r e spec t  t o  xa, y , 3 0 
It i s  obtained by rep lac ing  the  var ious  q u a n t i t i e s  Si, qi,  Si, pi, qi, ri =Os 

( 6 )  The t r a n s i t i o n  from elements xefei-red to  t h e m i t  of volume of t he  non-deformed 
medium and t o  u n i t s  of area of t h e  boundary So t.o elements r e f e r r e d  t o  u n i t s  

of volume of t h e  deformed medium and u n i t s  of a r e a  of t h e  boundary S is  so 
s t ra ight forward  t h a t  i t  is  s u f f i c i e n t  t o  l i m i t  ourselves  t o  t h e  f i r s t  case, 
f o r  example, as w e  a r e  doing. 

(7) A s  these  a u x i l i a r y  q u a n t i t i e s  AI, X2, X we map f o r  example, talce t h e  com- 

ponents of rotat ionwhich make t h e  axes O x ,  Oy, Oz become p a r a l l e l  t o  Mx',  
My', Mz' , respec t ive ly .  

3 
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i n  the- func t ion  W(x0, y o ,  z o ,  ti,- ni ,  ciD pi, qi, ri) by t h e i r  va lues  given by 
equations (43)  and (44).  We w i l l  have: 

55. Concept of t he  Energy of Deformation. Theorem which Leads t o  t h a t  of 
Clapeyron as a Spec ia l  Case. 

deformable medium-kiiniteci by t h e  su r faces  ( S o )  and (S), and l e t  us  consider  an 

a r b i t r a r y  sequence of states beginning wi th  (M ) and ending with (M).  For t h i s  

purpose, i t  i s  s u f f i c i e n t  t o  consider  f m c t i o n s  x ,  y ,  z ,  a, a ' ,  ... y" of x , 
yo, zo and of a v a r i a b l e  h which, f o r  t h e  v a l u e  zero of t h e  v a r i a b l e  h, are re- 

duced t o  x 09 YO' 20, a09 aO", ..., yo'', r e spec t ive ly ,  and f o r  t h e  va lue  h of h 

they are reduced t o  t h e  va lues  x ,  y ,  z ,  a ,  a ' ,  ... yl', r e spec t ive ly ,  a t  (M). 

L e t  us consider  t h e  two s ta tes  (Mo) and (M) of t h e  

0 

0 

By l e t t i n g  t h e  parameter h vary  from 0 t o  h i n  a continuous manner, w e  
ob ta in  a cc7tinuous deformation which al lows us t o  pass  from t h e  s ta te  (M ) t o  0 
the s t a t e  (M) . I n  t h i s  continuous deformation, l e c  c?s cons ider  t h e  totaZ work 
performed by t h e  e x t e r n a l  f o r c e s  and moments appl ied  t o  t h e  va r ious  volume 
elements of t h e  medium arid by t h e  stresses and moments of deformation appl ied 
t o  t h e  va r ious  su r face  elements of t he  boundary. In  order  t o  o b t a i n  t h i s  t o t a l  
work, i t  i s  s u f f i c i e n t  t o  i n t e g r a t e  from 0 t o  h t h e  t o t a l  d i f f e r e n t i a l  obtained 
by beginning with one 3f t h e  expressions f o r  672' of t h e  preceding paragraph and e 
by s u b s t i t u t i n g  t h e  p a r t i a l  d i f f e r e n t i a l s  corrrespond,ng t o  t h e  inc rease  dh of 
h f o r  t he  v a r i a t i o n s  of x, y ,  z ,  a ,  a ' ,  ..., y". The equat ion 

86' -SSS,)RC8dyod:o. 

an s p e c i f i e s  t h a t  - $11, ah dhdxOdyOdzO gives  t h e  present  va lue  of 6% We e' 0 
obta in  t h e  fol lowing f o r  t h e  t o t a l  work 

The work under cons idera t ion  is independent of t he  Intermediate  s t a t e s  and only 
depends on the  extreme s ta tes  (Mo) and (M) under cons idera t ion ,  

This leads  t o  t h e  in t roduct ion  of t he  concept of energy of deformation. 
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which 
We w i l l  say t h a t  -W is t h e  d e n s i t y  of t h e  cnepgy of deformation r e f e r r e d  t o  the 
u n i t  of volume of t h e  non-deformed medium, 

must be d i s t i n g u i s h e d  from t h e  concept of a c t l o n  cons idered  previous ly .  

The problem which w e  have j u s t  posed ou r se lves  and which c o n s l s t s  ofde ter -  
mining t h e  6ota2 trurk performed by t h e  e x t e r n a l  f o r c e s  and-moments, and by the 
s t r e s s e s  and moments of deformation appl ied  a t  the boundary, r e s u l t s  i n  tho 
theorem of Clapeyron(8) by cons ide r ing  an in f  i n i t e s i m a l l y  small deformation and 
a s p e c i a l  medium. L c t  us simply in t roduce  t h e  hypothcsls, which we w i l l  t a k e  
up ag2h-t i n  Sec t ion  58 In a more gcncrol  iom, t h a t  W i s  a sfmple f u n c t i o n  of 

c 2 ,  E ~ ,  yl, y2, y g ,  We may t h c r c i o r e  cons ide r  t h e  equations:  

a:; equa t ions  which de f imc  a change of  v a r i a b l e s  from E 1' € 2 '  €3'  Y p  Y.p  Y3 t o  

W' af Q1, R2, n3 - - 
Duc to t h i s  cllange i n  vnriab1cs.W becorces a func t ion  - c - 
- Qp Q3, I 1 9  " 2 '  " 3 '  - -1, " 2 '  13' 

Assumdng t h i s ,  l e t  us p a s s  t o  the i n f i n i t e s i v a l l y  smal.1 deformat ion ,  and 
l e t  us cons ider  the case  cons idered  in Section 31, p. 74-76 of t h e  F i r s t  Memoir 
on the Theory of E l a s t i c i t y .  W and W '  become q u a d r a t i c  forms W2 of e l ,  e2, e3, 

gl, g2,- g3 and W2' of "b 1, ?L2, Cn3' '7; 1p '7j 2, Z 3 .  T h i s  latter expres s ion  is 
what one c a l l s  the form a s s o c i a t e d  wl th  W up t o  t h e  f a c t o r  1 . We o b t a i n  t h e  

4 
fo l lowing  f o r  t h e  t o t a l  work discussed above, i n  the case cf t h e  i n f i n i t e s i m a l l y  
small deformation 

2 '  

Let  us be more s p e c i f i c  and assume t h a t  we have (9). . 

(8) La.mr5 must be c r e d i t e d  w i t h  making t h e  theorem of Clapeyron known, i n  h i s  
Note of Cornptes Rendus, V .  XXXV, p. 459-464, 1852, and the i n  h i s  Lecom 
sur Za Thgorie MuthAmatique de Z'.l%asticit& des Corps SoZides (Lessons on 
the  MuthematicaZ Theory of EZasi tc i ty  of s o t i d  Bodies) (1st Edition, 1852, 
2nd Ed i t ion ,  1866). The fo l lowing  n o t e  d i d  n o t  appsar  u n t i l  February 1, 
1858: Clapeyron,M&rnoire SUP Ze TravaiZ des Forces EZastiques, dans un Corps 
SoZide D&fom& pur Z'Action de Forces Extdrieures (Memoir on the  Work of 
EZastic Forces i n  a SoZid Defomed Body by  t k  Effect of External Forces), 
Comptes ,-?endus, Volume XLVI, p .  208, 1856. Also see Todhunter and Pearson, 
A History of the  Theory o f E Z a s t i c < t y ,  e t c . ,  Sec t ions  1041 and 1067-1070, 

E .  and F. Cosse ra t .  
Memoir on the Theory ~f EZastLci ty) ,  p.  77. 

Premier Mbmoire sur la ThSorie de Z 'E tas t i c i to  (F<rat 
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we w i l l  iisve /143 

It i s  seen t h a t  LamQ's r e s u l t  I s  again found exac t ly  i f  i t  is noted thatr i n  t he  
case  of t h e  i n f i n t e l y  small defbrmation,the t o t a l  work performed by t h e  e x t e r n a l  
force9 alia by the  boundary s t r e s s e s  i s  obviously reduced t o  t h e  express ion  which 
he ind ica t e s .  

5 6 .  Natural  Ctate  of- t he  Deformable Medium. I n  t h e  preceding w e  s t a r t e d  
from a so-cai lcd n a t u r a l  s t a t e  of the deformable mediun, and w e  have produced 
a so-cal led deformed s t a t e .  We have pointed out  formulas which make i t  p c s s i b l e  
t o  c a l c u l a t e  t h e  ex te rna l  fo rce  and similar elements as soon a s  t h e  17 func t ion ,  
represent ing  the  ac t ton  of  del'ormatiun a t  one po in t ,  i s  a s soc ia t ed  wi th  t h e  
deformable medium. 

Th i s -na tu ra l  s t a t e  has  h i t h e r t o  been a s ta te  which has  undergone no de- 
formation. 
the  deformed s ta te ,  depend on a parameter- and t h a t  f o r  a par t icu l -a r  va lue  of- 
t h i s  parameter we are deal ing with t h e  n a t u r a l  state. 
us a p a r t i c u l a r  case of t h e  deformed s t a t e ,  and w e  a r e  l e d  t o  apply t h e  concepts  
r e l a t i v e  t o - t h e  deformed s t a t e  t o  i t .  

L e t  us imagine t h a t  func t ions  x, y ,  z ,  a ,  a ' ,  ... y@Ia which s p e c i f y  

The l a t t e r  t hen  seEms  t o  

Without changing t h e  va lues  of t h e  elements def ined by t h e  formulas i n  
Sect ion 52,  w e  may replace the  W funct ion by t h e  same func t ion  increased  by any 
dstem.l:nate I f  w e  t a k e  our i n s p i r a t i o n  fzom t h e  i d e a  

of action which we a s soc ia t e  with t h e  passage from t h e  n a t u r a l  (iV 1 t o  t h e  de- 
formed s t a t e  (M) 

def ined by expression 

func t ion  of x o, yo, zo. 

0 

=0 
we may, i f  w e  w i s h ,  assume t h a t  the  fu%&+k9; f>f xo, yo, 

~ V v ( ~ 0 ~  yo. 20, E(:', Td(?* {'f', p':'. g ' f ' ~  r'?) 

is i d e n t i c a l l y  zero.  
fo rce  and the  s i m i l a r  elements w i l l  no t  necessa r i ly  be zero.  
they def ine  the  ex te rna l  fo rce  and t h e  s i m i l a r  elements r e l a t i v e  t o  t h e  n a t u r a l  
s t a t e ( l 0 ) .  

The values  obtained for t h e  n a t u r a l  s t a t e  f o r  t h e  e x t e r n a l  
We w i l l  say  t h a t  

(lo' We may then speak of fo rce ,  stress, e t c . ,  because we regard  t h e  n a t u r a l  
s t a t e  as t h e  l i m i t  of a series o L s t a t e s  f o r  which w e  know t h e  force, 
stress, e tc .  
when- the re  i s  deformation capable of manifest ing and measuring them. 

Force, s t r e s s ,  etc. have n o t  y e t  been def ined  by us ,  except-  
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I n  the  above, t he  naii i ts l  s t a t e  is presented a s  t h e  i a . l t i a l  s ta te  of a 
series of deformed s t a t e s ,  a s  a s t a t e  from which we s t a r t  i n  order  t o  s tudy  t h e  
deforrcntion. 
s i b l e  t o  have one of t h e  deformed s t a t e s  play the  r o l e  of t h e  i n i t i a l  s ta te ,  so 
t h a t  t h e  elements def ined i n  Sect ion 52 ( ex te rna l  fo rce  and moment, external defor- 
na t ion  stress and momcnt),calculated f o r  t he  o ther  deformed s t a t c q  have t h e  same 
va lue ,  i f  w e  r e l a t e  t he  f i r s t  ones t o  t h e  u n i t  of volume of t he  deformed medium, 
and the  second ones t o  the  u n i t  of a r ea  of a deformed su r face .  This  ques t ion  
cannot be answered unless  w e  in t roduce  and s t a t e  p r e c i s e l y  t h e  concept of t h e  
ac t ion  corresponding t o  the  t r a n s i t i o n  from the  deformed s ta te  t o  another  de- 
formed s t a t e .  

Consequently, we a r e  l e d  t o  ask ourse lves  whether i t  is no t  pos- /144 

The s implest  hypothesis  c o n s i s t s  of assuming t h a t  t h i s  l a s t  a c t i o n  i s  
obtajncd by sub t r ac t ing  t h e  act ion,corresponding t o  the  t r a n s i t i o n  from t h e  
n a t u r a l  s t a t e  (M ) t o  t h e  second deformed s t a t e  ( M ) ,  from the a c t i o n  correspond- 

ing t o  t h e  t r a n s i t i o n  from the  n a t u r a l  s t a t e  (Mo) t o  t he  f i r s t  deformed s ta te  

( M ' ) .  

t he  q u a n t i t i e s  analogous( l1)  t o  E,, qi, si, pi, t q i ,  ri with r e spec t  t o  (M) , w e  
are then l e d  t o  adopt t h e  following expressioii ,  f o r  t h e  a c t i o n  of deformation 
r e l a t i v e  t o  the  t r a n s i t i o n  from s t a t e  (M') t o  s ta te  0. 

0 

I f  we use Ci', nit, Ci', pi ' ,  qi', pi', wi th  r e spec t  t o  (M') t o  des igna te  

designatfng by S' t he  su r face  of (M') t h a t  corresponds to- So of (Mo), and by 

Wo'(xo, yo, zo ,  ti, vi., c is  pis qi, r.) 1 t he  expression 

1 w ~ ~ ~ ,  yo] Zg, E;, q;, ~; ,p; ,  q j ,  ri) - w~ZO, Y o ) f # )  t!, V ~ J ; ,  pi', 9;) i!) 1 +* 
If des i r ed ,  we  can s u b s t i t u t e  t h e  fol lowing i n  expression (53), according to 
t h e  remarksgiven  a t  t he  beginning of t h i s s e c t i o n :  

, s i t ,  pi ' ,  qi', r ' a r e  not  analogous t o  
i 

(11) We have t o  remark t h a t - 4  ' 
c ( y ) ,  r ~ ( o ) ,  ~ ( ~ 1 ,  p(o) ,  q(!), r(O),  s i n c e  they a r e  not  formed by t h e  

coord ina tes  x ' ,  y ' ,  2' of ( M ' )  i n  t h e  same way t h a t  F , ( O ) ,  r1(0), C(*), 

i ' n i t  
i i i i 

p ( g j ,  q:), r(0) are i n  terms of xo, yo, i I i 
i i 
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Let  u s  apply t h e  formulas analogous t o  those of Section 52 t o  expression (53) 
o r  t o  expression ( 5 3 ' 1 ,  s t a r t i n g  from (M') as the n a t u r a l  s ta te ,  but supposing /145 
t ha t  ( M ' )  i s  rQla ted  t o  the  system of coordinates xo, y o ,  zo and asswn.ing t h a t  
the foimul.as of 5 52 are csnsequentZy modified. I t  i s  c l e a r  t h a t  t h i s  g i v e s  t h e  
same values f o r  t he  ex te rna l  fo rce  and moment, f o r  t h e  s t a t e  (M), r e f e r r e d  t o  
the  u n i t  of volume of ( M ) ,  as  we l l  a s  the  same values f o r  t h e  stress and moment 
of deformation r e f e r r e d  t o  t h e  u n i t  of a r ea  of (S). 

Thus we can consider (M) as a deformed s ta te ,  the  n a t u r a l  st,q.te of which 
would be  ( M ' ) ,  provided t h a t  t he  funct ion \4 associated with t h e  s t a t e  (M) is  
a c t u a l l y ( l 2 )  \J< 0'1: w!. 

By way of example, l e t  u s  a s s w e  t h a t ,  i n  accordance wi th  these  i n d i c a t i o n s ,  
the ex te rna l  fo rce  and moment a r e  given I.n terms of simple func t ions  of xo, yo, 
z o  and of thf? elements t h a t  determine t h e  p o s i t i o n  of t he  t r i a d  Nx'y'z ' .  

us a l s o  assume t h a t  t h e  n a t u r a l  s t a t e  i s  given. 
of Sect ion 52 r e l a t i v e  t o  t h e  e x t e r n a l  f o r c e  and moment as p a r t i a l  d i f f e r e n t i a l  
equations with r e spec t  t o  t h e  unknowns x, y ,  z and depending on t h r e e  parameters 

L e t  

We can consider  the equa t ions  

A,, A,, A, i n  tzrms of which we express  o., a ' ,  ... y", The expressions ti, ni, 
A L - J  ax ci, piy qi, ri a r e  then f u n c t i o n s o f  - 

apt ' a P i  ' a P i  
- a A 2  aXg [always l e t t i n g  p1 = xo, p2 - - YO' P3 = zO1, 
' p i  ' P i  

t h a t  w e  w i l l  c a l c u l a t e  

by means of t h P o r r n u l a s  ( 4 3 )  and (44). 

L e t  us assume t h a t  X ' )  Yo'¶ Zo', Lo' ,  M o t ,  N o ' ,  o r ,  which is  the same, 0 
X o y  Yg, Z o y  L o y  Mo, No ,  are given funct ions of xo, yo ,  zo ,  x,  y ,  z ,  A I ,  X 2 ,  X3. 
After  s u b s t i t c t i n g  t h e  va lues  of Si, ni, s - ~ ,  pit qi, r 

( 4 3 )  and ( 4 4 ) ,  expression W i s  then a determined funct ion of x 

derived from the formulas i ax - 
0' YO' 20' ax, ' 

U 
, which we w i l l  continue t o  des igna te  by az 

a zO 
- azo ...) 

W,>e equat ions of t he  problem can then be  wr i t t en :  

("I 
- 

This allows us ,  as w e  s a i d  a t  the beginning of t he  paragraph, t o  g e n e r a l i z e  
the  not ion of the n a t u r a l  s t a t e  which we f i r s t  introduced. Instead of 
having t h i s  term correspond simply t o  a p a r t i c u l a r  s ta te ,  we can, i n  a 
more gene ra l  way, make i t  correspond t o  the  idea  of any s t a t e  from which /146 
we s t a r t  studying the  deformation. was i n t r o -  

duced a t  t he  beginning of the theory seems t o  makc (M ) play a p a r t i c u i a r  

r o l e .  However, we must not consider x 
serving t o  de f ine  t h e  different media and not  ( M o l ;  t h e s e  coord ina te s  were 
p a r t i c u l a r l y  chosen, and i n  connection with a - .pa r t i cu la r  medium (Mo), i n  
order  t h a t  a t t e n t i o n  may then be drawn t o  (M ) i n  regard t o  the  i n f i n k t e s i -  

rta?ly small deformation. 

The f a c t  t h a t  xo, y , z 0 0  

0 
zo as anything 5 u t  coordinates  0' Yo, 

0 

146 



where xo, fro, hg are the func t ions  of x 0, Yo' z o D  x b  Y S  z ,  '2 ,  3 that /146 
r e s u l t  from the  d e f i n i t i o n s  of Sect ion 53. I 

This r e s u l t s  d i r e c t l y  from t h e  formulas i n  t h e  preceding s e c t i o n s ,  o r  more 
immediately from t h e  f a c t  t h a t  t he  d e f i n i t i o n  formulas of X 0' YO' zo, go,  fro, 
4L may be summarized i n  t h e  r e l a t ionsh ip  0 

i .e.,  i n  

57. Concepts of t he  Concealed Triad and the  Concealed W. I n  s t u d i e s  of 
t h e  deformable medium i t  is  n a t u r a l ,  as i n  those of  t h e  deformable l i n e  and 
su r face ,  t o  d i r e c t  a t t e n t i o n  p a r t i c u l a r l y  toward t h e  point medium ou t l ined  by 
the  dezormable medj-um. This amounts t o  regarding x ,  y,  z s e p a r a t e l y  and t o  con- 
s ide r ing  a ,  a ' ,  . . . ¶  y" a s  s i m p l e  a u x i l i a r y  q u a n t i t i e s .  We may l ikewise  express  
t h i s  by imagining t h a t  t h e  ex is tence  of t h e  t r i a d s  t h a t  determine t h e  d e f a m a b l e  
medirin is ignored, and t h a t  only the  vertices o f - t h e s e  t r i a d s  are known. From 
t h i s  viewpoint, we can introcluce t h e  concept of t h e  concealed t r i a d  t o  cons ider  
t he  p a r t i a l  d i f f e r e n t i a l  equations t o  which w e  may be  l ed  depending on t h e  case, 
and w e  are l e d  t o  a c l a s s i f i c a t i o n  r e s u l t i n g  from t h e  d i f f e r e n t  s i t u a t i o n s  which 
may be produced when a ,  a ' ,  ..., y are el iminated.  11 

One of the  f i r s t  s t u d i e s  t o  appear is therefor2  t h a t  of t h e  reduct ions  
which may take p lace  by e l imina t ing  a ,  a ' ,  ..., Y". 
ponding cases  where a t t e n t i o n  i s  drawn almost exc lus ive ly  t o  t h e  po in t  medium 
out l ined  by t he  deformed medium ( M ) ,  one may sonetimes even d'lsregard (Mo) ,  a,ld 

In  t h e  particula;. cor res -  
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consequently the-deformation which permits passage from f M o )  t o  (M). 

The t r i a d  may be used i n  another  way, as w e  have a l ready  s t a t e d  for t h e  
deformable l i n e  and sur face .  
l ikewise  about medium (M) ; a l l  of- t h i s  amounts t o  consider ing p a r t i c u l a r e -  
formed states of t h e  f r e e  deformable medium. I f  t he  r .e la t ionships  which w e  

We may make s p e c i a l  assumptions about i t  and 

impose a r e  simple ones between Fi ,  ni, ci,  pi, qi, r , as w i l l  be  the  case  i n  /147 i 
t h e  app l i ca t ions  which we w i l l  have t o  s tudy,  w e  w i l l  be a b l e  t o  take  these  
r e l a t i o n s h i p s  i n t o  account i n  ca l cu la t ing  W and t o  de r ive  more s p e c i a l  func t ions  
from W. The i n t e r e s t i n g  ques t ion  which w i l l  b e  posed is whether t o  in t roduce  
simply these  p a r t i c u l a r  forms and t o  assume i n  some manner t h a t  t he  genera l  W 
func t ion ,  which has  been t h e  s t a r t i n g  po in t ,  is concealed. We w i l l  thus  have 
a theorg t;hich i s  spec i f i c  t o  the particuZar deformed s ta t e s  evidenced by the 
gCven re la t ions  between Ei, ni, ci, pi,  qi, Ti. 

We w i l l  see t h a t  by means of t he  theory of t he  f r e e  deformable medium t h e  
equat ions which a r e  t h e  r e s u l t  of t h e  special .  t h e o r i e s  which are encountered i n  
phys ics ( l3)  can thus  be gathered together  under the  heading of p a r t i c u l a r  cases, 
stemming from the  same or ig in .  

I n  the  l a t t e r  t h e o r i e s ,  w e  are scmetimes placed i n  circumstances which are 
a p t  t o  keep deformations from being considered, but  i n  r e a l i t y  these  need t o  be 
considered. 
f i n i t e s i m a l l y  s m a l l  deformation. 

This  can be done i n  p r a c t i c a l  app l i ca t ions  by consider ing t h e  in-  

L e t  us take  the  case  where e x t e r n a l  fo rce  and moment comprise a t  t h e  most 
The second only t h e  f i r s t  d e r i v a t i v e s  of t he  unknowns x, y, z and A 1’ A*’ X 3 ‘  

der iva t ives  of t hese  unknowns w i l l  b e  introduced i n t o  t h e  p a r t i a l  d i f f e r e n t i a l  
equat ions only by W; now t h e  de r iva t ives  of x, y, z appear only i n  E,, v i ,  si, 
and those of X1, h 2 ,  X We t h e r e f o r e  see t h a t ,  i f  

W depends only on Si, vi, 5 %  o r  only on-p i ,  qi ,  ri, t h e r e  w i l l  be  a reduct ion  

i n  the  order  of t h e  d e r i v a t i v e s  en te r ing  i n t o  the  system of p a r t i a l  d i f f e r e n t i a l  
equat ions.  !de w i l l  examine t h e  f i r s t  of t hese  cases, which corresponds t o  t h e  
ord inary  theory of e l a s t i c i t y  of m a t e r i a l  media and t o  t h e  theory of d i f f e r e n t  
e t h e r  media  considered i n  the  doc t r ine  of l i g h t  waves. 

show up only i n  pi? qi ,  r , .  3 1 

58.  

of p;, qi, ri. 
t h e  C las s i c  Theory and t o  t h e  Hydrostat ic  Medium. 

Case where 3 Depends only on x& z,.  E . ,  ni, ci and i s  Independent 
U 

How t o  Find the  Equations Re la t ive  t o  t h e  Deformable Body i n  

L e t  us assume t h a t  W depends 
only  on the  q u a n t i t i e s  x o, yo, zOp Ci, vis 5 i and n o t  on t h e  q u a n t i t i e s  p i s  Qi’ 

_ _  
(I3) All our cons idera t ions  apply up t o  t h i s  po in t  equal ly  w e l l  t o  material 

media a s  t o  d i f f e r e n t  e t h e r  media. 
and what we a r e  s e t t i n g  f o r t h  is, as w e  s a i d  a t  t h e  beginning, a theory 
of act ion on space and motion. 
cept of mat te r ,  we will l a t e r  on expla in  how matter i s  t o  be connected 
with the  concept of entropy i n  accord with the  profound i n s i g h t  which 
Lippmann has  introduced i n t o  e l e c t r i c i t y ,  

We have nowhere used t h e  word matter,  

To ga in  a more complete idea  of t h e  con- 
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ri;  the  equations of Section 56 which reduce t o  

, XI, X2, x show us f 148 az - ax - 
3 , . . e , .  0' Y G P  'os ax, i n  which W depends only on x 

t h a t  i f  we take the  simple case where X 

t i o n s  on the  r i g h t  may be solved " f o r  

p a r t i a l  d i f f e r e n t i a l  equations which under our assumptions contain only x 

zo and x,  y ,  z and t h e i r  f i r s t  and second de r iva t ives .  

a,, ?Lo are zero.  

systems (Lo' ,  Mo' ,  N o ' ) ,  (Lo, Mo, No) (L, M, N) w i l l  be zero. 

t h i s  t h a t  t h e  e q u a t i m s  

yo, z0, go, fro, "no, are g iven ' fun -  

, AI, h 2 ,  X 3 
F i n a l l y ,  we o b t a i n  t h r e e  

the  three equa- az 

azo 
- ax 

c t i o n s O f  xo, yo ,  zo,  x,  y ,  , * * * ,  

h 2 ,  h 3 .  

0' YO' 

L e t  us f i r s t  consider the  p a r t i c u l a r  case i n  which t h e  given func t ions  go, 
The corresponding values  of the  funct ions of any on-e of t h e  

It r e s u l t s  from 

i. e. , become 
* pus pz,, p;. ==pa:, P=y PW 

which can be d i r e c t l y  i n t e r p r e t e d .  

Under t h i s  assumption, l e t  us remark t h a t  i f  we start  from the  two p o s i t i o n s  
(Mo) and (M) which a r e  assumed a s  gzuen and if from these  -- a s  i n  Sect ion 53 -- 

&no, % I i t  may happen t h a t  i n  t h e  case where we deduce t h e  funct ions f o ,  0 

1' X2* (14) We assume t h a t  Xo, Yo, Zot  $ 6 ,  A,, so contain no d e r i v a t i v e s  of X 
h 

t o  which we wish t o  r e f e r .  

i n  order  t o  s implify the  p re sen ta t ion  and t o  i n d i c a t e  more e a s i l y  t h a t  3 
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these th ree  func t ions  are zero t h i s  appears as  an acc iden ta l  r e s u l t ,  i.e., for 
a c e r t a i n  set  of p a r t i c u l a r  deformed states.  However, i t  may happen t h a t  t h i s  
r e s u l t  o c c u ~ ~ n o  matter  what t he  deformed (M) s t a t e  and t h a t  t h i s  I s  a con- 
sequence of t h e  na tu re  of t he  (M) medfa, i.e., of t h e  form of W e  

L e t  us consider  t h e  l a t t e r  case, which is of p a r t i c u l a r  i n t e r e s t .  Here W 
is  a s i m p l e  func t ion ( l5 )  of pl, p 2 ,  p 3  and of t he  s i x  expressions el, € 2 ’  €3,  
yl, y2, y g  defined by formulas ( 4 5 ) .  

The equat ions deduced from Sect ions 52.and 5 3  reduce e i t h e r  t o  /149 
a.4: y (- 331 + 9,~: - r , ~ : )  = S< F; = PJ,’ + m,.\i -+ no\;, 

(5% -2- rl.i: - p , ~ : )  = T; 

T (”: -1- p l ~ :  - 4,~:) = Z; 

C; = j O ~ ;  + n l o ~ ;  + 

H; = lot; + l~l,c; + n,C;, 

+ a?i 

7 vi 
where we have 

(15) 

(16) 

The t r i a d  is completely concealed; we may also  imagine t h a t  we have a 
simple po in t  medfum. 

Compare E. and F. Cosserat ,  Premier M&noire sur l a  Thdorie de Z‘~Zast~a~t6 
( F h w t  8ote on Elasticity Theorlj), p .  45, 4 6 ,  ,65. . 

150 



where we have 

and s i m i l a r  formulas f o r  p ... ( A  has  t h e  meaning a t t r i b u t e d  t o  i t  i n  Sec- 

t i o n  54 which we are going t o  r e c a l l  i n  a moment). 
Yx' 

It can be seen t h a t  w e  w i l l  again  f i n d  t h e  deformable continuous medium 
which is  t r e a t e d  i n  t h e a r d i n a r y  theory of e l a s t i c i t y .  

A p a r t i c u l a r  case  of i n t e r e s t  i s  obtained wher. searching f o r  the % a m  of 
\L i n  which ve h a v e t h e  i d e n t i t i e s  

p y s = 0 ,  p e s o .  p y = = O *  

, ... may be. whatever - We f ind  t h a t  V m u s t  be a simple func t ion  of x,,, yo, ax 
3Xo 

zo and of expression A defined by t h e  formulas (18) 

I I +% 7s IS 

71 Ir 
A= c ( c -  a i s * r * z )  i s =  1 7, I +at, :I 

I 

which can b-. .seen, f o r  example, by not ing  t h a t  if w e  go back t o  t h e  formulas 
giwi: b e f o r e t l g )  which provide p 

(I7) 

D yo* %)' 

... as a func t ion  of A ... we xx' p,, pzx, 

Compare E. and F. Cosserat ,  EYemier M&noire sur Za Th&oAe de ZIfZasticit& 
(First Note on EZasticity Tkory ) ,  p.  40, 44, 65 .  

Compare E .  and F. Cosserat .  
(First Note on E l a s t i c i t y  !Theory), p. 23, 24. 
These f o m u l a s  a r e  i n  f a c t  those on page 47 of our Premier Jh%no+ike 62423 
l a  Thdorie de 1 t f l a s t i c i t &  (First Note on E k i s t i A t y  Theory). 

(I8) Premier M&oh? sur Za Thdorie de Z ' f l a s t i c i t 4  
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have 

and two simi?Lar systems. S ince  W i s  assumed t o  be a simple fucc t ion  of xo, yo” /151 
z and of A,we t’hen have 0 

I f  we examine the p a r t i c u l a r  case i n  which W deper:cis only on A and i f  w e  
g r a n t  t h a t  X ,  Y ,  Z a t e  given a s  a f m c t i o n  of x ,  y ,  E, t he  equat ions i n  quest ion,  
which are 

become those which se rve  as  the  b a s i s  f o r  hydrostat ics(20)  when p = - dW The dA * 
i n i t i a l  medium (Mo) appears only through A ,  and t h e  anknown A may be replaced by 

t h e  unknown p which is l inked  t o  i t  by the  r e l a t ionsh ip  p = - I f  t he  W fun- dA ’ 
c t i o n  is no: given, i.e., i f  i t  I s  concealed, w e  have t h e  preceding equat ions 
where p i s  an a u x i l i a r y  quan t i ty  whose meaning is w e l l  known. 

0’ 
Jn , % 0 0  
MacCullagh t o  t o r d  Kelvin have been considered f o r  t h e  s tudy  of l i g h t  waves, bu t  
here  the  theory of t hese  media i s  ent i r .e ly  mechanical. We would a l s o  l i k e  t o  
mention t h a t  t he  more genera l  case,  which i n  t h e  expressions of t h e  e x t e r n a l  
moment contains  a t r a c e  of t h e  de r iva t ives  of t h e  ac t ion  W with respec t  t o  ro ta -  

i, qi, r i’ t b n s  p 

induction introduced by Maxwell. 

It is s u f f i c i e n t  f o r  us t o  i n d i c a t e  t h a t  t h e  case where t h e  func t ions  R 
are not  zero encompasses the  theory of a l l  t h e  e t h e r  media, which from 

leads  i n  t h e  most n a t u r a l  fashion t o  t h e  concept of magnetic 

59. The Inva r i ab le  Bodv. We have considered t h e  p a r t i c u l a r  case where W 
qi ,  ri and d i f f e r e n t  p a r t i c u l a r i z a t i o n s  of t h i s  case. By i’ does not  depend on p 

s tudying e i t h e r  p a r t i c u l a r  deformations o r  new media def ined by a bond theory 
which b e n e f i t s  from r e s u l t s  a l ready  acquired,  w e  can a r r i v e  a t  o t h e r  media which, 
a t  l e a s t  i n  p a r t ,  are considered by the  authors.  

L e t  us, f o r  example, s tar t  from the  simple case i n  which the. i r i a d  i s  con- 
ceaZed, i .e . ,  d e f i n i t i v e l y  from a poin t  medium i n  which W i s  a func t lon  o f  x @ ’  

1. We may imagine t h a t  a t t e n t i o n  i s  d i r ec t ed  s o l e l y  tr,, deformations of 

(20) Compare Duhem. liydrodynwnique, EZau t i c i tB ,  Acoustique (Hydrodynmics, 
E las t i c i t y ,  A o o u s t h ) .  
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the  medium f o r  which we have - 
ti = = c 71 = 7, = 7, 0, * 

I n  t h e  d e f i n i t i o n s  of fo rces ,  etc.  -it is s u f f i c i e n t  t o  in t roduce  these  
assumptions and, i f  the  f o r r e s  a re  given,  t o  introduce these  s i x  condi t ions ,  In  
tht. l a t t e r  casc ,  t he  usuaZ problems i n  which the  W func t ion  i s  given and  t h e  

are not  zero may be pos i ted  only i f  t h e  da t a  are pa r t -  denera1 case where E 

i c u l a r .  
1' yi 

I f  we assume t h a t  onZy the  W0 func t ion , -obta ined  by s e t t i n g  E 2 = € 2  = c3  =/152 
E ...), is given,  t h a t  we.do no t  know the  va lues  = y1 = y 2 = y 3  = Oin W(p,, p 2 ,  

= 0, and t h a t  W i s  thus  concealed, we see t h a t  13xx, . . . 
come s i x  a u x i l i a r y  q u a n t i t i e s  which must be added t o  x ,  y, z, s o  t h a t  i n  t h e  
case where t h e  fo rces  ac t ing  on t h e  volume elements a r e  given w e  have nine 
p a r t i a l  d i f f e r e n t i a l  equat ions with n ine  unknowns, t o  which w e  must add sec- 
ondary condi t ions.  

1 
of t h e  d e r i v a t i v e s  of W with respec t  t o  E,, E ~ ,  ... y 3  f o r  E 

pzz 

- = Yg = 1 - €2 = ' * *  
f o r  example, br-  

L e t  us now no te  t h a t  t h e  system 

c1 = ft =Ea 5 71 = 7¶=7J 

can be in t eg ra t ed .  Since t h e  deformation is  assumed t o  be continuous,  t h e  
i n t e g r a t i o n  corresponds t o  a t o t a l  displacement of t h e  medium; i t  t h e r e f o r e  re- 
mains t o  determine the  s i x  i n t e g r a t i o n  cons tan ts  and t h e  a u x i l i a r y  q u a n t i t i e s  
Pxx' ' . . *  

I f  the: fo rces  and stresses a c t i n g  on t h e  medium axe given,  t h e  s i x  equat ions  
of Sect ion 54,with the  s i m p l i f i c a t i o n s  contr ibuted by t h e  form of W and appl ied  
t o  t h e  whole body,wil.l -- assuming t h a t  X ,  ... a r e  known as func t ions  of x ,  y ,  
z -- determine the  s i x  i n t e g r a t i o n  constants .  Therefore,  t o  f i n i s h  w e  w i l l  have 
only t o  determi- /.. la ter .  It may be  seen t h a t ,  omi t t ing  t h i s  subsequent 

determinat ion,  w e  w i l l  again f i n d  t h e  usua l  problems o f  t he  mechani.cs of in-  
v a r i a b l e  bodies ,  a mechanics i n  which i t  is perhaps more. u sua l ly  assumed t h a t  
t he  concealed :J funct ion depends oniy on A .  

xx , 

2. We may imagine t h a t  the at tempt  i s  being mads. t o  de f ine  a medium sui 
ganeris, t h e  def in i . t ion  of which a l ready  takes  i n t o  account t h e  condi t ions  

E( 'G La E L1 E 7, = 7, = ya = 0. 

To def ine  ihe  new medium, r e t a i n i n g  t h e  same sequence of ideas  a s  i n  t h e  
preceding,  w e  w i l l  f u r t h e r  def ine  FO', ... No' by t h e  i d e n t i t y  

$$$, 8\\'dxJyk0 = (Fl)?z + ... + K 8 d )  he JL 
-JJl&G'z + ... -t- Ed8r') dr,dy&; 

hold except i f  cl = ... = y 3  = 0. This can no longer  In o the r  words, we a r e  
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faced with a medium whose theory i s  going t o  r e s u l t  i n  the  a posteriori  add i t ion  
of t h e  condi t ions  E 0 t o  the  knowledge of a func t ion  W(xo, yo, zoo' - ... = yg 1 
E ~ ,  E ~ ,  ... y ) and of t h e  s i x  aux i l€a ry  func t ions  p 1s * a *  '"6 of X o '  Ygs 20 by 3 

= 0 i n  the  gcnera l  theory which precedes,  1153 1 = . * '  = y 3  This amounts t o  s e t t i n g  E 

where we bcgan t o  r ep lace  W by W1 = W + 

ponding t o  the  W1 funct ion of xo, yo, zo, 

y3 = 0 are the ones t o  which z~e r e s t r i c t  our s tudy .  pending t o  = ..., - 
therefore ,we are concerned.with t h e  case where W1 is concealed, and i f  w e  assume 

t h a t  only t h e  va lue  of Wo(xo, yo, zo) -- taken simultaneously by W and W1 f o r  

= 0 -- i s  known, w e  w i l l  again f i n d  t h e  thccry  which zncornpases 

the usua l  theory of t h e  i n v a r i a b l e  body. 

.f .-.. + p6y3. 
It is  seen t h a t  w e  f a l l  back on the kheory of the  e l a s t i c  medium corres- . . . y whose deformations comes- 

i f ,  
3 - 

y 3  € 1  * * -  = 
= 

L e t  us  n o t e  t h a t  i f  i n  order  t o  formulate  t h e  i n v a r i a b l e  body, we account 

i n  the  c a l c u l a t i o n s  f o r  

We l ikewise  f i n d  formulas which a l s o  l ead  back t o  t h e  s tudy  

Q pr ior i  i n  W for t h e  condi t ions  E 

quan t i t i e s -  are l e d  t o  r ep lace  W by p E 

t he  gene ra l  medium. 
of an e l a s t i c  medium where w e  res t r ic t  ourse lves  t o  defonnat ions which corres-  
pond t o  E 1 
knom -- t a k e  u s  back aga in  t o  t h e  theory which inc ludes  t h e  usuai theory of t h e  
i n v a r i a b l e  body. 
what can be done according t n  t h e  ideas of Lagrange. 
i c u l a r ,  that i n  the cases where X o, Yo, Zo 

with respec t  t o  x ,  y, z of a func t ion  Cp of xo, yo, zo, x , - y ,  2, t h e  equat ions 

vhich con ta in  Xo, Yo, Z 

when t r y i n g  t o  determine an extremum of t h e  i n t e g r a l  

= ... = y3 = 0 by changing t h e  a u x i l i a r y  1 
+ ... + IJ Y 1 1  6 3  

__ 

= ... = y3 = 0. These formulas -- assuming t h a t  p l ,  -., p6 are not 

From t h i s  l a t te r  po in t  of view, w e  come back t o  present ing  

are given as p a r t i a l  d e r i v a t i v e s  
We may observe,  i n  pa r t -  

are none o t h e r  than t h e  equat ions t o  whit:? one i s  l e d  0 

. JJFhh&,, 

under t h e  condi t ions  
= e, == cI-=-y, 5 ya = 'I* 0, 

3 .  L e t  us presen t  a t h i r d  procedure(21) t o  formulate  a medium whose theory 

Compare Thomson and T a i t .  
wi th- the 11th--line from the.-bottom. 

Treatise,  Volume I, P a r t  Z, p. 271, beginning 
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always 
o r i g i n  
p l i e s  

l eads  t o  the  ssme equat ions and which w i l l  be a l i m i t i n g  case of t he  
a 1  medium. This procedure is t o  be compared with the  f i r s q  and a l s o  ap- 
t o  d i f f e r e n t  cases  of deformable l i n e  and su r face .  

L e t  u s  imagine t h a t  t he  W which se rves  t o  de f ine  the  o r i g i n a l  medium is 
v a r i a b l e ,  and more S p e c i f i c a l l y ,  l e t  us assume t h a t ,  f o r  the  values  of el, ... y g  

nea r  zero ,  i t  may be expanded I n t o  ti Maclaurin s e r i e s  by the  formula 

lv = w, 4- \v, -+ ... + wi + ..., 

0' YO'  

where W i 
t h e  c o e f f i c i e n t s  of W 

t h e i r  v a r i a t i o n .  If we want N t o  rr;ai)ztah a f i x i t s  value we m u s t  assume t h a t  
f l ,  ..., yg tend toward zero -- i n  o the r  words, we may then consider only t h e  

deformations which s a t i s f y  

we o b t a i n  i n  t h e  l i m i t  i s  s u s c e p t i b l e  only t o  the  displacements of t h e  ensemble. 
Ne may assume t h a t  d e r i v a t i v e s  ,?!- , ... tend toward l i m i t s ,  while W ,  varying 

a s  we have j u s t  s t a t e d ,  is also  made t o  vary l ikewise because of a s tud ied  l e -  
formation of t h i s  rnedi1.m. 

r ep resen t s  t he  aggregate of the  ith degree terms. L e t  us assume t h a t  

z o )  i nc rease  i n d e f i n i t e l y  i n  (which may depend on x 2 

= .(.. = y3 = 0. Stated otherwise,  t he  body which /154 

a E l  

To explain t h e  preceding more exac t ly ,  l e t  us .  imagine t h a t  t h e  c o e f f i c i e n t s  
of W, , W,, . . . depend on a parameter h, s o  t h a t  when h tends toward zero t h e  

I L  

c o e f f i c i e n t s  

t hese  la t tsr  

t h a t  x ,  y ,  z 
c l ,  ... tend 

af  t h e  f i r s t  

i n  powers of 

of W2 i n c r e a s e  i n d e f i n i t e l y .  

c o s f f i c i e n t s  are l i n e a r  with respect  t o  & . 
def in ing  a s tud ied  deformation vary with I; and i n  such a way t h a t  
toward zero .  

o rde r  with r e spec t  t o  h ,  f o r  example, t h s t  E ~ ,  ... can be expanded 

h ,  t he  f i r s t  terms of t h e  expansion beinn those of h.  Under these 

More s p e c i f i c a l l y ,  l e t  us assume. t h a t  

Let 11s l ikewise imagine 
h 

We w i l l  a l s o  assme t h a t  cl, ... a r e  i . n f in i t e ly  small 

- 
cond i t ions ,  when W tends toward zero , ..., aw tend toward c e r t a i n  l i m i t s  

(which may be func t ions  of x o, yo, zo )  . 
i n  Sect ion 53 which se rve  t o  de f ine  t h e  ex te rna l  fo rce  and moment, they f i n a l l y  
l e a d  us t o  formulas which permit u s  t o  de f ine  them and which are none .o the r  than 
t h e  equat ions with which w e  s t a r t e d ,  in which the concept of t k  W fuxction has 

KO' appear. 

ay3 
I f ,  t he re fo re ,  w e  consider  t h e  equat ions 

disappeared and i n  which t h e  six a u x i l i a r y  q u a n t i t i e s  Fo', G o 1 ,  H O 1 ,  lo', Jo', 

60. Deformable hlediE i n  Motion. The theoiy of motion of t he  deformable 
l i n e  and t h a t  of motion of. t h e  deformable su r face  have n a t u r a l l y  accurred as 
spec ia l  cases  of the theory of t h e  deformable su r face  and t h a t  of t he  deformable 
medim. For t h i s ,  i t  is  s u f f i c i e n t  t o  g i v e  one of the  s w f a c e  o r  Eedium para- 
meters a i  t h e  meaning of time. Since w e  a r e  not considering the  s ta t ics  of a 

medium of more than t h r e e  dimensions, w e  w i l l  d i s cuss  the  theory of motion of a 
deformable medium d i r e c t l y  below, but  nevertheless  we w i l l  n 9 t  give  i-t a form 
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e n t i r e l y  analogous t o  t h a t  which we have Indica ted  f o r  ths- dynamics of t h e  de- 
formable l i n e  and t h e  deformable sur face ,  

L e t  u s  again consider  a space (M ) descr ibed by a poin t  M whose coord ina tes  
0 0 

a r e  xo, yg, zo with respec t  t o  t h r e e  f ixed  orthogonal axes Ox, Oy, O z ,  and l e t  

u:. c o n n e c t 2 0  each poin t  M of the  space (M ) an orthogonal t r i a d  whose axes 

MOxO, MOyv0, MO'zO have d i r e c t i o n  cosines  which a r e  r e spec t ive ly  ao, a o ' ,  aol'; 
0 0. * 

B o ' ,  f30'1;.yo, yo', yo1' with respec t  t o  t h e  axes Ox, Oy, Oz and which are BO * 
funcr ions  of t he  indepcndent v a r i a b l e s  x 0' YO' 20. 

The coptinuous three-dimensional set M x 'y ' z  ' of such t r i a d s  may be  con- 0 0  0 0 
0 s idered  a s  t he  p o s i t i o n  of a deformable medium defined a t  a d e f i n i t e  moment t 

an follows. 

Let us g ive  t o  point-MO displacement M M which i s  a func t ion  of t and of 

and bec r r l e sze ro  when t = to; let  x ,  y ,  z b e  t h e  
0 

t h e  p o s i t i o n  of t h e  po in t  M 

coordinates  of pcjint M, which we w i l l  consider  as func t ions  of xo, yo, z . ~ ,  t. 

L e t  us moreaver i m p a r t  a r o t a t i o n  t o  t h e  t r i a d  M x 'y '2 '  which w i l l  f i n a l l y  0 0  0 0 
cause i t s  axes t o  be  those  of a t r i a d  Mx'y'z' which we w i l l  a t t a c h  t o  po in t  M. 
We w i ? l  de f ine  t h i s  r o t a t i o n  by p resc r ib ing  t h e  direct iolz  cos ines  u ,  a ' ,  a"; B, 
a' ,  B"; y ,  y ' ,  y" of t h e - a x e s  M x ' ,  My:, Mz' with r e spec t  tc t h e  f ixed  axes O x ,  

0' 
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o y ,  Oz. All t hese  cos ines  w i l l ,  l i k e  x ,  y ,  z ,  be func t ions  of x 0, Yga 23s t- 

The continuous three-dimensional set of t r i a d s  Mx'y'z' f o r  a given value 
of t i m e  t w i l l  be  what w e  s h a l l  c a l l  t h e  defomed s t a t e  of t h e  de fomab le  medi- 
um considered a t  t h i s  i n s t a n t  t. The contiauous four-dimensional set of t r i a d s  
Mx'y'z' obtained by causing t t o  vary w i l l  be  t h e  t?w*ectory of the &fomed 
s t a t e  of t h e  deformable medium. 

For convenience i n  w r i t i n g  and no ta t ion  w e  w i l l ,  a3  w e  have a l ready  done, 
sometimes in t roduce  t h e  terms pl, p 2 ,  p i n s t ead  of x o, yo, zo i n  what follows. 3 
We w i l l  cont inue t o  des igna te  by 5 i (O) , t l i  ('1 B s i  (O) t he  v e l o c i t y  components of 
o r i g i n  M o f a x e s  MOxO', M y '  o, MOzO' along these  axes wher; pi  aZone vczrCes and 

by p i (o) ,  qi(0) ,  r i (0)  t h e  p ro jec t ions  on these  sane axes of t h e  instantaneous 

r o t a t i o n  of t r i a d  MO~O'yO'zo' with respec t  t o  t h e  parameter P We w i l l  desig- 

na t e  by E.,, rti, Ci  and by pi, qi, ri t h e  analogous q u a n t i t i e s  f o r  t h e  t r i a d  

Mx'y'z' when it, l i k e  triad M x 'y ' z  ', i s  r e f e r r e d t o  t h e  f ixeb - t r t ad  Oxyz. 

0 

i' 

0 0  0 0 
When t i m e  t varies axid t h e  motion of t r i a d  Mx'y'z' i s  r e f e r r e d  t o  the f ixed  

t r i a d  Oxyz, t h e  o r i g i n  M has  a ve lgg i ty  whose components along t h e  Mx', My', Mz' 
axes w i l l  be  designated by 6, r l ,  C., and t h e  ins tan taneous  r o t a t i o n  of t r i a d  
M x ' Y ' z '  w i l l  be def ined by t h e  components p,  q, r.  
* Note: The o r i g i n a l  i s  probably i n c o r r e c t  and shrmld read Mox'c). 

** Note: The o r i g i n a l  i s  probably inco r rec t  and should read 6 ,  0 ,  5 .  
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The elements which w e  have j u s t  introduced are calculated j u s t  as i n  Section 
4 9 .  F i r s t ,  we have t h e  formulas 

t o  which a r e  added the  following 

by introducing from t h i s  po in t  o n a  d i s c i n c t i o n  i n  the  n o t a t i o n  f o r  t h e  deriva- 
t i v e s  with r e spec t  t o  time,depending on whether xo, y , z o ,  t o r  x,  y ,  2 ,  t are 

taken as independent va r i ab le s .  
0 

L e t  us assume t h a t  each of t h e  t r i a d s  of t he  t r a j e c t o r y  of t h e  deformed /156 
s ta te  i s  subjected t o  an i n f i n i t e l y  sinal1 displacement which may vary contin- 
ously with t h e s e  t r i a d s .  With the  same no ta t ion  a s A n  Sect ion 50, w e  w i l l  have 

(56) in = $ 8 ~ '  - -$a', 

q't= Sz' ~ + ~ ' ~ ~ ' - ; . ' ~ ~ ' , ~ ~ = ~ ~ . ' + ~ ' ~ ~ ' - ~ ~ ~ ' , ~ f ~ = 8 : ' + ~ ' ~ ~ ' - ~ ' ~ J ' ,  (57) 

=T,~F.'- car +a,- d?X + yB'c - r?yl r cP = dBi' - - + q;k'- rh', (59') 
dl . dai + r8'r - pt'z, \ GQ -F -& + &'-pa&' d3'y 

Ti- &, = tal' -- @li' -+ 

at = [&'- %&' -+ &I- +#'y -99 -1 2, 1 zr = $ ~ + p ; , ' -  gtx': i 
61. Euclideail Action of Deformatton and Motion f o r  a Deformable Medium i n  

Motion. 
Mx'y'z', i .e. ,  a func t ion  of x o, yo, z o ,  t ,  of x, y ,  z ,  a ,  a ' ,  ..., y" and of 

L e t  us consider  a W func t ion  of two i n f i n i t e l y  close positions of t r i a d  

t h e i r  f i r s t  d e r i v a t i v e s  with r e spec t  t o  x o, yo, z o ,  t. 

t a s k  of detem.iaiing what t h e  form of W must be so t h a t  t he  quadruple i n t e g r a l  

L e t  us set ourselves  t h e  

1 extended over any po r t ion  of space (M ) and over the  time i n t e r v a l  between t 0 
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and t2 

what w e  have ca l l ed  the  t r a j e x t o r y  of t he  deformable medium taken i n  i ts  deformed 
s t a t e  i s  subjected t o  the  sawe arbitrary in f in i tes imal  transfornation frwn the 
group of Euclidean d i s p  Zaoements 

may have A zero v a r i a t i o n  when t h e  ensenblc  of a l l  t h e  . tr iads-comprising 

I t  is  a ques t ion ,  f i n a l l y ,  of determining W i n  such a 
have 

c;\v = 0, 

when, on t h e  one hand, o r i g i n  M of t r i a d  Mx'y'z' undergoes 
smal l  displacement whose project icms 6x, 6y, 6.2 on the Ox, 

6 r  = (a, +- 0,s - ofi)% 
s., = (a, + 01% - O , Z ) 6 4  . f 62 = (a* f W J -  %+. 

way t h a t  w e  w i l l  

an i n f i n i t e s i m a l l y  
Oy, Oz axes are 

(60) 

where a 1, a2 ,  a3, ol, w2, w3 a r e  s ix  a r b i t r a r y  cons tan ts  and 6 t  i s  an i n f i n i t e s i -  

mally smal l  quan t i ty  independent of xQ, yo$  zo,  t ,  and when, on t h e  o t h e r  hand, 

t h i s  tr iad-Mx'y'z '  undexgoes an i n f i n i t e s i m a l l y  small r o t o t i a n  whose components 
along t h e  Ox, Oy, Oz axes are 

w& Cu& W&t. 

It is  s u f f i c i e n t - t o  repea t  t h e  l i n e  of reasoning which we have a l ready  used/157 
s e v e r a l  times t o  see t h a t  the deaiped W funct ion has the remarkable form 

w(T,,, yo, :o, I, Ej, r e i s  Ci. pip 9;- ri. !* t,* t. p ,  q, rh 
similar t o  t h a t  encountered f o r  t h e  deformable l i n e ,  su r f ace ,  and medium a t  rest. 

We will.  say  t h a t  t h e  i n t e g r a l  

is t h e  act ion of deformation and of motion i n s i d e  su r face  S f o r  t h e  deformed 
medium i n  motion and i n  t h e  time i n t e r v a l  between moments t and t We w i l l  

say ,  on t h e  o the r  hand, t h a t  W i s  t h e  density of a c t i o n  of deformation and 
motion a t  a point i n  t h e  deforme6 medium taken a t  a given ins tant  and r e f e r r e d  
t o  t h e  volume u n i t  of t h e  non-deformed medium and t h e  t i m e  u n i t .  With t h e  same 
mezning a s  given t o  A i n  Sec t ion  51, t h e  r a t i o  w is t h e  dens i ty  of t h i s  a c t i s n  

taken a t  a given poin t  and .a  given i n s t a n t  r e f e r r e d  t o  the volume u n i t  of t h e  
deformed medium and t h e  time u n i t .  

1 2' 

I4 

62. Externa l  Force and Moment: Externa l  Deformation Stress and Moment; 
Stress, Deformation Moment, Momentm, m d  Xoiiienr: of Momentum of t h e  Deformed - Medium i n  Motion a t  a Given Poin t  and a t  n Given I n s t a n t .  
v a r i a t i o n  of t h e  ac t ion  of deformation and motion i n s i d e  a su r face  (S) of t h e  
medium (M) and i n  the  time i n t e r v a l  between moments tl and t2, i.e., 

L e t  us cons ider  mry 
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Because of formulas (58), ( 5 8 ' ) ,  (59) ,  and ( 5 9 ' )  we may wri te- i t  as 

a W  da'r , ))+a'v($&-Ehf+ n;y - & +r?r-pB':) + aT (T,W- fe'r'+ -- 4 gi'z - r:' *' 

+?!Y(tSJ'-q;I'+- 8 d?': 4p;9-92'r)+ 
dl A% 

4 dl 

/158 Let us  apply Greed2 formula t o  the  terms which e x p l i c i t l y  contain a - 
d e r i v a t i v e  wi th  r e spec t  t o  one o f - the  v a r i a b l e s  pI, p2 ,  p3,  and l e t  us i n t e g r a t e  

by pa r t s  over t h e  terms which e x p l i c i t l y  con ta in  a d e r i v a t i v e  wi th  r e spec t  t o  
t i m e  t .  Designating by Zo, mo, the  d i r e c t i o n  cosines  with r e spec t  t o  t h e  

f ixed  axes Ox, Oy, Oz of t h e  e x t e r n a l  normal t o  

medim be fo re  t h e  deformation a t  t i m e  t ,  and by 

su r face ,  w e  have 

s u r f a c e  So which d e l i r d t s  t h e  

da t h e  area element of t h i s  
0 

159 



and a lso  

160 



Considering f i r s t  the. quadruple i n t e g r a l  which appears  i n  t h e  expression 

of 61 t2  Ills Wdxodyodzodt, w e  w i l l  c a l l  t he  segments o r i g i n a t i n g  i n  M and 

Yo', z0' and L o ' ,  M0" No' on-axes Mx', having t h e  r e spec t ive  p ro jec t ions  X ' , 
My', Mz' the external force and externa2 moment a t  point  M a t  ins tant  t referred 
t o  the v o l m e  un i t  f o r  the pogi t ion of  the mediwn a t . i n s tan t  to. 

Considering the  t r i p l e  i n t e g r a l  taken with respec t  t o  time and extended 
over surfac.e-So, w e  w i l l  g ive  t h e  name of external s t r e s s  and external moment 
of de fomat ion  a t  point M of surface S deZimiting the deformed medium a t  ins tant  
t and referred t o  the area mit of surface So t o  t he  segments which emanate from 

t h i s  po in t  M and whose p ro jec t ions  on the  Mx', My', Mz' axes are,  r e spec t ive ly ,  
- F o r ,  - Go 1 , - HO' and - Io', - J o ' ,  - KOt. These l a t t e r  s i x  q u a n t i t i e s  a t  a 

c e r t a i n  po in t  M of (S)  depend only on t h e  d i r e c t i o n  of t h e  e x t e r n a l  normal t o  sur-  
face  S. They remain unchanged i f ,  when t h e  considered region of (M ) changes, 

t h i s  d i r e c t i o n  of t he  normal does not  change, and they change s i g n  i f  t h i s  
d i r e c t i o n  i s  replaced by the  oppos i te  d i r e c i t o n .  

0 t 1 
0 
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0 

L e t  us assume t h a t  i n s i d e  t h e  deformed medium de l imi ted  by s u r f a c e  S a sur-  
face  Z is  drawn which, e i t h e r  a lone o r  with a po r t ion  of su r face  S ,  c i rcumscribes  
a p a r t  (A) of t h e  medium, and ].et us des igna te  by (B) what remains of t h e  medium 
ou t s ide  p a r t  ( A ) .  L e t  C be t h e  su r face  of (Mo) which corresponds t o  s u r f a c e  0 
C of ( M ) ,  and l e t  (Ao) and (B ) b e  t h e  r e g i s s s  of (M ) which correspond to I 

0 0 
regions (A) and (B) of (M). L e t  us keep the  two p a r t s  (A) and (B) s e p a r a t e  i n  
our minds. The two segments ( - Fo',  - G o ' ,  - H o t )  and ( - Io', - Jo t ,  - KO*), 
determined by poin t  M and f o r  t h e  d i r e c t i o n  of the  normal drawn wi th  r e spec t  t o  
C and er te r ior  to(A ) ,  may be  regarded as e x t e r n a l  stress and moment of deforma- 

t i o n  a t  po in t  M of boundary C of reg ion  ( A ) .  
segments (FO', G o ' ,  Hot) and (Io',  

deformation a t  poin t  M of boundary C of region B. 
w i l l  say t h a t  - FO', - G o ' ,  - Hor  and - Io', - J o t ,  - KO' a r e  t h e  cornponencs of 

t h e  defomut ion  s t re s s  and moment exerted i n  M on part  (A) o f  mediwn (M) along 
axes Mx', My', Mz', and t h a t  Fo', G o ' ,  Hot  and Io', Jo', KO' a r e  t h e  components 

of deformation stress and moment exerted i n  M on part (B) of medium (M) along 
axes Mx', My', Mz'. 

0 0 
LikeElse,  w e  may regard t h e  two 

', K ') as e x t e r n a l  stress and moment of Jo 0 
Due t o  t h i s  s ta tement ,  w e  

F i n a l l y ,  consider ing t h e  t r i p l e  i n t e g r a l  extended over t h e  volume of (M) a t  
t i m e  t ,  with i t s  va lues  taken a t  t h e  l i m i t i n g  times t and t2,  w e  w i l l  g ive  t h e  

name of momentwn and moment of  momentum a t  point  M of deformed mediwn (M) a t  
ins tant  t t o  t h e  segments which have t h e i r  o r i g i n  i n  M and whose p r o j e c t i o n s  on 
the  Mx', My', Mz' axes are A ' ,  B ' ,  C' and P ' ,  Q ' ,  R ' ,  r e spec t ive ly .  

1 

6 3 .  Various Specdf ica t ions  f o r  t h e  S t r e s s  and Moment of Deformation, f o r  
- Momentun and f o r  Moment of Momentum. A s  i n  Sec t ion  53 l e t  us s e t  
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A i ' ,  B i l ,  Cil and P i t ,  Qit, R i t 5  r s spec t ive ly ,  represent  t he  p ro jec t ions  on Mx', 
My', Mz' of t h e  stress and moment of deformation which a r2  exer ted  a t  poin t  M 
on a su r face  whose normal before  deformation a t  po in t  M 

t o  t h a t  of t he  coordinate  axes Ox, Oy, 02, corresponding t o  s u b s c r i p t i .  It 
i s  indeed s u f f i c i e n t  t o  remember t h a t  w e  have already agreed t o  rep lace  t h e  terms 

subsc r ip t s  1, 2 ,  3 .  This stress and t h i s  monent of deformation a r e ,  l e t  us /161 
r e c a l l ,  r e f e r r e d  to t he  a r e a  u n i t  of the  non-deformed su r face  a t  i n s t a n t  t. 

was t h e  l i n e  p a r a l l e l  0 

xo, yo, zo by p l ,  p g ,  p 3  which by t h i s  convention correspond, r e spec t ive ly ,  to - 

The new stresses and the  new moments of deformation which w e  have j u s t  
def ined are l inked  t o  the  elements introduced i n  t h e  preceding s e c t i o n  by t h e  
following r e l a t ionsh ips :  

L e t  us a t tempt  t o  transform t h e  r e l a t i o n s h i p s  which w e  have j u s t  w r i t t e n  
independently of t h e  values  ca lcu ia ted  i n  terms of W and of t he  q u a n t i t i e s  
which a r e  contained i n  them. These r e l a t i o n s h i p s  hold t r u e ,  i n  f a c t ,  between 
t h e  segments connected t o  point  M t o  which w e  have given names. 
def in ing  these  segments by t h e i r  p ro j ec t ions  on Mx', My', Mz', w e  can j u s t  as 
w e l l  de f ine  them by t h e i r  p ro j ec t ions  on o the r  axes.  These l a t t e r  p r o j e c t i o n s  
w i l l  be  connected by r e l a t ionsh ips  which a r e  t ransformations of t h e  preceding 
ones. The rransformed r e l a t ionsh ips  w i l l  moreover be immediately obtained,  i f  
i t  is  noted t h a t  t h e  o r i g i n a l  formulas have simple in t e rp re t a t ions (22)  by adding 
t o  t h e  mobile axes those axes which a r e  drawn p a r a l l e l  t o  them through po in t  0 .  

Ins t ead  of 

(22) An i n t e r p r e t a t i o n  which i s  i n t e r e s t i n g  t o  note  i s  t h e  analogue of t h e  one 
given by P .  Saint-Gui3.1-iem i n  re ference  t o  t r i a d  dynamics. 
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1, Jus t  a s  f o r  s t a t i c s ,  l e t  us restrict  ourse lves  t o  cons idera t ion  of the 
Yo, Z and Lo, f ixed  axes Ox, Oy, 02. Let  us des igna te  r e spec t ive ly  by Xo, 

No t he  p ro jec t ions  upon these  axes of t h e  e x t e r n a l  f o r c e  and e x t e r n a l  moment a t  

any point  M of t h e  dcformcd medium a t  i n s t a n t  t; by Fo, G o ,  H 

t he  pro jec t ions  of deformation stress and moment on a su r face  whose e x t e r n a l  
normal before  deformatfun and a t  i n s t a n t  t has  t h e  d i r e c t i o n  cos ines  lo ,  mos no; 

t h e  p ro jec t ions  of stress (Ai1, B i t ,  Ci') and of 

moment of deformation (P I ,  Q i l , - R  I ) ;  and by A, .B, C and P, Q ,  R t h e  p r o j e c t i o n s  

of momentum ( A ,  R ,  C) and of moment of momentum (P, Q,  R) .  The t ransforms of 

%' 0 

and-IO,  Jo, KO 0 

Qi,  R by Ai' Bi, ci and p i ,  i 
i i 

the  foregoing r e l a t i o n s h i p s  a r e  obviously /162 
Fo = 4 m,X, + n,h,, 
Go = P, -1- c1& 4 null,. 
] Io=  I,C, I- nt,C, + n,Ca, 

I, = lop, 3. mal', -t flop,, 
J ,  = loQ, I- m,Q, i- n&,, 
K, = !,I{, + m,Na -+ n,Ra, 

aAA + a>, + + dA 
ax, ay, a:, dt -'#=a* 
aB aB aI3 dl! 
-1 -+ -J + - 8 4 -  ai - Ym=o, 
3x0 arm 3%. 
%+a%+"-C.+-- -  dC zm-o, 
ax, ayo a:, dt 

a: az a: dt - B  -- -BB,- -B, - - - -BB--L,=o,  a:, 
at az dr 

azo 
+ A, - 3- A 3 

ax ax ax & 
3% aY0 azm 

-c,--- c,- - - c , -  -C-&-M,=o. 

aR aR all dR a z  & ax & & + $+ < + >j + B, - + Ba- + B a G  c B aj 
a=@ aYD 

- A A  2- av - A ,  A, ay A, ax - A z -  Ne -0. 
a=@ 'YD ate 

2. L e t  us now no te  t h a t  w e  may express  t h e  n i n e  cos ines  a ,  a ' #  ... y" by 
means of t h e  t h r e e  a u x i l i a r y  q u a n t i t i e s  X1, A2, Xg. Let  us  set 

syap = - rpay = w,'Q, 4- mi&, + =;As. 

rgd, = - rzdg = Dl'dh, + sa'& + a;dka. 
Had-; = - ~ r d z  = %,'dk, + ~ i d x ,  + &r&, 

- 
Functions wi, xi, ai of X1, x 2 ,  A,,, thus  def ined ,  s a t i s f y  t h e  r e l a t i o n s h i p s  

which we have a l ready  w r i t t e n  several times 

and w e  have 
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- - t h e  project ions& 
where xo = pl, yo = p2, zo - p3. L e t  us des igna te  by w i' Xi' ai 

on thc! f ixed axes Ox, Oy, Oz of t h e  segment whose p r o j e c t i o n s  on t h e  Mx', My', 
MZ' axes axe L , a i ' ,  and we w i l l  have 

Za'dz." = - ~i"t1i'  = ml&., + Q,&., mad).i. 
X'drlx = - S d r '  = x,d)., +;l;h,4 
Sadz' = - Sz'da = u;&.;,+ s&i,;-+- andla* 

i ' xi1 

(23) t h e  new func t ions  ;i, xi, ai of X1, X2, X s a t i s f y  r e l a -  by v i r t u e  of which 

t ionships  
3 

?!%f,25= ahj rjoi - 7JO 

- bXf - - u p j  - *pi, (Lj = 1. a, 3). 

- 

(23)  These formulas may s e r v e  t o  d e f i n e  func t ions  w i ,  xi, ai d i r e c t l y  and t o  

be s u b s t i t u t e d  f o r  
= I =  4 + PD'+ 7 4 .  
xi = a'w' + Pzi' + j u ; .  
ui = doc' + PW + y'd. 

(i = a,a13). 
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xi 

X = =,'I" + 7iQ' -+- u,'Nf = to,P + raQ -+- e,R, 
2 = m,'P' 4 ;e'Q + u,'R' - o,D 4- 7.Q + a& 

m,'P,' + 7*'Q,' 4 o.,'!t,' = w,P, + 7*Q 4- o,R*, 
n = =;PI + x , l Q  -+ a , ~  = =,P + x l ~  -I- #,R, 

In place of the last Pystem, where either Pit, Qit, Rit, P', Q', R t  or Pi, Qi, 
Ria P, Q, R appear, wc have the following 

/Ibrc 

with two similar equations, If it is noted that functicsns ti, ni, Si, pi,  ql, 
ah1 ax2 a h 3  dhl dXg dX3 give ri and 5, r l ,  5, P, q, r of AI, X2, A g ,  - , -- , - , - 
api api api dt ' - ' -  dt dt 

which result from the relationships defining functions 
nine identities which they satisfy, the new form 

' , xit, ut', and the 

with two analogous equations may be given to the preceding system. 

3 .  We are finally going to subject the equations which we introduced in 
the preceding to a transformation similar to the one which led us in Section 
53 to a generalization of the elasticity theory equations in terms of stress. 

For purposes of abbreviation, let us for a moment use 0'' yo1* ZOl' 
go', o',  bo' to designate the first terms of the relationships to be 
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transformed,which r e spec t ive ly  contain X 0' Ygb Zos Lo, MOD NOD and let US L I S  
observe t h a t  t he  twelve r e l a t i o n s h i p s  which we have e s t ab l i shed  may be summar- 
ized i n  t h e  following: 

where A l l  A 2 ,  A 3 #  I . I ~ #  p 2 ,  p Q  a r e  a r b i t r a r y  funLtions :md where t h e  i n t e g r a l s  a r e  

extended, on t he  one h a d ,  over t he  time in te rva l .  betweea times tl and t2 and, 

on the  o the r  hand, are taken over t h e  su r face  S 

domain l i m i t e d  by t h i s  su r f ace ,  
integration-l+parts, t h e  r e l a t i o n s h i p  which we have j u s t  described becomes 

* 

of  medium (Mo) and over t h e  

With the  a p p l i c a t i o n  of Green's formula and 
0 

Let us determine t h e  transform of t h i s  l a s t  r e l a t i o n s h i p  by taking t h e  functions& 
x,  y ,  z f o r  the  o t h e r  new v a r i a b l e s ,  while r e t a i n i n g  t .  L e t  us apply the 

166 



elemencary fonnulas f o r  t he  change of v a r i a b l e s  ( s e e  Sect ion 53) t o  t h e  func t ions  
X I $  A,. X g ,  F I ~ ,  p2, p 3 .  

iiic,eant t corrcspondiny t o  su r f ace  S o  of (KO), l e t  us a d d i t i c n h l l y  des igna te  by 

Y ,  2, L ,  M ,  N t he  p ro jec t ions  upon Ox, Oy, Oz of the  e x t e r n a l  f o r c e  and ex- 
c2r r .d  moment appl ied a t  point  M a t  t h e  time t r e f e r r e d  t o  t h e  u n i t  v o h n e  of 
t he  deformed rncdSw1 (M), and by F, G ,  H, I ,  J, K t h e  p r o j e c t i o n s  on Ox, Qy, 0 2  
of the  s t r e s s  and moment o f  deformation.which are appl ied a t  t h e  po in t  M on S, 
r e f e r r e d  t o  the u n i t  o f  a rea  of S. 
introduce eighteen ncw a u x i l i a r y  q u a n t i t i e s  p ..., qxx, ... by t h e  formulas 

With S s t i l l  i n d i c a t i n g  the  su r face  of medium (M) a t  

," 

Fina l ly ,  l e t  us, j u s t  as i n  Sect ion 53, 

XX' 

where the  i n t e g r a l s  are taken over the time i n t e r v a l  between tl and t2, and 

over the  su r face  S of t he  medium (M) a t  t i m e  t and over t h e  xegian l imi t ed  by 
it. do designates t h e  area element of S. 

/167 
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Let us apply Green's farmula again t o  the terms t h a t  contain t h e  d e r i v a t i v e s  
of A1, X2, A g ,  p l t  p2, p 3  with respect  t o  x ,  y ,  z ,  and l e t  us i n t e g r a t e  by p a r t s  

the  terms t h a t  contntn the de r iva t ives  of XI, X 2 ,  Xg, lil, p2, p 3  with r e s p e c t  

t o  t ( 2 4 ) .  
f ixed axes, of the ex te rna l  noimaa to - the - su r face  S a t  t h e  i n s t a n t  t .  Since 
h l ,  x2, h g ,  p l ,  p 2 ,  p3 a r e  a r b i t r a r y ,  we obtain:  

Let us denote by 1 ,  m,  r. the  d i r e c t i o n  cos ines ,  wi th  r e s p e c t  t o  t h e  

F = lp- +- mp,,. + np,, 

H r= lp,; + npy: t iipG2, 

1 = fq.. + nqyr  + nqMe 

Fi = lqs: + niq,, + ttq;:, 

G.= Ipdy I- nipFe, + npsr, J == kl,u + "IQur 4 nqzrt 

E!!= .+ 22 + - I li4 -: - x =r; 0, 

!Pa + ap,,, + & + ! dB L y 0, 

A .at - 2 =o, 

ax -6: bz A dt 

ax y & A T 
9 3 2  4- b9E f 23 -+ - .  I dC 
bx ay 

ae- + 9 1 5  + 93 + pu; - pr 4 . J . dp - - + I: .- d 7 - B  - 
ax by bz A d 1  A d  & & d l L L o e  

d: 

The meaning of the  eighteen new a u x i l i a r y  q u a n t i t i e s  is  pxx, 9 . 0 ,  9,s *..... 
immediately obtained from t h e  r e l a t i o n s h i p s  t h a t  w e  just found. 
i n  f a c t ,  t h a t  the  c o e f f i c i e n t s  p,, pxy, p,, of 

represent  the  p ro jec t ions  on O x ,  Oy, Oz of t h e  stress exe r t ed  a t . the  point M 
onto-a  surface whose i n t e r n a l  normal i s  p a r a l l e l  t o  Ox. 
the c o e f f i c i e n t s  q 

pro jec t ions  on Ox, Oy, Oz-of the  mment of deformation a t  M on t h e  same surface.-.--. 

It is clear, 
i n  t h e  expressions of F, G ,  H, 

It is a l s o  clear t h a t  
of i n  t h e  expressions of I, J , - K ,  are t h e  xx' qxy) 9x2 

6 4 .  
Saint-Guilhem. 
Paragraphs. 
f o r  the  deformzd medium (M) between the i n s t a n t s  tl and t 

v i r t u a l  deformation: 

External V i r t u a l  Work; Theorem Analogous t o  those of Varignon and of 
Remarks on the  Auxiliary Q u a n t i t i e s  Introduced i n  t h e  Precedinq  

We w i l l  c a l l  t h e  following expression the mtemaZ vCrtuaZ work 
during an a r b i t r a r y  2 

(24) Since the  region of i n t e g r a t i o n  a c t u a l l y  varies with t ,  w e  c a r r y  out the 
We i n t e g r a t i o n  by p a r t s  by using the  intermediate  v a r i a b l e s  xo, yo, 

assume t h a t  A is  p o s i t i v e  and equal t o  \AI. 
=0 
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Let us refer back to the notation of Section 60, and moreover let u3 designate 
by 61, 6 3 ,  6K the projections on fixed axes of the segment whose projections on 
y%’p My’, Mz’ are 61’, 6 J ’ ,  6 K l ,  so that we have, f o r  example: 

1168 

.- -7 a”c“z’ + p ’ q  + -p.( = I (Z’58’ -k pzp’ +- ?’sf), 
always assuming that the axes we are considering have the same configuration. 

If that is the case, let un assume that in Section 6 3 . 3  we attribute to 
the arbitrary quantlties XI, A * ,  A 3 #  p l ,  1.1 , p ?  the meaning defined by the 

following formulas :  . 
We then see that t he  relationships obtained previously €or the new auxiliary 
quantities only expres s  the following condition: 

/., z= &, I , ,  == cy, I . ,  = 22, p, E: 21, p, = ZJ, pr = $E. 

Ffliatever the virtua2 dispZaccments of Section 60 associated wi th  the tra- 
jectory of the deformed medim may be, the PxtemaZ virtuaZ work 6‘t, is given 
e i ther  by the re Zationship 

&ere the integraZs are extended over the  time intervaZ between the  t imes tl ard 
t2 and over the deformed medium, or by the retationshcp 

dit d t  + P -. dt- + Q - dl + R 2)&ody&edt 
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where the integraZs m e  extended over the time intervaZ between t1 and t2 and 
over the  non-defourasd mad iwn  a t  the in s tan t  t, because the fornula: 

/169 

as : 
given c a r i l e r  as  the  d e f i n i t i o n  of e x t e r n a l  v i r t u a l  work, can a l s o  be  wr i t ten  

by v i r t u e  of t..e mem 1g of xo, Yo, Z0' Lo, Mo, No, Fo, Go, H0' Io, Jo, KO, A, 

B, C%-P.%.-Q, R and s i m i l a r l y  as: 

by v i r t u e  of t h e  meaning of  X ,  Y ,  .., N ,  F, G, ...) K. 
L e t  us s ta r t  with t h e  formula 

appl ied  t o  a c e r t a i n  po r t ion  of t h e  medium hounded by a s u r f a c e  S 

t i m e  ir?terzral bstween times t Since GW has  t o  be i d e n t i c a l l y  zero ,  by 
v i r t u e  of t he  invar iance  of W f o r  t h e  group of Euclidean displacements ,  when 
t h e  v a r i a t i o n s  6x,.Ay, 6 z  are given by t h e  formulas (60) of Sec t ion  61, i.e.: 

and t o  t h e  0 
and tZ2'  1 

8% = (a, i- w12 - w j ) &  
8y = (a, I- waz - w,z)at, 
82 = (aa + OJ - war)&, 
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and 6 1 ,  6.7, 6K o r e  given by 1170 

whatever the  values of t he  constants  al ,  a2, ag, wl, w 2 ,  w3 may be ,  we reach 

t h e  conclusion t h a t  we have the  following, based on t h e  expressions f o r  6%' t h a t  

we j u s t  d e r i ~ e d ( ~ 5 )  : 
P 

and four  analogous equat ions,  I t  i s  conceivabze, i n  these fornutas,  t ha t  the  
boundary So is variab2e. 

The a u x i l i a r y  q u a n t i t i e s  t h a t  w e  introduced i n  t h e  previous paragraphs are 
I n  discussing t h e s e  a u x i l i a r y  q u a n t i t i e s ,  not  t h e  only ones we could consider.  

w e  wiULadb-the same remarks a s  i n  Sect ion 54. 

We have introduced i n  a d e f i n i t e  way two systems of stresses and of moments 
3f deformation r e l a t i v e  t o  a po in t  M of t h e  deformed medium a t  t h e  t i m e  t. The 
f i r s t  are those t h a t  are exerted on su r faces  which, be fo re  deformation, have 
t h e i r  normal p a r a l l e l  t o  one of t h e  f ixed  axes Ox, Oy, 0 2 ;  the second-are those  
which are exerted on su r faces  t h a t  have t h e i r  normal p a r a l l e l  t o  one of the 
sane f ixed  axes Ox, Oy, 02. The forniulas t h a t  w e  have ind ica t ed  give the last  
i n  terms of the  f i r s t .  
w e  are not going t o  dwell ,  w e  ob ta in  conversely the  f i r s t  elements i n  t e r m s  of 
t h e  second ones. 

However, by a very s t r a igh t fo rward  s o l u t i o n ,  on which 

L e t  us now assume that w e  introduce t h e  funct ion W ;  t h e  f i r s t  stresses a n L  
deformation moments correspond t o  t h e  expressions already ind ica t ed ,  and we 
immediately de r ive  t h e  expressions f o r  t he  second ones. I n  these  c a l c u l a t i o n s ,  
however, w e  can s t a t e  e x p l i c i t e l y  the  funct ions w e  are i n t e r e s t e d  i n ,  according 
t o  the  na tu re  of the  problem, which w i l l  b e ,  for  example, x ,  y, z and t h r e e  

i n  terms of whick.we express a ,  a', ... y", parameters (26) 1 

( 2 5 )  

X 2 ,  X 1' 3 

The t r a n s i t i o n  from ti,e elements r e f e r r e d  t o  t h e  u n i t  volume of t h e  non- 
deformed medium and t o  the  u n i t  area of t he  boundary S t o  t h e  elements 

r e fe r r ed  t o  t h e  u n i t  volume of t h e  deformed medium and t o  t h e  u n i t  area 
of the boundary S a t  t i m e  t ,  i s  so  immediate t h a t  i t  i s  s u f f i c i e n t  t o  
r e s t r i c t  ourselve:: t o  t h e  former, f o r  example, as w e  are doing. 

we can t ake ,  f o r  example, the As such a u x i l i a r y  q u a n t i t i e s  X 
components of t h e  r o t a t i o n  t h a t  makes t h e  axes O x ,  Oy, Oz p a r a l l e l  t o  
Mx', My', Mz', r e spec t ive ly .  

0' 

X2, X 1' 3 
(26) 
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I f  w e  in t roduce  x,  y ,  2 ,  AI, A 2 ,  h 3 ,  and i f  w e  cont inue t o  denote by W t h e  

func t ion  depending on x 0' Y o *  20' on t h e  f i r s t  de r iva t ive5  of x, y ,  z with  

r e spec t - to  xo, yo, z o ,  t ,  on XI, A2, h 3 
respect t o  xo, yo, 

ent  q u a n t i t i e s  E,, ni, qi, pi,  qi, ti, 5 ,  0, 5 ,  p ,  q ,  r by t h e i r  va lues  given 

by t he  formulas (54) ,  (55) and (54'),_(55') i n t o  t h e  func t ion  W(xo, yo, zo,  t ,  

and on t h e i r  f irst  de r iva t ives  wi th  

t -- with t h i s  func t ion  obtained by rep lac ing  the  d i f f e r -  zO s 
/171 

65. Concept.of t h e  Energy of Deformation and of Motion. We would l i k e  t o  
no te  t h a t  the present  d i scuss ion  conta ins  t h e  s t a t i c s  of deformable bodies  as 
a s p e c i a l  case. It is s u f f i c i e n t ,  i n  f a c t ,  t o  consider  a v ir tual  reversibZe 
rnoc?ification of the action, i n  t h e  sense  of M. Duhem, in s t ead  of regarding,  as 
we j u s t  d i d ,  -a feasibZe virtua2 modification. 

This observa t ion  will l ead  us t o  t h e  concept of t h e  energy of deformation 
and motion. 
t e r n a l  fo rces  and moments, and of stresses and moments of deformation during a 
c e r t a i n  t i m e  i n t e r v a l .  For t h i s  purpose, it is s u f f i c i e n t  t o  c a l c u l a t e  t h e  
elementary work corresponding t o  t h e  t i m e  a t .  

We in t end  t o  determine, f o r  a rea2 modification, t he  work of ex- 

This  is equal  t o  

I f  w e  r ep lace  X o t ,  Yo1, ..., FO', G o ' ,  ... by t h e i r  expressions as func t ions  of 

t h e  a c t i o n ,  and i f  we perform a c a l c u l a t i o n  which is t h e  inve r se  of t h e  one t h a t  
l e d  t o  t h e i r  d e f i n i t i o n ,  w e  immediately obta in ,  by v i r t u e  of  Codazzi's equat ions:  

by l e t t i n g  
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I f  we consider  i n  p a r t i c u l a r  t he  case i n  which W does not  conta in  t expl ic-  
i t l y ,  s o  t h a t  2y 

at 
with respec t  t o  time of t h e  expression: 

is zero,  t h e  previous va lue  becomes t h e  time d i f f e r e n t l a 1  /172 

t h a t  can be ca l l ed  the  energy of deformation and of motion at-the time t. 

A t  t h e  poin t  where w e  have j u s t  a r r ived ,  we can make some important genera l  
remarks-.which-will again be appl ied i n  the  theory of Euclidean ac t ion .  

The concept of t h e  Euclidean ac t ion  of deformation and of-motion i t s e l f  i s  
s u f f i c i e n t  t o  provide us ,  i n  a-very extended case,  with a constructive def in i - ,  
t i o n  of momentum and of t h e  moment of momentum, of t he  stress and deformation 
moment, of t h e  ex te rna l  fo rces  and moments. We can d i s t ingu i sh  between a dynamic 
p a r t  and a s ta t ic  p a r t  i n  t h e  e x t e r n a l  fo rce  and-moment, by grouping t h e  terms 
t h a t  conta in  the  dynamic acce le ra t ion  i n  one p a r t ,  and t h e  terms t h a t  con ta in  
what w e  could c a l l  t h e  kinematic accezeration i n  t h e  o the r  p a r t .  
t i o n  expresses  an extension of d 'blembert 's  p r inc ip l e .  
t h a t  t h e  ex te rna l  work i s  zero,  and t h e  energy of deformation and-of  motion re-- 
mains inva r i ab le  i n  t i m e .  We thus  ob ta in  the  concept of conservat;on of energy, 
which may be simply t r a n s l a t e d  i n t o  t h e  hypoLhesis t h a t  t h e  medium is  isoZated 
from t h e  e x t e r n a l  world. Consequently, w e  w i l l  f i n d  aga in  a l l  t h e  fundamental 
i deas  of c l a s s i c a l  mechanics, and i t  is p l a i n  t h a t  t h e  p a r t i c u l a r  forrn they  t ake  
on i n  i t  arises from t h e  f a c t  t h a t  w e  consider  only t h e  s ta te  of motion and of 
deformation i n f i n i t e l y  close t o  the n a t m b t a t e ,  when w e  assuiic t h a t  W and 
a l l  i t s  d e r i v a t i v e s  are zero.  

This d i s t i n c -  
Likewise, l e t  us  assume 

6 6 .  I n i t i a l  S t a t e  and Natural  S t a t e s .  General  Ideas  on t h e  Problems t o  
which w e  are Led by Considering the  Deformable Medium. So f a r  w e  have considered 
t h e  t r a j e c t o r y  of t he  deformed s t a t e ,  and, a f t e r  consider ing t h e  in.itiaZ pos i t ion  
($1 ) a t  a determined i n s t a n t  t 

t i o n  (M) a t  some i n s t a n t  t. Considerat ions analogous t o  those  developed i n  
Sect ion 56, i n  which t h e  parameter l introduced is  a c t u a l l y  replaced by t h e  t i m e  
t ,  can be resumed he re  i n  order  to have one of t h e  defarmcbcstates-pl&y t h e  
r o l e  t h a t  w e  assigned t o  t h e  i n i t i a l  s ta te  (M 3 .  0 

of t h e  deformed s t a t e ,  w e  r e f e r r e d  t o  its posi-  0 0 

We can a l s o  conceive, however, t h a t  t h e  func t ions  x ,  y, z ,  ..., determining 
t h e  t r a j e c t o r y  of t h e  deformed s t a t e  depend on a parameter, and t h a t  we can 
d i s t ingu i sh  a p a r t i c u l a r  va lue  of this parameter. Likewise, w e  w i l l  de f ine  a 
series of states t h a t  we can c a l l  natural s ta tes ,  and t h e i r  t r a j e c t o r y  can b e  
c a l l e d  t h e  trajectory of the natural s ta t e s .  
parameter as w e  have done i n  our  Note on the  Dynamics of the Popk t  and of the 
Invariable Body and car: s tddy  i n  p a r t i c u l a r  t h e  t r a j e c t o r y  of defamed states 
which is i n f i n i t e l y  c lose  t o  t h e  t r a j e c t o r y  of n a t u r a l  states. 

W e  w i l l  be a b l e  t o  u.se our  new 

Based on the  preceding cons idera t ions ,  l e t  us assume t h a t  t h e  e x t e r n a l  1173 
fo rce  and moments a r e ,  by way of an  example, given i n  terms of s imple func t ions  
of xO,y0,zO,t  and of t h e  elements t h a t  de f ine  t h e  pos i t i on  of t h e  t r i a d  Mx'y'z. 
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We can consider the  equations of Section 62 f o r  the  e x t e r n a l  force and moment 
as p a r t i a l  d i f f e r e n t i a l  equations with respect  t o  x ,  y,  z with t h r e e  patameters 
XI, X 2 ,  A g ,  by means of which we express a ,  a ' ,  ... y",  This p o i n t  of view is 
one of 

r , 5 ,  r l ,  r ; ,  p ,  q ,  r w i l l  be :unctions of I--- 

those t h a t  €allows most n a t u r a l l y .  

... ,$, ... , - dX 1 , ... (by s e t t i n g  always p1 X0' P 2  E yo, P 3  = zo) which 
d t  

w e  w i l l  c a l c u l a t e  by means of t h e  formulas ( 5 4 ) ,  (55) and ( 5 4 ' ) ,  (55'). 

L e t  u s  assume t h a t  X o ' ,  Y o ' ,  Zo', L o 1 ,  M o t ,  NO1, o r ,  which i s  t h e  same, 

X 3 .  The expression W i s ,  a f t e r  s u b s t i t u t i o n  of t h e  values of E,, ..., ri, 5 ,  .. 
,., r taken from the  formulas (54), (55) and (54'), (55 ' ) ,  a determined func t ion  
of 

Xo, Yo, Zo, Lo, Mo, NOy a r e  given funct ions of x 0s YO, 20, t s  xs Y, 2, Xi* X2, 

go, ,/Lo, % 0 being the  funct ions of xo, yo, 20' t, x,  Y ,  2 ,  xi, X 2 ,  xg t h a t  
r e s u l t  from t h e  d e f i n i t i o n s  of Sect ion 6 3 .  This follows d i r e c t l y  from t h e  
formulas of t he  preceding paragraphs, i n  any case i n  a more immediate f a sh ion  

4t can be summarized i n  /174 than t h e  def ining equations of Xo, Yo, Zo, g o y  dLO, 
t he  r e l a t i o n s h i p  

0 
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t h a t  ia, i n  

67 .  Concept of t h e  Concealed T r i a d  and of Concealed W. Case i n  which W 
z,, t ,  E . ,  'I;, ci, E ,  r l ,  c and i n  Independent o f 2 4  Depends only on x,, yn, 

r r. Extension of C l a s s i c a l  Dynamics of t h e  Deformable Body. The 

Gyros ta t fc  Medium and Kine t i c  Anisotropy. The cons idera t ions  t h a t  w e  presented 
e a r l i e r  i n  regard t o  t h e  concealed t r i a d  and concealed W can s t i l l  be appl ied  t o  
t h e  deformable: medium i n  motion. It only s u f f i c e s  t o  add t h a t  t h e  concealed W 
can correspond t o  a concealed motion, 

u u  U - i2 i A  

4' p *  q 3  

We w i l l  examine j n  p a r t i c u l a r  t h e  case in  which W depends only on t h e  
q u a n t i t i e s  xo, yo' zo9 t, Ei, ni* qi9 5 ,  r l a  5 and not  on pi, qia ri, P, 4 9  r *  
Then t h e  equat ions of Sect ion 66 may be  reduced t o  t h e  foliowing: 

ax a z & * &  
' d t  ' d t  ' d t  ' '1' a zO 

i n  which W depends only on x0, y o ,  zo ,  t ,  - , * ' . f  

axO 
X2, X 3  . They show t h a t ,  i f  w e  t ake  t h e  s i m p l e  case i n  which Xo, Yo, 20' go, 

- az , ..., - ,  /175 h0, %o are given funct ions(27)  o f x 0 ,  yo, z o ,  t x,  y ,  2 ,  - ax 

d x & &  
dt ' d t  ' d r  ' '1' '2' '3 
respec t  t o  X1, X2, A 3 .  Thus, we obta in  f i n a l l y  t h r e e  p a r t i a l  d i f f e r e n t i a l  equa- 

t i o n s  conta in ing ,  following our assumptions, only xo, yo, zv t and also x,  y ,  z 

9 8x0 a20 
, t h e  t h r e e  equat ions on t h e  r i g h t  can be  so lved  wi th  

o, Yo, Zo,  f o ,  X o #  (n t27)We assume t h a t  X do no t  conta in  t h e  d e r i v a t i v e s  of 0 
X1, XI, Xg, i n  order t o  s impl i fy  the di.scussion, and i n  order  t o  show more 

e a s i l y  t h a t  t o  which we r e f e r ,  
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and t h e i r  de r iva t ives  of f i r s t  and second order .  

Let us regard the  p a r t i c u l a r  case i n  which t h e  given func t ions  g o *  
12, a r e  zero,  Q 
func t ions  of a c e r t a i n  one of t h e  systems (Lo ' ,  Mol, N o ' ) ,  (Lo, MOB No>, (Le M, 
N). 

Then t h e  same w i l l  be t r u e  of t h e  corresponding va lues  of the 

As a r e su l t ,  t h e  equat ions 

become 

t h a t  i s ,  

which w e  can in te rpre t .  by saying t h a t  t h e  motion, i n  t h e  deformable body under 
cons idera t ion  which encompasses t h e  c l a s s i c a l  theory of e l a s t i c i t y  as a s p e c i a l  
case,  c r e a t e s  a moment t h e  t h r e e  components of which are: 

and which has  t h e  e f f e c t  of des t roying  t h e  e q u a l i t i e s  

p,: = PJ", p;z = pa:, PI* = Pr* 

Under t h i s  assumption, w e  observe t h a t  i f  w e  start wi th  a t r a j e c t o r y  
assumed t o  be given and i f  we deduce, as i n  Sect ion 63,  t h e  func t ions  

?Lo, i t  can happen, i n  t h e  case  where t h e  t h r e e  func t ions  are zero ,  t h a t  t h i s  

r e s u l t  i s  obtained acc iden ta l ly  -- t h a t  i s ,  f o r  a c e r t a i n  set  of p a r t i c u l a r  
t r a j e c t o r i e s .  It can a l s o  happen, however, t h a t  t h i s  i s  produced fo r - any  tra- 
j e c t o r y  (M) , as a consequence of t h e  na tu re  of t h e  media (M) and of t h e i r  
motions -- t h a t  i s ,  as a consequence of t h e  form of W. 

0' & o r  

Let  us consider  t h i s  l a s t  case, which is p a r t i c u l a r l y  i n t e r e s t i n g .  W is /176 
€3  ' then a s i m p l e  funct ion(28)  of xo, yos zoD t and of t h e  t e n  expressions cl, c2,  

yl, Y2, y 3 ,  O,, +2, +3 ,  v2 def ined by t h e  fol lowing formulas: 

('"The t r i a d  i s  completely concealed; we canal-conceive of t h e  case  In 
which the  medium-is-simply a poin t .  
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or t o  - 11771 I 

where we have: 

I? 7 



w l t h  analogous expressioqs f o r  A 2 ’  B2’ c2’- A 3’ B3, C3, and 

by 1ctt ; lng 

where w e  have: - .  

with similar expressions f o r  p x y ~  pYy9 pzy9 pXz9 pYzS P,,. 
most genera l  eq,uations f o r  t he  motion of t h e  classic deformable body. 

We thus  ob ta in  t h e  J178 

For t h e  stress t o  s a t i s f y  r e l a t i o n s h i p s  

A; = pzI. pzL = pr.. p,. = pr+- 
it  is  s u f f i c i e n t  t h a t  we have 

i . e . ,  t h a t  W be independent of t he  arguments 9,, +,, $3.  
w e  should have 

71 =o, p, =o, ?,==Os 

I f ,  more p a r t i c u l a r l y ,  
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W becomes a simple func t ion  oE A and o f  v, and we- f i n d  that 

We a r e  then deal ing with motion of a p m f e c t  l i qu id .  - 
Since funct ions go,  SILO, 'klT0 a r e  not zero,  W contains  as arguments the 

On one hand, t h e  medium may be  re- twelve t r a n s l a t i o n s  Ci,-ni, c i ,  &, I?, r ; .  
garded as  g p v s t a t i c  -.- i f  w e  extend t h e  meaning of t h i s  word-created by Lord 
Kelvin --- and, on the o t h c r  hand, the  medium is endowed with k i n e t i c  anfsotrop3 
t n  t h e  sense a t t r i b u t e d  t o  i t  by Rankine and l a t e r  by Lord Raylelgh. Tbus, f o r  
oxnmpl.e, we base t h e  theory of double r e f r a c t i o n  of l i g h t ,  as set f o r t h  by Lord 
Kelvin and Glazebrook, on a purely mechanical foundation. 

V .  Euclidean Distance Action. Action of Constraint ,  
and Di s s ipa t ive  Action 

68. Euclidean Action of Deformation and of  Motion on a Discontinuous Medi- - um. L e t  us consider a d i s c r e t e  system of n t r i a d s  with each t r i a d  d i s t ingu i shed  
by a s u b s c r i p t  i which consequsntly assumes the  values  1, 2 ,  ..., n. L e t  M x ' i i  
yi' z ' be t h e  t r i a d  of s u b s c r i p t  i whose ve r t ex  Mi h a s  t h e  coordinates  xi, yi, 
z 

i 
and t h e  axes M x ', MiyiL,-Miz' i i i  i. w i t h  the d i r e c t i o n  cosines  ai, at', ai'?; 

Bi,  f i i 1 *  Bi 1 1 .  , yi, yi', yi'l w i th  r e spec t  t o - t h r e e  f ixed  rectangular  axes Ox, Oy, 

11 Oz. 

t i o n s  of t i m e  t ,  and w e  w i l l  in t roduce t h e  s i x  arguments ti, n i ,  Ci: pi, qi, r 
which have subsc r ip t  i and are defined by formulas (54') and (55') of Sec t ion  
60. 

We w i l l  assume t h a t  t h e  q u a n t i t i e s  xi, yi, z i ,  ai, ai'; -..', yi are func- 

i 

L e t  us consider a f u x t i o n  W of two i n f i n i t e l y  c l o s e  p o s i t i o n s  of the t r i a d  
system M.x ' y  ' z  ', i . e . ,  a func t ion  of t ,  of xi, yi, zi, ai, ai'; ..., yi I I  , 

i i  i i 
and of t h e i r  f i r s t  d e r i v a t i v e s  with r e spec t  t o  t ( i  assumes t h e  values  1, 2,  .. .., n) .  L e t  u s  set  ourselves  t h e  t a s k  of determining what t he  form of W should 
be i n  o rde r  that-  t h i s  func t ion  may remain inva r i an t  f o r  any i n f i n i t e s i m a l  t r ans -  
formation of t he  group of Euclidean displacements l i k e  equation (60). L e t  us 
n o t e  t h a t  t h e  r e l a t i o n s h i p s  ( 5 4 7  and (55') of Section 60 with-the s u h s c r i p t  i 
permit u s ,  by means of w e l l  known formulas, t o  express t h e  f i r s t  d e r i v a t i v e s  of 
t h e  n i n e  cosines  a a ' , ..., yilt with r e spec t  t o  t by these  cosines  and p i' - f 179 i' 
qiv r On t h e  o the r  halid, w e  can express t h e  n i n e  cosineu-ai, a i ' ,  ..., yi I1 i' 

i, nit ci and t h e  f i r s t  de r iva t ives  of x , y i , x i  with r e spec t  t o  by means of 5 
t .  %ne funct ion W which w e  se& may t h e r e f o r e  f i n a l l y  be expressed as a func- 
t i o n  of t ,  of 

t i o n  of ti, n i ,  c i ,  p i ,  qi, ri. 

i 

yi, z i ,  and of t h e i r  f i r q t  d e r i v a t i v e s ,  and f i n a l l y  as a func- 

We w i l l  i n d i c a t e  t h i s  by w r i t i n g  
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Since t h e  v a r i a t i o n s  &E,, 6 n i S  6 y i ,  6pL, 6qi, 6r a r e  zero i n  t h e  present  

case ,  as r e s u l t s  from t h e  w e l l  known theory of t h e  mobile triad-, w e  must w r i t e  
i 

f o r  t h e  new form of W which i s  obtained from formulas (60) taken w i t h  subsc r ip t  
i, whatever t h e  v a r i a b l e s  al, a2,  a3, wl, w 2 ,  u3. 

L e t  u s  r ep lace  6x 6yi, 6 2 .  by t h e i r  va lues  i n  expression (60) and 

by t h e  va lues  derived from them by d i f f e r e n t i a t i o n .  - L e t  
i’ 1 

dXi dYi dzi 
6 d t  

u s  set t h e  c o e f f i c i e n t s  a l ,  a2, a3, wlY w 2 ,  w3 equal  t o  zero.  

fol lowing s i x  condi t ions  

We o b t a i n  t h e  

and 

with-sinilar r e l a t i o n s h i p s .  

I f  w e  assume t h a t  the poiizts (d.i, yi, z . )  can describe a12 the possible 
trajectories, w e  thus  a r r ive  a t  i d e n t i t i e s  s a t i s f i e d  by func t ion  W of t h e  6n 

arguments xi’ yi, z - - - and t h e  previous arguments-Ei, n i ,  ci, 
pi, q i y  x 
t he  form r e s u l t i n g  for W. 

1 

dxi dyi dzi 

i’ d t  ’ d t  ’ dt 
which w e  may leave a s i d e  f o r  a moment. L e t  us attempt t o  d c z e m i n e  i’ 

L e t  us begin by t r e a t i n g  t h e  case of t h e  three-equat ion system 

(65 )  

which determine a W func t ion  of t h e  3n arguments xil yi, zi. 
cume ac ross  t h i s  system i n  coqnection with t h e  s t a t i c s  of the  l i n e ,  su r f ace ,  

We have a l ready  /Iso! 



and 
L e t  
P ’  
P ’  

continuous three-dimensional medium i n  t h e  case where p = 1, p = 2 ,  p - 3. 
us  l a y  a s i d e  the  p = 1 case  where the  equat ions a r e  reduced t o  two. 
2 and p = 3, w e  have th ree  equat ions which form a complete system. 
2 w e  have t h r e e  equat ions ,  s i x  var iab les ,  and the  t h r 2 e  independent s o l u t i o n s  

For 
For 

z~ + ,.? + :: (i = X ~ Z ) ,  xlx, + y,yl + LIZ; : 

f o r  p = 3 w e  have t h r e e  equat ions ,  n i n e  va r i ab le s , - and  t h e  s i x  independent sol- 
u t l o n s  

2: + y: -t :: (i = I 12,3) ,  zlzi + yj, + z,zj (i$ = w , 3 ) .  

When p > 3 the system i s  s t i l l  complete. To prove i t ,  w e  need only show 
t h a t  t h e  system has  3p-3 independent so lu t ions ,  s i n c e  t h e  number of equat ions 
i s  3 and t h e  number of v a r i a b l e s  i s  3p. We a c t u a l l y  have f i r s t  t h e  p s o l u t i o n s  

*BJf +’:? ( i  = I,L-*PJ 
then  t h e  s o l u t i o n  

21% + Y J l  + ZI% , 

and f i n a l l y  t h e  2(p=2) s o l u t i o n s  

z,q + y j i  + t,:,, Z ~ Z ~  + yci + Z4Zi (i 3.4,5w-9)* 

a l l  of which are tndependent. 
dent  arguments which w e  have j u s t  enumerated, 

W is the re fo re  a func t ion  of t h e  3(p-1) indepen- 

L e t  us  now r e t u r n  t o  t h e  proposed systein formed 3y condi t ions  (63) and (64). 
zl, ... z only n’ Y 1 ’  -Ynr 11 

Conditions (63) prove t h a t  W depends on x1 ... x 

through t h e  expressions 
= 2 2  - 21, 2 3  - a’.( g, = 28 - 

Y1=yl-yl. Y,=ya -ye* ‘*’, Ym=Ym--llr 
zl = q - :ar Z; = - ~ 1 .  2,= 2.- q. 

Moreover, l e t  us  assume t h a t  

arid l e t  us  i n d i c a t e  t h a t  equat ions  ( 6 4 )  are sa t i s f i ed .  by t h e  func t ion  W of t h e  
arguments X2 ,- x3, . * * I  X2n; Y2’ Y3, 

c x m p l e ,  t ake  a look a t  t h e  f i r s t  of equat ions (64). 
Y2n; Z2’ z39 ’ * . ,  Z2$ Let u s ,  f o r  

We have 

and z1 disappear ,  and the first of t h e  following equat ions t m a i n s :  Y1 
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We t h e r e f o r e  a r r i v e  a t  system (65) where xi,  yi, zi are replaced 'by Xi + 1* 
' i + l ' ' i + I  and p by.2n-1. 

I f  w e  f i r s t  assume t h a t  n = 2,  we see t h a t ,  d isregarding t h e  arguments 
C,, ni, G i ,  pi ,  qi, ri, W is a func t ion  of the independent expres s ions  



where r i s  the  d i s t ance  between two po in t s  i n  t h e  system. 
metry, we may need t o  l e t  nori-independent arguments be present  i n  W. 
Zently of 5 , s  n i '  S i '  p,,q,, q . 0  t h e  following arguments may be considered: 

For reasons of sym- 
Indepen- 

The l a t t e r  inc lude  two-subscript arguments X 

' i j k '  

po in ts .  It is easy t o  e s t a b l i s h  t h e  r e l a t l o n s  of r a t h e r  complex form which 
e x i s t  between these non-independent arguments. 
r e l a t i o n s h i p s  between the d i s t ances  r 

and three-subscr ipt  arguments 
i j  i 

t h i s  case w e  see t h a t  the  a c t i o n  a t  t h e  two po in t s  i s  a f f ec t ed  by a l l  t h e  o t h e r  - 
The l a t t e r  p lay  a p a r t  only when t h e r e  a r e  more than two po in t s ,  and i n  

They a r e  s i m i l a r  t o  t h e  knmn 
when t h e  number of po in t s  is  h 5 .  

51- 
. Knowing t h e  expression of Euclidean ac t ion  W on t h e  t r i a d  system under 

cons idera t ion ,  w e  may e a s i l y  f i n d  t h e  expression f o r  t h e  e x t e r n a l  f p r c e  and 
moment on any t r i a d  by a computation which r epea t s  those which we hsve pe r fomcd  

d x i  d y i  d z i  before .  Since the  a c t i o n  W i s  a func t ion  of xi, yi, z - , - , -- by means 
i' d t  d t  d t  

of rij,  $ij, iijk-' i t  is convenient f i r s t  t o  regard W as a func t ion  of xi ,  yi8 

dxi  d y i  dz i 
Zi '  at 9 - and of Si, qi, si, pi, pi, ri. We w i l l  have 

d t  ' - d.t 

c.)  and (Pi, Q,, R . )  a r s r e s p e c t i v e l y ,  t he  momentum and t h e  mo- where (Ai ,  Bi ,  

ment of momentum of t he  t r i a d  with subscr.bpt i, and 
1Ja 1 
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diere (Xi, Yi,-_Zi) and (Li, M i ,  Ni) are , respec t ive ly ,  t h e  e x t e r n a l  force  and t h e  

ex te rna l  moment on t h e  t r i a d  with subsc r ip t  i. I n  t h i s  computation, i t  is easy 
t o  i s o l a t e  t h e  arguments p 

ij' 'ij' ' i jk '  

L e t  us  no te  t h a t  t h e  expression f o r  t he  ex te rna l  fo rce  I s  broken up i n t o  
two p a r t s ;  t he  f i r s t ,  which depends on segments (Ai ,  Bi ,Ci ) ,  (Pi, Q,, Ri) and 

t h e i r  d e r i v a t i v e s ,  i s  the  s t r i c t l y  dynamic p a r t .  

ij' 'ij' ' i j h  from t h e  presence of arguments r 

which t h e  t r i a d  wi th  subsc r ip t  i experiences due t o  a l l  t h e  o the r  t r i a d s  of t h e  
system. L e t  us consider  t h e  expression 

The second, which r e s u l t s  
i r ?  W ,  corresponds t o  t h e  f o r c e  

which r ep resen t s  t h e  sum of t h e  elementary work performed by t h e  fo rces  a p p l i e d  
I f  we c a l c u l a t e  them by rep lac ing  Xi, Yi, Zi, Li, Mi, 

Ni by t h e  preceding va lues ,  w e  f i n d  the  following expression: 

, t o  t h e  d i f f e r e n t  t r i a d s .  

f o r  the elenientary work o f  t h e  e x t e r n a l  fo rce  and t h e  e x t e r n a l  moment c o r E s -  
I 1 8 4  ponding t o  the  dynamic p a r t ,  and the  expression -- 

f o r  t h e  elementary work corresp0ndin.g t o  t h e  fo rces  appl ied t o  the  system t r i a d s .  

I f  w e  add these  two expressions,  and i f  we s e t  
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w e  see t h a t  t h e  sum of t h e  elementary work performed i s  

By assuming W t o  be independent of t and by g iv ing  E t h e  name of snergy Of 
motion and pos i t i on  of t h e  t r i a d  system under cons idera t ion ,  w e  o b t a i n  a theorem 
q u i t e  similar t o  t h a t  of Sec t ion  65. 

From t h e  preceding,  i t  is easy t o  deduce a theory of dynamics of a system 
which i s  e s t a b l i s h e d  according t o  t h e  same plan a s  t he  classical theory,  with- 
ou t  l i m i t i n g  ourse lves  t o  cons ide ra t ion  of t h e  c e n t r a l  f o r c e s ,  as is done i n  
c l a s s i c a l  theory.  
ing with t h e i r  t r u e  o r i g i n  t h e  va r ious  laws of d i s t a n t  fo rce  s tud ied  by Gauss, 
Riemann, Weber I and Clausius  , whose laws a l l  merely in t roduce  t h e  arguments 

'ij ' 'ij ' 'ijk' 

i deas  which w e  have j u s t  developed i n  regard t o  d i s t a n t  Euclidean a c t i o n  l e a d  
i n  t h e  most n a t u r a l  way t o  t h e  i d e a  of constraint ,  which w e  owe t o  Gauss and 
which, a s  w e  know, Hertz app l i ed  t o  s tudying  t h e  foundat ions of mechanics by 
following a pa th  a l r eady  t r a v e l e d  by Beltrami, R. L ipsch i t z ,  al;d M. G.  Darbow(2t  

The p resen t  d i scuss ion  moreover has  t h e  advantage of connect- 

69. Euclidean Action of Cons t ra in t  and Di s s ipa t ive  Euclidean Action. The 

For purposes of s i m p l i f i c a t i o n ,  l e t  t h z r e  be  a point-which, when i t s  motionl l85 
zo of time t. i s  f r e e ,  desc r ibes  a path  def ined  by t h e  t h r e e  func t ions  x 

Let us  moreover des igna te  by x, y ,  z t h e  f u n c t i o r s  of t i m e  t which d e f i n e  f t s  
t r a j e c t o r y  when t h e  po in t  is subjec ted  t o  c o n s t r a i n t s .  W e  can imagine t h e  two 
po in t s  (x ,  Y ,  Z ) ,  (Xo, Yo, 2 ) whose coord ina tzs  a r e  obta ined ,  f o r  example, by 

0' yo9 

0 
the  formulas 

which come from t h =  Taylor  expansion l i m i t e d  t o  the f i r s t  t h r e e  terms. By 

(''See R. Re i f f  and A. Sommerf;rid, EncyP7.opadie der Mcthematischen Wissenmhaften, 

(2)Bel t rami.  

5 2 ,  pp. 3-62. 

Reale Accademia d i  Bologna, February 25, 1869. 
R. Lipsch i t z .  Studies of a CaZcuZus of Variatiorx Problem Conta?n6-i.g the 
Problem o f  Mechanics, Journal fur die  Reine und Angewandte Mzthematik, 74, 
1872, pp. 116-149; A'ates 012 the  PrincipZe of h a s t  Constraint, ibid.., 82, 
1877, pp. 311-342. 
C. Darboux. Lecons sur l a  ThDorie G6nQraZe des Surfaces (Lessons on the  Gen- 
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assuming t h a t  t h e c o n s t r a i n t s  a r e  frictionless, w e  may s t a t e  t h a t  a t  t h e  time t 
under cons idera t ion  we have 

When t h i s  has  been assumed and a f t e r  t h e  EucZidean distant action U,(t) 

has  been considered- f a r  the-  two po in t s  ( X ,  Y, 2) and (Xo, Yo, Zo) whose d i s t a n c e  

we des igna te  by r ,  t h e  in t roduc t ion  of t h e  Gaussian iden of c o n s t r a i n t  amounts 
t o  rep lac ing  r by i t s  va luerso  t h a t  w e  are l ed  t o  ?unction 11 of argument y de- 
f i ned  by t h e  formula 

I f  w e  then apply t h e  method o f A m r i a b l e  a c t i o n ,  w e  w i l l  have 

by s e t t i n g  

I f  wi th  Gauss w e  ca l l  t h e  argument y constraint ,  t h e  fo rce  (Z,y ,2) may be  c a l l e d  
the  force of constraint appl ied  t o  p o i n t  (x, y,  2) and may be regarded having 
t h e  e f f e c t  of prevent ing  t h e  po in t  from car ry ing  out  i t s  fres motion. 
-%,pa - 2, - appl ied  t o  po in t  (x yo, z o )  has,. on t h e  cont ra ry ,  t h e  e f f e c t  

of changing f r e e  motion i n t o  cons t ra ined  motion. 

The f o r c e  

The e s s e n t i a l  d i f f e r e n c e  between t h e  present  concept of f o r c e  and t h a t  
which ensues from Newton's l a w s  of mo t ion - i s  t h e  following: I n  t h e  l a t t e r ,  w e  
consider  t h c  a c t i o n  r e l a t i v e  t o  two i n f i n i t e l y  c l o s e  po in t s ,  one p resen t  and 
one f u t u r e ,  on the  same path. In  t h e  concept of Gauss and Hertz ,  t h e  a c t i o n  
r e l a t e s  t o  two f u t u r e  p o s i t i o n s ,  one on t h e  path c a l l e d  -?res and t h e  o t h e r  on 
t h e  pa';h c a l l e d  cmstra ined .  
permits  predict-hn of f u t u r e  motion -- t h i s  i s  t h e  a i m  of po in t  dynamics. 
sides t h a t ,  and t h i s  is t h e  point  which w e  p a r t i c u l a r l y  wanted t o  make, t h e  
ac t ion  i s  Euclidean. 

I n  both cases, we ap.paren.tly have a theory which 
Be- 

It is  i n t e r e s t i n g  t o  note  i n  t h i s  regard t h a t  Gauss e x p l i c i t l y  compared 
cons t r a in ing  a c t i o n  and t h e  law of errors. These two e f f e c t s  have i n  f a c t  t h e  
same f 9 m .  We thus  see t h a t  t h e  b a s i c  na tu re  of t he  law of e r r o r s  i s  t h e  Euc- 
lidean in-*ariance of t h a t  law, and t h a t  t h e  new branch of mechanics c rea t ed  by 
Maxwell, Boltzmann, and W. Gibbs under t h e  name of s t a t i s t i . c a l m e c h a n i c s  can 
a l s o  be given t h e  deduct ive form which w e  a r e  h e r e  t r y i n g  t o  g i v e  t o  ord inary  
mechanics. 

We w i l l  again poin t  ou t  t h a t  both i n  t h e  mechanics - h i c h  may be der ived  
from Newton's ideas and i n  t h e  mechanics d.erivable from Gauss' concept of con- 
cept  of c o n s t r a i n t ,  t h e  binding fo rces  convey an indetsminacy which comes from 
t h e  defi .nitLon of fo rce  and l eads  t o  in t roduc t ion  of Lagrange m u l t i p l i e r s .  
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Gauss‘ idea may a l s o  be appl ied t o  f r i c t i o n  by consider ing an Euclidean 
a c t i o n  a t  the two p o i n t s  

= 2 -f 5 dl X, z, $- $f df,  
dl  ’ 

where poin t  xo, yo, zo r e f e r s  to a f r e e  pa th  and poin t  x,  y,  z r e f e r s  t o  a pa th  

t r ave led  with f r i c t i o n .  A s  we a r e k e r e  dea l ing  with s l i d i n g  f r d c t i o n ,  we may 

a c t i o n  w e  a r e  l e d  t o  a func t ion  of ve1ocit.y v,, = \ / (%)a+  (%r+ (:;r contain- 

ing  t h e  f a c t o r  I - p. 
of free action a t  the point xo, yo, 

This corresponds exac t ly  t o  t h e  concept of diss ipat ion  
=0* 

which w e  have considered i n  Sec t ion  68 de- The arguments riS, Jlij, 
f in i t ive lyconvey a s i m i l a r  i dea  i n  regard t o  a t r i a d  considered a lone  i n  t h e  
contemplated system of n t r i a d s .  We may, i f  w e  wish, make a d i s t i n c t i o n  be- 
tween these  arguments and say  t h a t  r is a potentia2 argument, and t h a t  9 

arc diss ipat ive  arguments. The hypothes is  of c e n t r a l  f o r c e s  t h u s  reduces ’ijk 
t o  consider ing i n  mechanics only  t h e  dynamics a f  systems without  distant fric- 
t ion .  w e  may moreover d e r i v e  t h e  p a r t i c u l a r  

Weber argument 1.1, and i f  we pass  froin t h e  discont inuous medium t o  t h e  con- 
tinuous medium -- t h e  concept of which i s  based on cons idera t ion  of t h e  ds2 of  
space -- w e  are l e d  t o  in t roduce  i n t o  a c t i o n  W t h e  v i scos i t y  argments  5 , 
- - - - I C  de2  ‘€3 dyl dy2 dy3 . Beside such arguments which were f i r s t  conceived /187 
d;: ’ d t  ’ d t  ’ d t  ’ d t -  
by Navier arid Poisson,  w e  must apparent ly  also  p lace  arguments l i k e  5 E 1 - 2  1 2 
+ , which was d iscussed  i n  Sect ion 47, and l i k e  $ 

67. We w i l l  l i m i t  ourse lves  t o  these  b r i e f  remarks on v i s c o s i t y ,  which has  no t  
h i t h e r t o  been s tud ied  i n  a s u f f i c i e n t l y  sys temat ic  way. 

’ i jk  

i j  ’ 3. j 

From t h e  arguments rij, $ij, X 
d r . .  i j k  

d t  

d t  

+ rl r~ 
$,, $ from Sect ion  3 

V I .  Euclidean Action from t h e  Euler ian  Poin t  of V i e w  

70. Lndependent Variab: es of LaLranRe and Euler  . The Auxi l ia ry  Quant j - t ies  
I n  t h e  s t a t i c s  and dynaniics Considered from t h e  Foin t  of V i e w  of Hydrodynamics. 

of t h e  deformable medium, we have taken a5 independent v a r i a b l e s  xo, yo, zo and 

0’ XO’ YO’ z o ,  t ,  respectdvelj. I n  t h e  f i r s t  ca se ,  ( s t a t i c )  w e  des igna te  by x 

t he  n a t u r a l  s t a t e  i s  deformed i n  an i n f i n i t e l y  slow manner without i t s  po in t s  
acqui r ing  veloci ty ,  and t h a t  i t  passes  cont inuously from p o s i t i o n  (M ) t o  pos i t i on  

t h e  coord ina tes  of po in t  Mo of t h e  n a t u r a l  s t a t e  (Mol by imaginfng t h a t  YO’ 

0 
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I n  t h e  second case (dynamic) we des igna te  by xo, yo, zo t h e  coordinates  

of p o s i t i o n  Mo a t  a determined in s t an t  to of t h e  poin t  which a t  i n s t a n t  t is a t  

M .  Pos i t i on  (M ) of t h e  medium plays a particuzar ro le .  0 

The deformable medium (M) ha s  been assumed t o  be generated by a t r i a d  
Mx'y'z' whose ver tex  M has  the  coord ina tes  x ,  y, z and whose edges have a ,  a'., 
a"; 6, B ' ,  6"; y, y ' ,  y" f o r  d i r e c t i o n  cosines  r e l a t i v e . t o  f ixed  axes Ox, Oy, 
Oz.  In  t h e  case of s t a . t i c s ,  x ,  y ,  2 ,  a ,  a ' ,  ..., y" were considered as func t ions  
of t h e  t h r c e  independent v a r i a b l e s  xo, yo, z o ,  and i n  t h e  case  of dynamics, they 

In  e i t h e r  case ,  w e  w i l l  say t h a t  t h e  independent v a r i a b l e s  under cons idera t ion  
a r e  Lagrange's variables. 

were considered a s  f u r c t i o n s  of t h e  four  independent v a r i a b l e s  x 0' YO' 20# t. 

If w e  wish t o  spec i fy  t h a t  concept,  we w i l l  write 

o r  

and l i kewise  l e t  

o r  

with similar formulas f o r  8 ,  B ' ,  B", y, Y', Y". 

But w e  may now imagine t h a t  a change i n  v a r i a b l e s  is  e f f e c t e d  on t h e  in- 
dependent va r i ab le s . .  
dynanics,  w e  may imagine t h a t  x ,  y ,  z ,  o r  x, y ,  z ,  t a r e  taken as independent 
va r i ab le s .  

I n  p a r t i c u l a r ,  by analogy with t h e  procedure i n  hydro- 

We w i l l  then say t h a t  w e  a r e  consider ing EuZerian va2riabtes. 

How does t he  mat te r  appear a t  f i r s t  glance? I n  t h e  theory formerly devel-  
oped, whether i t  is considered a s  def in ing  the  fo rce  elements,  e tc . ,  o r  whether, 
i nve r se ly ,  t h e  attempt is made t o  determine pos i t i on  ( M ) ,  w e  c l e a r l y  have func- 
t i o n s  x ,  y ,  2, a ,  a ' ,  ..., y" of xo, yo, zo or of x o, yo, z o ,  t def ined  by ex- 

press ions  (66) ,  (67) o r  by express ions  (66 ' ) ,  (67'). L e t  us now imagine t h a t  
equat ions (66) o r  (66')  a r e  solved with r e spec t  t o  x C' YO' 20. We have 

or 

- 
(')In t h i s  concept of i n f i n i t e l y  slow deformation of a medium, which resembles 

f o r c e  and moment, t h e  stress and moment of deformation which may both be 
c a l l e d  stat?:c, then t h e  work performed i n  passing from (Mo) t o  (M).  
sequent ly ,  we  have obtained t h e  concept of deformation m e r g y ,  which has 
taken i t s  place beside t h e  concept of nctior. from which it  s t a r t e d .  

v t h e  r e v e r s i b l e  t ransformation of thermodynamics, w e  have def ined t h e  e x t e r n a l  

Con- 
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and by s u b s t i t u t i o n  i n t o  equation (67) o r  ( 6 7 ' )  we have 

01 == a (z, y ,  z), 

a = a (2, y, z, d), 

a' = a' (T, y,:)' 

E' = a' (z, y ,  :, 9. 

a' = m' @, 7, 2). (69) 
o r  

a" = so (2, y. zr t). (69') 

We now c l e a r l y  have t h e  func t ions  xu, yo, z o ,  a ,  a ' ,  ..., y" of x ,  y ,  z o r  of 

x ,  y ,  z ,  t ,  and conversely by solving expressions (68), (69) o r  (68 '1 ,  (69')  w e  
w i l l  r e t u r n  again t o  equations (66),  (57) o r  t o  (66'),-l.62.'). 

But what has  j u s t  been s t a t e d  must be supplemented by not ing t h a t  i n  e i t h e r  
case i t m a y  be convenient-to in t roduce  a u x l l i a r y  q u a n t i t i e s .  

I f  we consider  t he  case of Lagrange v a r i a b l e s ,  i t  may happen t h a t  func t ions  
x,  y ,  z a r e  not  e x p l i c i t l y  included i n  the  matter(2) .  It may be  s u i t a b l e  t o  
int roduce t h e  f i r s t  d e r i v a t i v e s  of x,  y, z with r e spec t  t o  xo, yo, zo o r  xoS 

yo, z o ,  t as a u x i l i a r y  q ~ a n t i t i e s ( ~ 1 .  By consider ing x ,  y ,  z ,  U ,  a ' ,  ..., Y", we 

may i n  t h i s  case a l s o  introduce t h e  t r a n s l a t i o n s  and r o t a t i o n s  E , ,  ..., ri, E . , .  - :189 

.., r as a u x i l i a r y  q u a n t i t i e s  i f  only x 0' YO' 20 o r  XOB YO' zo t ,  f o r  example, 
appear i n  t h e  given q u a n t i t i e s .  

- 

I f  w e  now consider  t h e  case of Eu le r i an  v a r i a b l e s ,  w e  may po in t  o u t  similar 
s i t u a t i o n s  where t h e  use of a u x i l i a r y  q u a n t i t i e s  can o f f e r  advantages. 
f i r s t  assume t h a t  t h e  hypothesis  which. w e  have j u s t  considered i s  r e a l i z e d  with 
Lagrange v a r i a b l e s .  We w i l l  be  a b l e  t o  keep t h e  ind ica t ed  a u x i l i a r y  q u a n t i t i e s .  
The only e s s e n t i a l  d i f f e r e n c e  from t h e  preceding case w i l l  be  i n  the stlbsequm* 
determination -- i f  i t  is made -- of formulas (66), (67) o r  the analogous ones. 
Let u s  assume moreover t h a t  x 

the d e r i v a t i v e s  of x o, yo, zo w i t h  r e spec t  t o  x ,  y ,  z o r  t o  x ,  y ,  2, t may then 

be introduced a s  a u x i l i a r y  q u a n t i t i e s .  

I e t  us 

zo are not  included i n  t h e  quest ion;  then 0' YO'  

From these  i n d i c a t i o n s ,  i t  may be  seen t h a t  i t  can be  riseful t o  p r e s e n t  t h e  
equations serving as the  point  of depa r tu re  i n  a form which i s  convenient for 
the  in t roduc t ion  of a u x i l i a r y  q u a n t i t i e s . -  It w i l l  be  noted t h a t  t h i s  aim has 
already been achieved by t h e  previously derived equat ions i n  which the a u x i l i a r y  
q u a n t i t i e s  Si ,  ..., ri, 5, ..., r a l r eady  appear. 

(2)This  is what w i l l  normally happen i f  we s t a r t  with r e s u l t s  l i k e  those  given 
by our d i scuss ion ,  and i f  we do no t  modify the expressions of f o r c e ,  etc. by 
v i r t u e  of formulas (66),  (67) o r  (66'1, (67') .  The terms x,  y ,  z do n o t  i n  
f a c t  e x p l i c i t l y  appear i n  W. 

(3)These a u x i l i a r y  q u a n t i t i e s  w i l l  now b e  r e l q t e d  by r e l a t i o n s h i p s  which are 
easy t o  f d m u l a t e .  
2uced i n  hydrodynamics where t h e  a u x i l i a r y  q u a n t i t i e s  are t h e  d e r i v a t i v e s  
with r e spec t  t o  the  s o l e  v a r i a b l e  t (and where the  use of t h e s e  a u x i l i a r y  
q u a n t i t i e s  i s  o f t e n  l imi t ed  t o  t h e  case where E u l e r i a n v a r i a b l e s  
duced) 

The same renark w i l l  apply i n  general .  It is  no t  i n t r o -  

are i n t r o -  
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71.  Expressions of Zi. . , .. r ,  (or of 5 1 .  ..., r , , c ,  *.., r )by  Means of 
L 

Functions x, ,dYl, ,  z , a , a l ,  ..., y '( of x. y ,  z ( o r  of x,  y ,  z t )  and of t h e i r  
Der iva t ives ;  In t roduc t ion  of Euler ian ArRuments. It fol lows from t h e  explana-. 
t i o n s  which have j u s t  been given t h a t  it may be  u s e f u l  t o  have t h e  expressions 
of  ti, ..., r or CL.,., r 5 ,  ...., r no longer  evaluated by formulas (66),  i is 
(67) o r  (66'), (67 ' ) ,  which assume t h a t  xo, yo' zo or xo, yo, zo ,  t are i r r -  

dependent v a r i a b l e s ,  b u t  by formulas (68), (69) o r  ( 6 8 ' ) ,  (69'), which i c t roduce  
the f u n c t i o n s  x o, yo, zo, a ,  a ' ,  ..., y" of x, y, z o r  of x,  y, 2, t. 

U V 

Let u s  d i s c u s s  more gene ra l ly  t h e  case where t appears.  The formulas 
derived w i l l ,  i n  p a r t i c u l a r ,  g i v e  t h e  case where x ,  y, z a ,  a ' ,  ..., y" are 
independent of t. By v i r t u e  of formulas ( 6 6 ' ) ,  (67'), t h e  q u a n t i t i e s  St, ... 

(where p1 = xo, p2  = yo, p3 = z and by means c f  x 0' YO' 20' a, a ' ,  e * * *  Y" 0 
and t h e i r  d e r i v a t i v e s  with r e spec t  t o  x ,  y,  z c a l c u l a t e d  from formulas (68' ) ,  1190 
(69') .  

Eor t h i s  purpose we are going t o  show that  the q u a n t i t i e s .  E,, ...* ri, 6 ,  
..., r ,  which from now on w i l l  be  c a l l e d  Lagrcmgian argwnents, are expressed 
simply by means of the following a u x i l i a r y  q u a n t i t i e s ,  which w e  w i l l  C a l i  
Euler ian arguments: 

- -I 

(4)We s h a l l  employ the usua l  n o t a t i o n  f o r  d e r i v a t i v e s  with r e spec t  t o  t .  (See, 
f o r  example, Appel, T r d t . 6  de i16canique (Treutise or; Mechar'ics), Volume 7 ,  
F i r s t  Ed!tion, p. 277).  
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where we assume that- 

with  similar formulas f o r  [p2] , [q21 , [r,] and f o r  [p3l  * [q31 * [ r31 ,de r ived  by 
f i r s t  changing y, 13 i n t o  a ,  y ,  and then i n t o  13, a, where we.employ t h e  f a n i l i a r  

L e t  us success ive ly  d i f f e r e n t i a t e  t h e  r e l a t i o n s h i p s  (68 ' )  wi th  r e spec t  t o  
The r e s u l t  is  four  systems of t h r e e  equat ions which, t h e  Lagrangian va r i ab le s .  

because of t he  no ta t ion  (70) and (72) ,  may be written - - 

' (75) 

(76) 

E& + Tt'Tdi) + CGJ = I *  E>(€$ + t,{t,p) + tJ{ck)  = 0, ( j f k ) ,  

(9 + E(:,) + ?(TI; + a") = 0. 

h) f RE,) + ?I.r,) 4 tft,) = 0, 

1 G) 3- 4 E 3 )  + % ( T 3  + <({a) = 0. 

Tnese l a s t  t h ree  r e l a t i o n s h i p s  (76) m a y  be w r i t t e n  as fol lows due t o  t h e  preced- 
ing  expressions (75) ( ju s t  as w i l l  r e s u l t  from formulas (78) given f u r t h e r  on): 

Before we  8 0 1 7 7 8  equat ions (75) and (761, l e t  us n o t e  t h a t  t h e s e  systems /191 
may be replaced by equiva len t  unes, which are obtained by d i f f e r e n t i a t i n g  re- 
l a t i o n s h i p s  (66') success ive ly  wi th  r e spec t  t o  t h e  Eu le r i an  variables x ,  y, z,  
t and which, by v i r t u e  of t h e  n o t a t i o n  (72:) (mult iplying by a ,  a', a" and adding, 

(75") 

t o  which w e  add (76') .  
by a, a ' ,  a'! and adding, etc.,  

System (75") may then  be  w r i t t e n  as fo l lows ,  mul t ip ly ing  
- 

L e t  us  a d d i t i o n a l l y  n o t e  t h a t  t h e  fol lowing form, which involves  expressf.on 
( 7 5 ) ,  is inter tnediate  between expressions (75") -nd (75) and. f i n a l l y  r e s u l t s  
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It can be seen t h a t  t h e  Lagrangian arguments a r e  funyt ions  s o l e l y  of t h e  
Euler ian  arguments, and vice ver sa  ( a t  l e a s t  i n so fa r  a s  t h e  t r a n s l a t i o n s  a r e  
concerned), 

L e t  us f i r s t  de t ev r ine  t h e  Lagrangian arguments by means af the Eu le r l an  
arguments. t e t  us des ldna te  by A t h e  determinant 

L e t  C1', n i l ,  C1 1 , C2', n2 1 , C2 1 , t3 ' ,  n3', c3' be  t h e  c o e f f i c i e n t s  of the 

elements of determinant A ,  i.e., t h e  minors provided wi th  t h e  s u i t a b l e  sign. 
This amounts t o  s e t t i n g  

We ob ta in  

by so lv ing  equat ions (75) f o r  ( E i ) ,  (nr), ( C i ) ,  (<), ( r l ) ,  (5 )  and then s u b s t j -  

t u t i n g  i n t o  expression (76). 

5, q, 5 as func t ions  of (E,), 
We no te  t h a t  t h e  determinant whose elements are 

S i '  I 

Inverse ly ,  we may determine C,, ni, 
(ni), ( s i ) ,  (t) ,  (q), ( 5 ) .  

P A ( < , ) ,  A ( r ) , ) ,  A(z;,? i s  t h e  adjunct  determinant(6) of A ,  so t h a t  we must u s e  - n 

L e t  us  so lve  formulas (75) and (76) f o r  C i ,  v i ,  Si, 6 ,  TI, 5 .  When the co- 
e f f i c i e n t s  of t h e  elements of determinant (78) are designated by (ti')'( '),@ v)(7), ' ni. i 

(6)This adjunct  determinant i s  t h e  square of A. 
(7)The f i r s t  n ine  formulas of expression (79) (i = 1, 2, 3) are, i f  des i r ed ,  

known consequences of t he  theory of adjunct  determinants ,  
a l l  t h e  present  ca l cu la t ions  could be  l inked t o  t h e  theory of f o m u  and t o  
t.hat of l i n e a r  s u b s t i t u t i o n s .  

It I s  clear that 
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we have 

L e t  us  now se t  ourselves  t h e  t a s k  of determining t h e  ro t a t ions .  - 

Let us d i f f e r e n t i a t e  r e l a t i o n s h i p s  ( 6 7 ' )  success ive ly  with respec t  t o  x, 
der iva t ives  with respec t  t o  

--- 

wit.h similar forlilulas f o r  t h e  cos ines  B, y ,  ..., y". - /193 

F m n l a s  (74) then g ive  

and, taking formulas (72) i n t o  account ,  formulas (73) give 

da az 
d t  at 

(8) 
We d i s t ingu i sh  - and - , ..., according t o  t h e  no ta t ion  employed by M. 

Appell, l'rait4 de Mdcaniquo, (Treatise on Mechanics) Volume 111, p. 277. For 

xo, yo, zo w e  have not  had t o  in t roduce  - dxQ , dyQ , 3 , which are zero.  It 
d t  d t  d t  

a r e  func t ions  of x, y ,  2,  t ,  which, 0' YO' zo w i l l  be  noted t h a t  t h e  present  x 

whei:. se t  equal  t o  t h e  former xQS yo¶ zoI def ine  func t ions  x,  y,  z ,  which axe 
thus impPScit funct ions.  We w i l l  subaequently r e t u r n  t o  t h i s  point .  
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values) 

In!iersely, t o  obtain the last Lagrang iana rgmen ta  plB  w e  could s o l v e  

system (so), but  r e l a t i o n s h i p s  (69‘) may a l s o  be d i r e c t l y  d i f f e r e n t i a t e d  wPL1.1,. 
respect  t o  xo, yo# z o ,  t ,  and we have 

Relatrimships (711, with due account taken of express ion  (701, then g i v e  US 

which may be wr i t ten  i n  t h e  intermediate  form 

with simil.ar formulas f o r  p 2, q2, r2; p3, q3, r3 which are obtained by changing /I94 
5,, n19 
and t h e n - i n t o  z 

3, n3, c3# o r  by changing x i n t o  5 2,  q2, C 2  and then i n t o  E i n t o  yo 0 
Furthermore, w e  have 0‘ 

7 2 .  gqraations of the  S t a t i c s  of t h e  Deformable Medium Relative t o  t h e  
Euler ian Variables which a r e  First Deduced from Equations Derived by Lagranpian 
Variables.  
passed from Lagrangian t o  Euler ian v a r i a b l e s .  It is f i r s t  s u f f i c i e n t  for us  t o  
complete t h e  r e s u l t s  obtained(9).  

In regard t o  t h e  szatics of t h e  deformable medium, we have a l r eady  

In  Section 53, we Eound formulas l i k e  t h e  following: 

ax ax 

(’)We . w i l l  t r y  t o  ob ta in  the  d e f i n i t i v e  r e s u l t s  d i r e c t l y .  
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where we t;ave 
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we thus have 

r e spec t  t o  ni, Si .  If w e  set 
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Because of f31muiss (72 ) ,  (73) '  (74)' (75") and using [ A i l ,  [ B i l s  [C,]; [P,], 
[Q,],  [Ri] to designate  t he  components r e l a t i v e  t o  axes Ox, Oy, Oz of t h e  two 
vec to r s  whose components with respec t  t o  t h e  Mx', My', Mz' axes a r e ,  respec t ive ly ,  
(Ai1) , ( B i t )  , <Ci'); (Pi') , (Qi') , (RIP) , WE ob ta in  the  t h r e e  following formulas: 

p., = c - 
pvr -= 

p.. = 

[ L ~ J  [:,I .- 2 IPiI [PJ* 

- 2 [h] [!I] - 2 [QJ [p.l* 

- 7 [C,] [:'I - 2 [RJ P i l e  d 

We then  1196 xy' Pyy' Pzy' pxz9 Pyz' P z d  with s i m i l a r  formulas f o r  Bi, Ci, and p 

have a% 1 hC1 aQ 
A I', = 2 1 (E,) - 3- (T,J j@J + . G I )  q;J 1 a@,) 

r :  

and, again taking expression (751') i n t o  account,  w e  ob ta in  t h e  fol lowing three 
formulas : 

qy = a [PJ + [Pa] + 7 PJ* 
q y z  - -- a: [QJ + B ['&I + 7 
q;. =. (I [R,] i- p [RJ + Y [RJ* . - 

xy' qyy' %yr Qxz' qyz, qzz- with similar fcrmulas f o r  Qi, Ri,  and q 

7 3 .  Equations of the  Dynamics of the  Deformable Mediuin Re la t ive  t o  t h e  
- E u l e r i a n  Variables  and F i r s t  Deduced from Equations Derived by Lagran- 
Variables .  
passed from t h e  Lagrangian t o  t h e  Euler ian  va r i ab le s .  
complete t h e  r e s u l t s  obtained. 

With respec t  to t he  dynamics of t h e  deformable medium, w e  have also 
We are f i r s t  going t o  

Ai is increased by 

According t o  expressions (76) and ( 8 0 ) .  
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wi ths l lmi l a r  formulas, s o  t h a t  by s e t t i n g  

we have t o  add t o  the  value given f o r  Ai i n  t h e  preceding s e c t i o n  

A(!), A(qh A(!), 
r e spec t ive ly ,  f o r  i = 1, 2,  3 by s e t t i n g  

A - I (A!) [:,I -e (13') [EJ t (c') [E,] 1- (p') [P,I -t (Q') IrJ I- (n') kal. 

The expressioiis t o  be added t o  the  values  of pxx, pxy, pxz i n  t h e  preceding 
sec t ion  a r e  the re fo re  

L97. 

According t o  the  values  i n  expression (76) f o r  (C), (n), (C), w e  haxe 

i .e. ,  by v i r t u e  of formulas (75") I 

so t h a t  t h e  expressions t o  be  added t o  the  values  of pxx, pxys p,, i n  t h e  preced- 

ing s e c t i o n  are 
A& Ady' A &  - h a t  .-aJi* - & a i *  

There w i l l  be s i m i 1 : x  expressions f o r  p p z x ,  ..., by t h e  obvious 

change i n  A i n  two analogous expressions B and C ,  which a r e  deduced from it by 
repli icing t h e  [Si], [pi]  by t h e  corresponding q u a n t i t i e s  [Qil, [qll and [C,], 

Yxn 
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We have j u s t  introduced t h e  no ta t ion  A ,  B, C. Let us show-rhat i t  i a  
i d e n t i c a l  t o  t h e  no ta t ion  introduced i n  the  Lagrangian theory: 

We have, i n  fact, 

According t o  formulas (76) and (80), we have 

Likewise, f o r  t h e 9 ,  Q,  R of t he  Lagrangian theory,  %.e., 

because of r e l a t i o n s h i p s  (80) we have 

a -  - .(P? -t P(Q') + i(R3. ... . 
L e t  us consider ,  f i n a l l y ,  the .modi f ica t ion  which must be made i n  t h e  fomu-  

l a s  of t h e  preceding s e c t i o n  i n  order  t o  have t h e  q 

present  case i n  dynamics. 

... re lat ive t o  the xx' 

The q u a n t i t i e s  b%ich we havz c a l l e d  pi are increased by 

r e spec t ive ly ,  o r  by 
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f o r  i = 1, 2 ,  3 because of formulas-(80).  

The expressions t o  be add& t o  the  values  of q 

sec t ion  a r e  the re fo re  

It is seen t h a t  t hese  inc reases  are 

w9, P(9; 
a, i n  t h e  preceding /19e xx’ q*y* 

P d 2 ,  P d y  P L  - A I A - .- .- A tit’ 

There w i l l  be-s imi la r  expressions f o r  q . . . ; qzx, . . . by t h e  change of I- Yxy 
P i n t o  Q and then i n t o  R. 

74- Varia t ions  i n  Euler ian  Arguments Deduced from those  of Lagrangtag 
Arguments. I n  o r d e r . t o  formulate d i r e c t l y  the  Euler ian  equat ions  relative t o  
t he  deformable medium, w e  are going t o  c a l c u l a t e  t h e  v a r i a t i o n s  An t h e  Eu le r i an  
arguments. 
arguments i n  order  t o  have a check; then w e  w i l l  c a l c u l a t e  them d i r e c t l y .  

We w i l l  beg in .by  deducing them irom t h e  v a r i a t i o n s  of t h e  Lagrangian 

When t h e  s ign  6 i s  appl ied  t o  equat ions (75), we o b t a i n  t h r e e  systems l i k e  

o r  rep lac ing  St,, 6qi ,  6 5 .  by t h e i r  va lues  and xaking r e l a t i o n s h i p s  (75’ )  and 

(80) i n t o  account,  w e  have 
1 

However, for example, due to  equat ions (75”) we have 1200 
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i.c., by means of formulas (75") we have 

Let us now t r y  t o  determine t h e  form of t h e  formulas j u s t  e s t a b l i s h e d  when 
the a u x i l i a r y  quan t f t i ea  6x, Sy, 6 2 ,  6 1 ,  6J, 6K, defined a s  w e  have previous ly  
done, a r e  introduced.  We have, f o r  example, 

asy %, from which w e  ob ta in  t h e  system and similar-.expressions f o r  ax ax 

I202 and similar systems f o r  t he  de r iva t ives  wi th  r e spec t  t o  y and z. There are -- 
s i m i l a r  formulas connecting 6I', d f ' ,  6K' and 6 1 ,  6J, 6K. Because of formulas 
(72) and under the assumption t h a t  t h e  determinant 1 u ' S ' y " l  1, w e  t h e n h a v e  

201 



with oimilar formulas. 

and consequently due to formulas (72): 

a formula in which we may return to the derivatives dt , as we will demonstrate 
in detail farther on. 
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o r  

o r  a.t last  

a formula i n  which w e  may a l s o  r e t u r n  to the d e r i v a t i v e s  - . 
similar fonn:llas f o r  6 ( q ) ,  6(r). 

mere are two d t  

75. Var ia t ions  i n  Di rec t ly  Determined Euler ian  Arguments. We assume t h a t  
the  functions x, y ,  z of xo, yo¶  zo ,  t a r e  subjec ted  t o  t h e a a r i - a t i o n s  6 x ,  ‘Sy, 

62. 
d i f f e r e n t i a t i n g  r e l a t i o n s h i p s  (68’) with respec t  t o  t h e  Lagrangian v a r i a b l e s ,  
From- them, we may deduce 

Let us consider  t h e  r e l a t i o n s h i p s  which are obtained by success ive ly  /204 

bu t  we have 

& - $5: a? a% ?x + 5% E .  
az a,=’ appr - ax aii +-  ay a3 

I f  the  va lues  of t hese  d e r i v a t i v e s  a r e  introduced i n t o  t h e  preceding relation- 
s h i p  ,>e have 
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The parentheses i n  t h i s  las t  equation a r e  therefore-zero,  and we have 

In  the  same fashion,  we have 

By replacing S [ C  1, S[n 1, S [ s  ] by t h e  values which w e  have j u s t  obtained,  we 1 1 1 
der ive  -- I 2 0 5  

with similar formulas for 6(n), 6 (5). 
i n  Sect ion '74, it  is  s u f f i c i e n t  t o  no te  t h a t  w e  have 

To r e t u r n  t o  t h e  formula Which w e  &rived 

d2y- a2y dz aiydy a$ d: & - 
ay dr 5: 3 + at-' 

dst ai: d r  3% dy 33: & a& 

&--;x x+--- 
; i l ' = 6 1 1 ~ - + ~ d i + ~ ~ - + ~ - ;  

but we w i l l  not subsequently use t h e  formula on page1154* and i t s  analogues. It 
is v a l i d  t o  not? t h a t ,  i n  the case where x, y, z ,  t a r e  t h e  independent varYiabZes, 
the  i n t e g r a t i o n  f i e l d  of the i n t e g r a l s  with respect  t o  x, y, z which we w i l l  
consider w i l Z  depend on t ,  and the i n t e g r a t i o n  with r e spec t  t o  x, y ,  z and wi th  
respect  t o  t cannot be transposed in the  usual  manner (as with xo, yo' zo ,  t i .  
If it  i s  des i r ed  t o  i n t e g r a t e  by p a r t s  with respect  t o  t ,  i t  w i l l  be necessary 
t o  introduce the  a u x i l i a r y  va r i ab le s  x 0' YO' =o and t o  use only d e r i v a t i v e s  

* 
Trans la to r s  Note: Reference not given. 
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with r e spec t  t o  t with the form d , which w i l l .  n e c e s s i t a t e  the  use of formulas 
1ik.e the  one we described above f o r  S(6).  

d t  

The c a l c u l a t i o n  which must be made t o  obcain 6(pi) ,  6(qi)# 6( r i ) ,  6 ( p ) ,  

6(q) ,  6(r), l i k e  t h e  one which l eads  t o  t h e  expressions of 6(Si ) ,  & ( n i l ,  6(C,), 
6(C)  , 6( r l ) ,  6(6) , is based -a t  present  on the  formulas which w e  have j u s t  obtained 
f o r  6[ Si] , 6[ vi], 6 [ c i ] .  
6 ( r )  given i n  Sect ion 74 a r e  subjected i n  order  t o  have only d e r i v a t i v e s  with 
r e spec t  t o  t ,  of t h e  forni d 

d t  

The transformation t o  which t h e  expressions 6(p)  , 6(q) 

, is  the  same a s  w e  have ind ica t ed  f o r  6(6), 
& ( r l ) I  & t C ) *  

76. The Action of Beforniation m d  Motion with Euler ian Variables .  fn- 
var iance  o f  Euler ian Arguments. Application of Variable Action Method. The 
a c t i o n  of deformation and of motion with the Lagrangian v a r i a b l e s  was 

the  preceding a c t i o n  may a l s o  be  wr i t t en  

The i n t e g r a t i o n  r e l a t i v e  t o  x, y,  z is. extended t o  t h e  medium S ,  t ha t  is, t o  a 
domain which i s  variable A t h  time. 

/206 

It may a l s o  be imagined t h a t  we a r r i v e  a t  t h i s  l a s t  a c t i o n  independently of 
t h e  f i r s t .  I n  Cact, t h e  Lagrangian arguments a r e ,  a s  w a s  seen be fo re ,  EucZidgan 
invariants.  However, s i n c e  the  Euler ian arguments a r e  uniquely func t ions  of 
t h e  Lagrangian arguments according t o  formulas ( 7 7 )  and (80), t h i s  r e s u l t s  i n  
t h e  fact: t h a t  they a r e  a l s o  Euclidean i n v a r i a n t s .  
ed dirgcttzj by means of formulas (82), (8.3) and (84), (85) by s e t t i n g  the 
following: 

This may be e a s i l y  e s t a b l i s h -  

(l0)We assume A t o  be p o s i t i v e  and the re fo re  equal t o  la! .  
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The r e s u l t  of t h i s  is t h a t  we a r e  thus d i r e c t l y  l e d  t o  t ake  t h e  following 
i n t e g r a l  : 

where func t ion  GI has the unique form 

(YiIt l o ,  + t ,  ([J, ($J* (ti), bi)+ (gi), ( r ~ n  (E), (5 ) )  (0, CP)~ (919 ('I)* 
as t h e  f o m  of the  act ion of deformation and motion wi th  the EuZerian vmiabzea 
I n s i d e  s u r f a c e  S of the  deformed medium and i n  the  t l m e  i n t e r v a l  between moments 
t and t2, 

Let us consider .any v a r i a t i o n  of t h e  a c t i o n  of deformation and motion in- 
s i d e  su r face  (SI of riedium (M) and i n  the  t i m e  i n t e r v a l  between moments tl arid 

t2. For t h i s  purpose, l e t  us g ive  t o  x, ... t he  v a r i a t i o n s  6x, ... 
Let u s  f o r  a moment wr i t e  the  i n t e g r a l  i n  t h e  form 

1 

Its v a r i a t i o n  is 

or 

Now, 

i . e . ,  

and consequently t h e  v a r i a t i o n  of t h e  integral i s  

Var ia t ion  6Q of L7 I s  
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where 6(Ci)  , S ( n i )  , . . +, 6( r )  a r e  determined by the  formulas i n  Sect ions 74 and 

7 5 ,  w r i t t e n  so t h a t  only d e r i v a t i v e s  having the  form of d with resgect  t o  t 
d t  

appear t h e r e i n .  We may apply Green’s formula t o  the  terms which e x p l i c i t l y  con- 
t a i n  a d e r i v a t i v e  wi th  respect  t o  one of the v a r i a b l e s  x ,  y ,  z. 
t o  the  terms e x p l . i c i t l y  containing a d e r i v a t i v e  with r e spec t  t o  time, following 
i s  t h e  procedure ( t h e  i n t e g r a t i o n  f i e l d  with respect  t o  X ,  y ,  z varies w i t h  
t i m e ) :  L e t  

With r-pect 

b e  such a term. I f  w e  go over t o  t h e  v a r i a b l e s  x o, yo, z o ,  w e  ob ta ln  I j I l g A  $ ddYddlD 

where, i n t e g r a t i n g  by p a r t s ,  w e  have 

by r e t u r n i n g ( l 1 )  t o  the  v a r i a b l e s  x, y ,  2. /208 

Thus, using 1, m ,  n t o  designate  t h e  d i r e c t i o n - c o s i n e s  wi th  r e spec t  t o  the  
f ixed  axes Ox, Oy, Oz of t h e  e x t e r n a l  normal t o  t h e  su r face  S,  which-de l imi ts  
t h e  medium a f t e r  deformation a t  i n s t a n t  t ,  and using do t o  des igna te  the  element 
of a r e a  of t h i s  s u r f a c e ,  we o b t a i n  

(ll)Here - dA may be replaced by its va lue  taken from d t  
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where with-the notation of Section 73 we have set  

1209 

and also 
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xy' 9yy' qzy, q*z, qyz, q z d  with similar formulas f o r  q 

77 ,  Remarks on Var ia t ions  Introduced i n t o  the Prccedine, Sec t ions  I A p p l i -  
c a t ion  of t h e  Yethod of Variable  Action i n  Accord with the  Usual Method i n  t h e  
Calculus  of Var ia t ions .  I n  t h e  preceding sec t ion ,  w e  have u t i l i z e d  t h e  P r e V i -  - 
ously ca l cu la t ed  v a r i a t i o n s .  It i s  advantageous co def ine  t h e i r  meanin more 
exac t ly  and t o  connect them with t h e  v a r i a t i o n s  ca lcu la ted  by Jordan(l2 k 

I n  completing t h i s , l e t  us recall  che Jordan discussion.  H e  looks f o r  the 
S+dydt, v a r i a t i o n  of 

by assuming t h a t ,  on t h e  one hand, x ,  y ,  z undergo va r i a t ions  and, on t h e  o t h e r ,  
t h e  func t ions  appearing i n  + a l s o  undergo va r i a t ions .  
goes-two v a r i a t i o n s ,  whose e f f e c t s  are  edd i t ive .  
tlic v a r i a t i o n  due t o  the  v a r i a t i o n  of t h e  func t ions  appeadng i n  $, and then  
t h a t  due t o  t h e  var ia t ion-of  x, p, .z which he compares t o  t h e  preceding. 

Due t o  t h i s  f a c t ,  @ under- 
Jordan success ive ly  cons iders  

We may a l s o  i n v e s t i g a t e  t h e  t o t a l  e f f e c t  of the  jux tapos i t i on  of t h e  two /210 
v a r i a t i o n s  on t h e  q u a n t i t i e s  u,-., u , ... which a.ppear i n  I$, where w e  cal l  

a BY 
6u, ... t h e  complete v a r i a t i o n s .  We have 

f o r  t h e  totuZ v a r i a t i o n  641 of 4. 

With t h i s  we may n o t e  t h a t  t h e  v a r i a t i o n s  ca lcu la ted  previous ly  are what 
we have c a l l e d  t h e  t o t a l  v a r i a t i o n s  and t h a t  the  ca l cu la t ion  of t h e  previous 
s e c t i o n  w a s  c a r r i e d  o u t  w i t h  th is  iJimind. 

I f  w e  w i s h - t o  present  t h i s  i n  a form i d e n t i c a l  t o  t h a t  of M. Jordan, we 
may proceed as follows. 

yo, z o ,  a ,  a ' ,  ... y" of x, y,  z which e i t h e r  en t i re ly ,  o r  i n  par t sappear  expl ic -  

i t l y  as w e l l  as t h e i r  de r iva t ives .  

the. ones which must be s u b s t i t u t e d  i n  t h e  second terms of (68') f n  o rde r  t o  
o b t a i n  x, y, z as a func t ion  of x 0' YO' 20' 

per ience  v a r i a t i o n s  6x, 6y, 6 2 ,  t h e  r e s u l t  i s  t h a t  these functions xo, yo, 

of x ,  y ,  z a l s o  a r e  subjec ted  t o  v a r i a t i o n s  which w e  w i l l  designate(13) by 
(ax,), ..., such t h a t  w e  o b t a i n  t h e  equations: 

I n  t h e  following,we w i l l  in t roduce t h e  func t ions  xo, 

The functions-x o 3  yo¶ zo of xa y, 2, t are 

Due t o  t h e  f a c t  t h a t  x, y, z ex- 

zO 

. 

(12)Jordan, Cours d 'AnaZyse de Z 'EcoZe Polytechnique (The Polytechnic SchooZ 
Course i n  Analysis) ,  F i r s t  Edi t ion ,  Volume 3 ,  No. 339, pp. 533-535; Second 
Edi t ion ,  Volume 3 ,  No. 396, pp. 5 2 8 - 3 0 .  

(13)In a genera l  way w e  w i l l  des igna te  by (6)  t h e  v a r i a t i o n s  obta ined  by l eav ing  
x,  y,  z f ixed  i n  o rde r  t o  avoid any confusion. 
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The v a r i a t i o n s  (6xo), (6y ) , ( 6 ~ ~ )  which appear i n  these  l a s t  t h ree  equat ions are 
t h e  v a r i a t i o n s  which appear i n  the  de r iva t ion  copied from. t h a t  of  M.  Jordan and 
which w e  have given. 
M. C. Neumann i n  h i s  rescarches( I4)  on the  equat ions of Maxwell and Hertz. On 
t h e  o the r  hand, he adhered t o  the  r u l e s  of ca l cu la t ion  adapted by M. H. Poincar6 
in  h i s  memoir 011 the  Dynamics of the EZectron(l5), which we w i l l  d i s cuss  l a t e r  
on 

0 

This reinark seems t o  be c lose  t o  t h e  one developed by 

For a ,  a ' ,  . . . , y", w e  w i l l  have the  v a r i a t i o n s  ( & a ) ,  . . . i n  t h e  sense  of /211 
M. Jordan. However, t h e  v a r i a t i o n s  introduced i n  t h e  preceding s e c t i o n s  and 
which w e  w i l l  cont inue t o  des igna te  by 6a, ..., w i l l  be t o t a l  v a r i a t i o n s ,  i n  
such a way t h a t  w e  w i l l  have 

This  is  t h e  same as saying t h a t  by introducing t h e  v a r i a t i o n s  ( & a ) ,  ... 
i n  t h e  sense  of M. Jordan,  w e  in t roduce  the  iwxil . iary quantit ies-l j ' I ' ,  6J', 6K' 
among o t h e r  t h ings ,  which w e  w i l l  define in  terns of ( s a ) ,  6 x ,  . . . , as fol lows 

A s  can be seen t h e  fundamenZzl convention is  the one expressed by t h e  
r e l a t i o n s h i p s  (86).  
f o r  example, f o r  func t ions  whose d i f f e r e n t i a l s  parameters appear i n  t h e  case  of 
a poin t  medium, i f  w e  d i s regard  t h e  equat ions which conta in  t h e  c o e f f i c i e n t s  of 
t o t a l  v a r i a t i o n  of t h e s e  func t ions .  

It can be found i n  a l a te r  work on the  theory oftemperature,  

( I 4 ) G .  Neumann. Die EZekfrischen Prltfte (Electr ical  Forces), Volume I f ,  Leipzig,  
1898; On the MaxweZZ-€'ertz l%~.ory,(AbhandZ. der k. S@hs GeseZls. der Wis& 
zu L d p s i g ;  Math. -.Phys. KZasse, Vol.ume XXVII, X m .  2 and 8, 1901-1902). 

M. H. 
Poincarg use3 notati;.n J l f f e r e n t  from ours ,  e spec ia l ly  f o r  t h e  d e r i v a t i v e s  
wi th- respec t  t o  t ,  - - i ,*~e  OUT s igns  d ,  a, w h i c h a r e  those of M. Appell  
(Treatise on Mech,n,ics, Vclume 111, 1st Edi t ion ,  p. 2771 ,  a r e  interchanged. 
He d i s t ingu i she ra  t h e  ord inary  v a r i a t i o n  (64) of a func t ion  0 i n  t h e  sense  
of Zordan, which he  des igna tes  by 9 d ~ ,  from its v a r i a t i o n  64 (which w e  

c a l l  t o t a l ) ,  which he des igna tes  by 2 
(11 b i s )  , page 140). 

( I 5 ) H .  Poincare'. Rend. di Pa';,mno, Volume XXI, p. 129 f f .  (19051, 1906. 

a €  
&E ( i n  p a r t i c u l a r ,  see equat ion 

as - 
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It should be observed t h a t - i n  t;he present  ca se  t h e  s i m p l e s t  way of car ry ing  
o u t - t h e  c a l c u l a t i o n s  i s  no t  t:, f o l l o w  t h e  de r iva t ion  of M. Jordan,  bu t  i n s t ead  i t  
c o n s i s t s  of determining t h e  t o t a l  v a r i a t i o n  of  t he  func t ion  under t h e  i n t e g r a t i o n  
s i g n ,  a s  w e  have d m e  previous ly ,  Never the lcss , i t  w i l l  be  use fu l  t o  a130 follow 
t h e  pa th  of M. Jordan, i n  order t o  make comparisons l a t e r  on during the  develop- 
ment of t h e  two p o i n t s  o f  view which t h e  concept of temperatme suggests .  

We hnve 

where t h e  s ign  ( 6 )  corresponds t o  t h e  v a r i a t i o n  obtained by keeping x , .y ,  z 
f i x e d ,  s o  t h a t  i n  a gene ra l  way we have 

We w i l l  s u b s t i t u t e  t h e  a u x i l i a r y  q u a n t i t i e s  6x, by, 62, 6S,  6J’-, 6K‘, 
defined by t h e  equat ions  (86) ,  (87) f o r  t h e  l ra r ia t ions  (6xo), .. . 
remember, regaxVn9  the integration with respect to t , t h a t  the reg ion  of 
i n t e g r a t i o n  w i t h  respect t o  x, y ,  z v a r i e s  with t and t h a t  w e  cannot i n t e r -  
change t h e  i n t e g r a t i o n  wi th  respec t  t o  t and t h e  system of i n t e g r a t i o n s  wi th  
r e spec t  t o  x, y ,  z in the usuaZ way used fop the variabZes xo, yo, 

We should 
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zO 

If we r ep lace  ( 6 ~ ~ 2 ,  (&yo),  ( S z o ) ,  (&(Si)) ., . . . by t h e i r  va lues  def ined  by 
( 8 9 ) ,  which con ta in  ( 8 6 ) ,  we obtain: 

I f  w e  cons ider  

s e p a r a t e l y  as w e l l  as 

as w e l l  a s  t h e  fol lowing,as  was done i n  t h e  precedtng s e c t i o n  

211 



and ( 9 2 ) ,  i t  can be seen tha t  the c a l c u l a t i o n  is idc>nt icnl  t o  the  one which we 
have c a r r i e d  previously.  

7 8 .  JI~c Concepts of Action of Lngr3.ngc and F u A r A s l c e t J o d  of the  
Actlon Variable  Applied to tho ConccqJt of Act ion  of' I'ulcr Esprcsscd i n  Terms of 
E u l c r  Variables .  
f<fr:Za presented Ju ly  2 3 ,  2905 a t  thc  meeting o f  the Pnlcrmo C i rc l e ,  M .  11. Pojn- 
car6 scems t o  have introduced a concept of i lct ion d i i i e r c v t  from t h a t  which we 
havc considered up t o  the  p rc scn t ,  I f  wc f o r m u l n t c  the i d e a  of  M .  -4. Poincar6 
more p r e c i s e l v  by consider ing a fin-Ltc f$rZd,  one i s  l e d  t o  d i s t i ngu( sh  between 
t h e  two concepts of a c t i o n ,  one due to I,agrange and the  o the r  due t o  Euler.  

In liis work on the &i&mics of t / i c  c Z c ~ t ~ o n  $ 0 ~  nx inri .ni tc  

We nay sub jec t  the genera l  func t ion  W o r  R t o  i n t e g r a t i o n s  with respec t  t o  
independent va r i ab le s l lh l -xg ,  y o ,  zo o r  wi th  respec t  t o  the  independent va r i -  

able-, y ,  z i n  fixed fieZds and may t.hen i n t e g r a t e  wi th  r e spec t  t o  t .  

1. Beginning with t h e  space (Mo), l e t  us consider  an observer  a t tached  t o  /213 
r e fe rence  axes who focuses  his a t t e n t i o n  on a por t ion  (S ) of t h i s  space and t o  

t h e  va r ious  p o s i t i o n s  which i t  takes  on subsequent ly ,  i .e.: (S) a t  the a r b i t r a r y  
time t ,  (S1) and (S ) at  t h e  times tl and t 

0 

We consider  t h e  i n t e g r a l  2 2 '  

i n  which the  region of i n t e g r a t i o n  (S) wi th  respec t  t o  x ,  y ,  z varies wikh t 
and which takes  on the  fol lowing form by car ry ing  out  a change of v a r i a b l e s  
def ined  by ( 6 6 ' )  o r  by ( 6 8 ' )  

where W des igna tes  t h e  expression obta ined  by rep lac ing  t h e  q u a n t i t i e s  x ,  y, z 
i n  Q A  by t h e i r  express ions  ( 6 6 ' ) ,  and i n  which the  region of i n t e g r a t i o n  (So) 
w i t h r e s p e c t  t o  xo, yo, zo i s  independent of t. We thus  have t h e  concept of 

a c t i o n  of Lagrange. 

2. L e t  us cont inue t o  cons ider  an observer  fixed w i t h  respect t o  m.,ference 

L e t  us  des igna te  by xoy yo, zo t h e  coordinates  
axes,  and l e t  us assume t h a t  he cons t an t ly  f i x e s  h i s  a t t e n t i o n  on a determined 
and f h e d  p a r t  of t h e  space (M).  
of t h e  poin t  Mo of (Mo), which were c a l c u l a t e d  by means of equat ion ( 6 8 ' )  and 

which become t h e  coord ina tes  x, y ,  z a t  t h e  po in t  M of (M) a t  t h e  time t. L e t  
(So) be the  regjon descr ibed by Mo and whi.ch becomes (Sl-at  t?ie t i m e  t .  We may 

( I 6 ) I n  t h i s  case ,  W des igna te s  t h e  f u n c t i o n .  

(17)In t h i s  case ,  Sl des igna te s  t h e  func t ion .  
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dcsign;lte by ( S o l ) ,  (.S 

t ,  f o r  t he  va lues  t 

) t h e  region corresponding t o  (So} ,  which v a r i e s  w i th  02 
and t2 of t .  1 

s2 conta ins  x ,  y ,  z and t h e  func t ions  expressed by equat ions ( 6 6 ’ )  at t h e  
same time. Let u s  cons ider  

where t h i s  t i m e  t h e  region of i n t e g r a t i o n  (S) with respect: t o  x ,  y ,  2 is in- 
dopcnderzt of t ,  and which takes  on t h e  following fo rm by car ry ing  ou t  t5e change 
o f  v a r i a b l e s  def ined by (66 ’ )  o r  by (68’) 

where the  region of i n t e g r a t i o n  (S ) with respect t o  x o, yo, zo varfes w i t h  t. 
We thus ob ta in  t h e  concept: of a c t i o n  a t t r i b u t e d  t o  Euler.  

0 

We have considered t h e  f i r s t  case i n  t h e  preceding paragraphs. We w i l l  now 
t r e a t  t h e  second one. Equation ( 8 8 ) L s  thus replaced by t h e  followbi1g(18): 

due t o  equat ion (89 ) ,  equat ion (90) is replaced by t h e  follow!,ng fa 

The sequence of c a l c u l a t i o n s  resemble those  of Sect ion 77. I n  any case, 
a d i f f e rence  occurs  regarding t h e  d e r i v a t i v e s  wi th  respect t o  t i m e .  
p resent  case ,  i t  i s  poss ib l e  t o  interchange t h e  i n t e g r a t i o n  wi th  r e spec t  t o  t 
and the  i n t e g r a t i o n  with respec t  t o  t h e  set of v a r i a b l e s  x, y,  z .  
change is  c a r r i e d  o u t ,  t h e  i n t e g r a t i o n  with r e spec t  t o  time must be c a r r i e d  out  
by consider ing x, y ,  z as constants .  The i n t e g r a t i o n s  by p a r t s  with r e spec t  t o  
t i m e  must be c a r r i e d  ou t  by making them app l i cab le  with r e spec t  t o  t h e  der iva-  
t i v e s  a and no t  wi th  r e spec t  t o  t h e  d e r i v a t i v e s  d , a s  w a s  done i n  Sec t ions  

76 and 7 7 ,  and conforming with t h e  remarksmade i n  Sec t ions  75 and 76. 

I n  t h e  

If t h i s  i n t e r -  

a t  d t  

In the. p re sen t  case  t h e  i n t e g r a t i o n  by p a r t s  r e s u l t s  in :  

(18)Referring t o  t h e  de r iva t ion  of M. Jordan, w e  may observe t h a t  t h e  part 
d d (QSy) + JZ d ($262) comes from t h e  f a c t  t h a t  t h e  f i e l d  i s  ?.n - ( m x )  + - 
dx dY 
motion and corresponds t o  the  v a r i a t i v n  of t h e  q u a n t i t i e s  X ,  y, z as well as 
independent va r i ab le s .  
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' whlch w e  obtain by 1 t 1 
xy' q'yy, zy; 4 xz '  q yz' 4 zz. 

and similar equations for q' 
changing a ,  P, y into a ' ,  B ' ,  y l ,  then into a" ,  f3", y", respectively,  

Let us note that 

can, due t o  the relationship 

be written as 

as well as  

On. the other hand, A' = A ,  P'  = P. The resul t  is: 

and 

with similar relationships. 

The external force and moment have therefore the  same defirtdtion as i n  
HoQeiJsr, t h i s  is not t rue  for  the  s5ress and moment of Sections 62 and 63. 

deformation. According to  Sections 72, 76 w e  have 

p d - p ~ ~ = z a = Q - b  . A& ai* 

puz - p'y2 = %#* = - Is. dr, (93) A &  
Ad= - a i r  p x  - p p 1 =  7* = 

xy' yy, zy' xz' yz' 22 

-- 

i 
I 

n - n  'TI 71 wh:ich we obtain by and similar expressions €or n n 

cyc l i c  permutation of A, B ,  C and of x, y ,  z. Among other things 

(93') 
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and s i m i l a r  expressions f o r  x 
c y c l i c  permutation of P ,  Q, R and of -x ,  y, Z. 

, x 
XY YY , x Z y ;  xxz, xyz, x,, which we o b t a i n  by 

79. The Method of t h e  Action Variable Applied t o  the  Euler  Concept of 
Action Expressed i n  Terms of Laprange Variables.  
concept of t h e  ac t ion  using Lngrange v a r i a b l e s .  

We w i l l  now develop t h e  Euler 
We w i l l  s t a r t  w i t h  t h e  I n t e g r a l  

f ~ ~ ~ ~ v k a ~ & d l ~  
where a t  present  t h e  region of i n t e g r a t i o n  with respect to xo, yo, zo varies 
with time t and corresponds t o  the  f i x e d  region of i m g r a t i o n  descr ibed  by t h e  
po in t  (x ,  ys 2) 

Following the  d e r i v a t i o n  of M. Jordan, w e  have: /217 

where (6x ),  ( 6 y o ) ,  ( 6 z o )  are def ined by equations ( 8 6 )  usir.g t h e  a u x i l i a r y  

q u a n t i t i e s  6x, &y, &z. 
0 

The sequence of c a l c u l a t i o n s  resembles t h a t  which we encountered i n  t h e  
dynamics of the deformable medium. 
t i v e s  wi th  r e spec t  t o  t i m e  i s  introduced. 
change t h e  i n t e g r a t i o n  wi th  r e spec t  t o  t i m e  and t h e  i n t e g r a t i o n  wi th  r e s p e c t  
t o  the  v a r i a b l e s  x 0’ YO’ 20’ 

t h a t  of Sect ion 76. 
t o  time of rhe form a , using t h e  equation 

However,. a d i f f e r e n c e  regard ing  t h e  der iva-  
I n  t h e  p re sen t  case, w e  cannot i n t e r -  

We may t h e r e f o r e  apply a reasoning s i m i l a r  t o  

We w i l l  t h e r e f o r e  only introduce d e r i v a t i v e s  wi th  r e spec t  

where - , 2 , 5 designate  t h e  d e r i v a t i v e s  of func t ions  x 0’ YO? 20 of 
a t  a t  a t  

X, y ,  2 ,  t wi th  r e spec t  t o  t ,  which are obtained from equat ions ( 6 6 ’ ) .  
the n o t a t i o n  already introduced,  t h e  preceding formula can be wri t ten  as: 

Using 

I f  t h e r e  i s  a term of the  form 

it  w i l l  be w r i t t e n  as 
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and, by integrating by parte, 

z o ,  w e  obtafn 0' YO' i.e., returning to the variables x /218 

217 



We should observe t h a t  No ' ,  f o r  example, can be w r i t t e n  as follows, due t o  

( 9 4 )  v 

and thus w e  have 

and consequently X ' has the erne vaZue 0 

as i n  Section 62. 
ever ,  t h i s  is not t m e  for the s t r e s s  andmoment of deformation. Using simple 
t ransformations,  we again f i n d  t h e  r e l a t i o n s h i p s  ( 9 3 )  and (93') of Sect ion 78. 

!Pie sameremark i s  appl ied  t o  Yo', Z o ' ,  Lo',  M o l ,  NO'. Eow- 

80.- The Concept of Radia t ion  Energy of Deformation and of Motion. 
have seen t h a t  the  dens i ty  of the  energy of deformation and of motion, expressed 
i n  terms of Lagrangian arguments and r e f e r r e d  t o  t h e  space (xo, yo, zo)  is 

We 

This r e s u l t  i s  obtained e i t h e r  hy transforming t h e  expression (95) using 
r e l a t i o n s h i p s  which we i n d i c a t e d  previously between t h e  Lagrangian arguments 
and the  Euler arguments, o r  by d i r e c t l y  repeat ing t h e  reasoning of Sect ion 65 
f o r  the  elementary work 
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of t h e  external  fo rces  atid moments and t h e  e x t e r n a l  stresses and noments of 
deformation which a r e  appl ied  t o  the  p a r t  (M) of t he  medium which a t  t h e  t h e  
t occupies  t h e  p a r t  (Mol of the  natural .  s t a t e .  -Us ing  t h i s  l a t t e r  method, we 
again ob ta in  the  following expression f o r  t he  elementary work 

fi I s  assumed t o  be indeEend.ent OF t. 

I f  we no te  t h a t  we have the  following i d e n t i t y :  

used by M. Poincarg i n . t h e  memoir which w e  c i t e d  i n  Sec t ion  77, and which may 
be appl icd- to  an a r b i t r a r y  func t ion ,  w e  ob ta in  t h e  fol lowing new expression f o r  
t h e  elementary work under cons idera t ion :  

or 

The second i n t e g r a l  i n  (97) expresses  t h e  energy flux 
o f m o t i o n  through a f i xed  surface S i n  t h e  deformed body. 

L e t  us  now consider  t h e  Euler  concept of t he  ac t ion .  

1- (97) 

of deformation and 

In t h e  preceding 
paragraphs,  we found t h a t  t h e  va lues  of t h e  e x t e r n a l  f o r c e s  and moments re- 
main t h e  same, but  t h e  following terms vanish i n  t h e  expressions fo r  t h e  stress- 

and t h e  f o l M n g  terms vanish i n  t h e  expressions for t h e  moments of d e f o n a t i o n / 2 2 1  

P it+ 
&x = - - A ai* 
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with similar expressions f o r  t he  q u a n t i t i e s  n yx' nyy' n yz' * Z X '  1~ zy  n z z  and 
From t h i s  i t  r e s u l t s  t h a t  LO t he  elementary Xyx' Xyy' Xyd X Z X '  Xzy' X z d  

work obtained i n  the  preceding case we must add a new s u r f a c e  i n t e g r a l ,  which 
i s  as follows 

We may call. t h i s  new i n t e g r a l  t h e  flw of energy radiation through t h e  

The reasoning used i n s e c t i o n  64 and based on t h e  Euclidean invariance of 

surface S of the deformed body. 

the  a c t i o n . d e n s i t y  does not  l ead  t o  t h e  same conclusions regarding the external 
forces  and moments, as w e l l  as regarding t h e  new e x t e r n a l  stresses and moments. 
We may i n t e r p r e t  t h i s  by saytng t h a t  t h e  new s t r e s s e s  and moments or' deformation 
no longer s a t i s f y  what M. Poincar6 c a l l e d  t h e  reaction principle .  As is w e l l  
known, t h i s  l a t t e r  conclusion i s  a l s o  found i n  t h e  e l e c t r i c i t y  t h e o r i e s  of M. 
Lorentz. 
us t o  a s s o c i a t e  t h e  stresses and moments of deformation TI =' TI yx' *'*S X,L 

and B a r t o l i  (using thermodynamics) c a l l e d  t h e  energy radiation p r e s s w e ,  and i n  
t h i s  way we may again observe t h e  reaction principle;  

However, t h e  .ex is tence  of t he  r a d i a t i o n  which w e  have der ived al lows 

... with what Maxwell (using ideas  from the  electromagnetic theory of l i g h t )  
xYx' 
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